
Δ Σ





62 662 6662 66662

9

62 = 3 6 3 + 6 = 9

662 = 43 56 43 + 56 = 99

6662 = 443 556 443 + 556 = 999

66662 = 44435556 4443 + 5556 = 9999

666 ... 62 n
6 n = 5, 6, 7, ...

z2 (zz)2 (zzz)2 z
62 662 6662

n z
[z | n] [z | 0] z

[6 | n]2 = [4 | n − 1]3[5 | n − 1]6 n = 1, 2, 3, ... [6 | n]2 2n

n = 1, 2, 3, 4 [6 | 4]2 =
[4 | 3]3[5 | 3]6

n n + 1
666662

66662

666662 = (6666 · 10 + 6)2 = 66662 · 100 + 120 · 6666 + 36,

[6 | 5]2 = [6 | 4]2 · 100 + 120 · [6 | 4] + 36
[6 | 4]2 = [4 | 3]3[5 | 3]6



120 · [6 | 4] = 120 · 6666 = 799920 = 7[9 | 3]20

120 · [6 | m] = 7[9 | m − 1]20 m ≥ 4

m = 4 ∗

m ∈
m > 4 m m + 1

120 · [6 | m + 1] = 120 · ([6 | m] · 10 + 6)

= 120 · [6 | m] · 10 + 720
∗

= 7[9 | m − 1]200 + 720 = 7[9 | m]20,

∗

n = 1, 2, 3, 4
n ∈

n > 4 n n + 1

[6 | n + 1]2 = ([6 | n] · 10 + 6)2 = [6 | n]2 · 100 + 120 · [6 | n] + 36
∗

= [4 | n − 1]3[5 | n − 1]6 · 100 + 7[9 | n − 1]20 + 36

= [4 | n − 1]35[5 | n − 2]600

+ 7[9 | n − 2]920

+ 36

= [4 | n − 1]43[5 | n − 2]556

= [4 | n]3[5 | n]6,

∗

[4 | n − 1]3 + [5 | n − 1]6 = [9 | n − 1]9 = [9 | n]

32 332 3332 92 992 9992

[3 | n]2 = [1 | n − 1]0[8 | n − 1]9 [1 | n − 1]0 + [8 | n − 1]9 = [9 | n],

[9 | n]2 = [9 | n − 1]8[0 | n − 1]1 [9 | n − 1]8 + [0 | n − 1]1 = [9 | n],

n = 1, 2, 3, ...

∗ n = 1, 2, 3
m = 4 m = 4



y = rx2 + s

y = x2

2 · 3

∗ 2
−2

(−2)2 = 4 (−2, 4)

3
3

(3, 9)

∗

x
y



(0, 6)
6 2 · 3 = 6

a · b
−a

b

a �→ (−a, a2)
b �→ (b, b2)

y = mx + c
m

m =
Δy

Δx
=

b2 − a2

b − (−a)
=

(b + a)(b − a)

b + a
= b − a.

c

(b, b2) b2 = y =
mx + c = (b− a)b+ c = b2− ab + c −b2 + ab

ab = c .

c

a·b

a b



−2 · 3 −2
2 +2

−(−2) = +2

−a · a

0

c : b
(0, c) b

(b, b2)

(−a, a2) a
6 : 3 (0, 6)

(3, 9)
(−2, 4) 2



π

π

P = NP

π

π

���

π

e



n n ≥ 5
n = 21

AS = n − 5, n − 4, ... , n − 1, n

AS ≥ n + 1

n − 5 6 n + 1
n − 4 5, 6 n + 1 n + 2
n − 3 4, 5, 6 n + 1 n + 2 n + 3
n − 2 3, 4, 5, 6 n+1 n+2 n+3 n+4

n − 1 2, 3, 4, 5, 6
n+1 n+2 n+3 n+4
n + 5

n 1, 2, 3, 4, 5, 6
n+1 n+2 n+3 n+4
n + 5 n + 6

AS = n + 1

AS = n + 1
n = 21 AS = 22



n ≥ 5 n ∈

n = 1
1
6 2 3 4 5 6

1
2 7

1
6 · 1

6 = 1
36

2 3 4 5 6
7
36 n + 1

n = 2 n = 3
n = 4 n = 5

P(AS)

n = 21

AS 22 23 24 25 26 27
P(AS) 0,286 0,238 0,190 0,143 0,095 0,048

n

AS n + 1 n + 2 n + 3 n + 4 n + 5 n + 6

P(AS) 6
21

5
21

4
21

3
21

2
21

1
21
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Eυδoξoς †

†

†



n

(n, n, ...)
(3, 3, 3) (4, 4, 4)

(5, 5, 5) (3, 3, 3, 3)
(3, 3, 3, 3, 3)

(5, 5, 5)

(3, 4, 3, 4)

(3, 4, 3, 4)

(3, 6, 6) (4, 6, 6) (5, 6, 6) (3, 8, 8) (3, 10, 10)
(3, 4, 3, 4) (3, 5, 3, 5) (3, 4, 4, 4) (3, 3, 3, 3, 4) (3, 3, 3, 3, 5)

(4, 6, 8) (4, 6, 10) (3, 4, 5, 4)

†



M r
AB

AB
r C

C
M D

E E

A B r C

D

M

r

∗ ÂE B̂D

∗

E

A B r C

D

M

F

r

r
2α

α

α

α

α

AB
EF �MEF

α |�MEF | = α

�MEF |�EFM | = α |�FME | = 180◦ − 2α

|�DMF | = 2α

�MEF �ECB
|�ECB| = α �CBM

|�BMC | = α |�BMD| = α

|�BMF | = 3α = 3|�BMD| B̂F

B̂D B̂F ÂE
∗



ÂE g
E M AB

g C |BC | = r
r

Στoμαχιoν



∗

∗∗

AB
B P

A AB
B P

s

∗ A	χμηδης
†

∗∗ †



f AB
s α

0◦ < α ≤ 360◦

AB

f

|k |
k r

|sα| sα

α

|k | = πr2 |sα| =
πr2 · α

360◦

π

3 + 10
71 < π < 3 + 10

70

π ≈ 1
2

(
3 + 10

71
+ 3 + 10

70

)
π ≈ 3,14185...

∗∗∗

α

AB n
2n − 1

α
n

n − 1 s1
s2 s3 sn−1

(n − 1) r
n

(n − 2) r
n

(n − 3) r
n

r
n

n
f

n S0 S1

S2 Sn−1 n
r
n

(n−1) r
n

(n−2) r
n

r
n

n + 1
f

∗∗∗



si Si

si = Si , i = 1, 2, 3, ..., n − 1.

|s1|+ |s2|+ |s3|+...+ |sn−1| =
∑

U |S0|+ |S1|+
|S2| + ... + |Sn−1| =

∑
O |f |

f∑
U < |f | <

∑
O ∑

U∑
O

S0 =

B ̂A0A1B S0 si = Si∑
O

−
∑
U

= |S0| =
1

n
πr2 α

360◦
=

1

n
|sα| sα = B ̂A0AnB .

1
n
|sα| n

1
n
|sα| −→ 0 ∑

O −∑
U −→ 0∑

O −∑
U = (

∑
O −|f |) + (|f | − ∑

U)
∑

O −|f |
|f | − ∑

U∑
O −|f | −→ 0 |f | − ∑

U −→ 0

n∑
O |f | ∑

U |f |
|f |
si Si si = Si (n − i) r

n
i = 1, 2, 3, ..., n − 1

|si | = |Si | = π

(
(n − i)

r

n

)2

· 1
n

α

360◦
=

1

n3
πr2 α

360◦
(n− i)2 =

1

n3
|sα|(n− i)2.

∑
U = 1

n3 |sα|
(
(n − 1)2 + (n − 2)2 + ... + 12

)
< |f | <

1
n3 |sα|

(
n2 + (n − 1)2 + ... + 12

)
=

∑
O

12 + 22 + 32 + ... + m2 = 1
6m(m + 1)(2m + 1)

(n − 1)2 + (n − 2)2 + ... + 12
<

1

3
n3

< n2 + (n − 1)2 + ... + 12.

(n − 1)2 + (n − 2)2 + ... + 12 = 1
6 (n − 1)n(2n − 1) <

1
6n · n · 2n = 1

3n3



∑
U <

1
3
|sα| <

∑
O∑

O −∑
U =

(∑
O − 1

3 |sα|
)
+

(
1
3 |sα| −

∑
U

)∑
O −∑

U −→ 0∑
O − 1

3 |sα| −→ 0 1
3 |sα| −

∑
U −→ 0

n
∑

O
1
3 |sα|

∑
U

1
3 |sα| ∑

O∑
U |f | 1

3 |sα|
|f | = 1

3 |sα|

f
1
3

sα

n × n n = 1, 2, 3, ...

1
1 3
5 7

1 3 5
7 9 11
13 15 17

1 3 5 7
9 11 13 15
17 19 21 23
25 27 29 31



0 9
1958

1 · 103 + 9 · 102 + 5 · 101 + 8 · 100

10

0 7

8

742 7 · 82 + 4 · 8 + 2

2008
83 = 3 472 −→ 472

82 = 7 24 −→ 24
8

= 3 0
3730

2008 Tage = 286 Wochen 6 Tage



S1 = 1 − 2 + 3 − 4 + 5 − 6 + 7 − ... + 2007 − 2008

S2 = 1 + 2 − 3 + 4 − 5 + 6 − 7 + ... − 2007 + 2008

S1 = (1−2)+(3−4)+ ...+ (2007−2008) = (−1) ·1004 = −1004

S1 + S2 = 1 + 1 = 2 S2 = 2− S1 = 2− (−1004) = 1006

e

e

e

3992003 4056716 4056716 4077621

4056716− 3992003 = 64713 4077621− 4056716 = 20905

64713 = 3 · 11 · 37 · 53 20905 = 5 · 37 · 113

37

36 3992003 :
37 = 107891 36



X > Y X < Y

C < D D < A A < C
=⇒ A < C < D < A A < A =⇒

A > E E > C C > A
=⇒ A > E > C > A A > A

B < C C < D D < E
E < A B < C < D < E < A

499 500 501 502 502 503 504
505

S S

504503

505 502

502499

501 500 6S = 3 ·(499+500+...+502+502+...+505)
=⇒ S = 2008

p �= 5 p4 − 1 10
0

p �= 5 1, 3, 7 9
p4 14, 34, 74 94 1

p4 − 1 0 p4 − 1
10



< 70250 4
3 †

e

e

0,75

11
91

p �= 3 p2 + 2



n×n n2

3× 3

4096

3× 3



•
•

•

2008p − 11343

2p + 1

p

√
2009 −√

2008 <
√

2008−√
2007

√
n + 1 −√

n <
√

n −√
n − 1 n = 1, 2, 3, ...



0 1 m2
0

√
2m2

0√√
2m2 an

bn

√
2 1 (n + 1)

n an+1 = bn

bn+1 = an

2
an

bn

v 1
2

1
3

n

n n2 = 8k + 1 k

n n2 = 8k n2 = 8k +4 k

L×B ×H = 60 cm× 50 cm× 10 cm

x x2008

x
·x−→ x2 ·x2

−→ x4 ·x4

−→ x8 ·x8

−→ x16 ·x4

−→ x20 ·x20

−→
x40 ·x20

−→ x60 ·x60

−→ x120 ·x120

−→ x240 ·x240

−→ x480 ·x480

−→ x960 ·x960

−→ x1920 ·x60

−→ x1980 ·x20

−→
x2000 ·x8

−→ x2008

x2008

1 + 20072009 2008



n

xn + yn = (x + y)(xn−1 − xn−2y1 + xn−3y2 − ... − x1yn−2 + yn−1).

xn = 12009 yn = 20072009

12009 + 20072009 1 + 2007 2008

Z = 20092008 − 20072008 16

Z

a2 − b2 = (a − b)(a + b) Z

Z =
(
20091004

)2 − (
20071004

)2

=
(
20091004 − 20071004

) (
20091004 + 20071004

)
=

((
2009502

)2 − (
2007502

)2
) (

20091004 + 20071004
)

= ...

=
(
2009251 − 2007251

) (
2009251 + 2007251

) (
2009502 + 2007502

)
· (20091004 + 20071004

)
2

2 251
1

757

x O

x = 1
757

O O = 2 · (2 · 251 + 2 · x + x · 251) = 1004 + 506x
757x = 1004 + 506x x = 4

V V = 2 · 4 · 251 = 2008

141%

200%



v

vx · vy = x y = A = 2A = 2x y v2 = 2
v =

√
2 ≈ 1,414 141%

1√
2
≈ 0,707 71%

vT

vO

t1
t2
S

vT · t1 + vO · t1 = (vT + vO) · t1 = S vT · t1 = 1763

1S



2,3 h = 138 min

vT · t2 + vO · t2 = (vT + vO) · t2 = 3S vT · t2 = S + 1058

3
3 · (vT + vO) · t1 = (vT + vO) · t2 t2 = 3 · t1

S + 1058 m = vT · t2 = vT · 3t1 =
1763 m

t1
· 3t1 = 3 · 1763 m

S = 4231

2S = 8462

1
2, 4, 6, 8, ... , 50

N = 2 · 4 · 6 · · · · · 50 + 1 = 225 · 1 · 2 · 3 · · · · · 25 + 1 N − 1 =
225 · 1 · 2 · 3 · · · · · 25 ≤ 23 N

N > 23
29 N

29 N

N 1 227 870 767

n = 0 n = 1
n = 2



n = 0 n = 1 n = 2

1 + 3 · 1

3
· 1

3
+ 9 · 1

9
· 1

9
+ 27 · 1

27
· 1

27
+ 81 · 1

81
· 1

81
+ ...

=1 +
1

3
+

1

9
+

1

27
+

1

81
+ ... =

∞∑
i=0

(
1

3

)i

=
1

1 − 1
3

=
3

2

2

1
3

4 = 2 + 2 · 1 n

2 + 2 · 1 + 6 · 1

3
+ 18 · 1

9
+ 54 · 1

27
+ ... + 2 · 3n ·

(
1

3

)n

=2 +

n∑
i=0

2 · 3i

(
1

3

)i

= 2 +

n∑
i=0

2 · 1 = 2 + 2(n + 1) = 2(n + 2)



An =
n∑

i=0

(
1
3

)i
=

1−( 1
3)

n+1

1− 1
3

=
3− 1

3n

2

Un = 2(n + 2)

!p ≤ p

!p + 1 p = 2, 3, 5, ..., 19

!p + 1 P p ≤ 19

P−!p p ≤ 19

p ≥ 2 P−!p



(x , y) k
y2 − x3 = 17

x2 + y2 ≤ 108 K k

QS(n) QP(n)
n

n ≥ 10

QS(QP(n)) = QP(QS(n))?

22
z = 99999999990...0

QP(QS(z)) = QP(90) = 0 = QS(0) = QS(QP(z))
n QS(QP(n)) = QP(QS(n))

158, 185, 518, 581, 815, 851



n z(n) := nn +1
n = 1, 2, 4 2, 5, 257

n = 3
n ∈

n
z(n) = nn + 1

n n > 1 z(n) 2
2

n
n

n n = sk(2m + 1) k ≥ 1 m ≥ 1 n
2m + 1

(
n2k

+ 1
) ∣∣ (n2k (2m+1) + 1

)
= z(n) z(n)

∗

n2k

+1 ≡ 0 mod
(
n2k

+ 1
)

=⇒ 22k ≡ −1 mod
(
n2k

+ 1
)

=⇒ 22k (2m+1) ≡ (−1)2m+1 ≡ −1 mod
(
n2k

+ 1
)

n 2 z(n)

2n + 1 n > 1
n = 2k

n 2 n = 2k(2m + 1) m ≥ 1

2n + 1 = 22k (2m+1) + 1 22k

+ 1

∗



nn + 1 n > 1 n = 22k

k = 0, 1 5 257
k = 2 (24)2

4

+1 = 1616 +1 = 18446744073709551617 =

274177·67280421310721 k = 3 (28)2
8

+1 = 256256+1

k = 4 (216)2
16

+ 1 = 6553665536 + 1
315795

k = 5 (232)2
32

+ 1 = 42949672964294967296 + 1
4,1 · 1010 ∗∗

2 5 257 nn +1

n
p

p = 2 p = 5 1
p

1 : p
1

l = L
(

1
p

)
1

p
= 0,z1z2...zlz1z2...zl ... = 0,z1z2...zl zi .

10l

p
= z1z2...zl ,z1z2...zl

10l−1
p

= z1z2...zl

z1z2...zl
10l−1

p

l 10l ≡ 1 mod p
l

∗∗



l 1
p

p �= 2 p �= 5 10l −1

p

1
n

n 2 5

p �= 2 p �= 5 ∗ 10p−1 ≡ 1

mod p L
(

1
p

)
≤ p − 1 l = p − 1

10l ≡ 1 mod p p − 1

1 ≤ L
(

1
p

)
≤ p − 1 p �= 2 p �= 5

L
(

1
p

)
p �= 2 p �= 5 p − 1

p − 1 = lq + r l = L
(

1
p

)
≤ p − 1 q ∈

0 ≤ r 1 ≡ 10p−1 = (10l)q · 10r ≡ 1q · 10r = 10r mod p

10r − 1 p l r < l
r = 0 l p − 1

L
(

1
p

)
y 10y ≡ 1 mod p p �= 2

p �= 5

n
1
n

∗∗ ϕ n
< n 1 10ϕ(n) ≡

1 mod n

L

(
1

n

)
ϕ(n)

1

n

ϕ(p) = p − 1

∗ †
∗∗ †



L
(

1
n

)
n

1
n

n = p1p2...pt pi pi �= 2
pi �= 5 i

l := L
(

1
n

)
li := L

(
1
pi

)
10l − 1 ≡ 0 mod p1p2...pt

10l − 1 ≡ 0 mod p1 l1 l
li l

li l 10l − 1 ≡ 0 mod pi l
li

li

L
(

1
p1p2...pt

)
= kgV

(
L

(
1
p1

)
, L

(
1
p2

)
, ... , L

(
1
pt

))
pi �= 2 pi �= 5

i

n = pa p �= 2 p �= 5 a ≥ 1
a

L
(

1
pa

)
= pk · L

(
1
p

)
k 0 ≤ k < a p �= 2 p �= 5

l ′i := L
(

1
pi

)
a = 1 L

(
1
p

)
= l ′1 = p0l ′1 = p0L

(
1
p

)
l ′a = pk l ′1 0 ≤ k < a a ∈

a → a + 1 10l′a ≡ 1 mod pa

10l′a = xpa + 1 x ∈ 0

10pl′a =
(
10l′a

)p

= (xpa + 1)p = xpppa + ... +
(

p
p−1

) · xpp + 1 ≡ 1

mod pa+1
(

p
p−1

)
= p

pa+1

l ′a+1 pl ′a
10pl′a+1 ≡ 1 mod pa+1 10pl′a+1 = ypa+1 + 1 = (yp)pa + 1

10pl′a+1 ≡ 1 mod pa

l ′a l ′a+1 p
l ′a+1 ∈ {l ′a, pl ′a} l ′a+1 ∈

{pk l ′1, p
k+1l ′1} a + 1

L
(

1
pa

)
= pa−1 · L

(
1
p

)
p ≥ 7 L

(
1
pa

)
=



pa−2 ·L
(

1
p

)
p = 3

7 ≤ p ≤ 200 1 ≤ a ≤ 4 L
(

1
pa

)
= pa−1 ·L

(
1
p

)
p = 3 2 ≤ a ≤ 4 L

(
1
3a

)
= 3a−2 · L (

1
3

)
= 3a−2

n = pa1
1 pa2

2 ... pat
t t ≥ 1 pi �= 2 pi �= 5

L
(

1
p

a1
1 p

a2
2 ...p

at
t

)
= kgV

(
L

(
1

p
a1
1

)
, L

(
1

p
a2
2

)
, ... , L

(
1

p
at
t

))
= kgV

(
pk1

1 L
(

1
p1

)
, pk2

2 L
(

1
p2

)
, ... , pkt

t L
(

1
pt

))
0 ≤ ki < ai i

ki = ai − 2 pi = 3 ai ≥ 2 ki = ai − 1
7 ≤ pi ≤ 200

200
L

(
1

189

)
189 = 33 · 7 L

(
1
3

)
= 1 L

(
1
7

)
= 6

L
(

1
33

)
= 3 · L (

1
3

)
= 3 L

(
1

189

)
= kgV(3, 6) = 6

l = 28
l

l

ggT(10a − 1, 10b − 1) = 10ggT(a,b) − 1∗∗∗

k l k ≤ l − 1
ggT(10k−1, 10l−1) = 10ggT(k,l)−1 = 101−1 = 9 10l−1 ≥ 102−1 =
99 > 9 10l − 1 3 · 3

p �= 3 10l − 1
l ≥ 2 10l − 1 ≡ 99 mod 100 ≡ 99

mod 100
20

p 10k − 1 1 ≤ k ≤ l − 1 10k − 1
3 · 3 10l − 1 l

10l − 1 p L
(

1
p

)
= l

l p L
(

1
p

)
= l

∗∗∗



L
(

1
p

)
≤ p − 1 p L

(
1
p

)
= p − 1

29500
1000000

0,375 = 3
8

10 100
0,167 0,5 105 106

0,372 0,377

10 102 102 103 103 104 104 105 105 106

0,167 0,321 0,353 0,375 0,372
0,5 0,404 0,410 0,391 0,377

∗∗∗∗

∞∏
p

(
1 − 1

p(p − 1)

)

0,3739558136

∗∗∗∗ †
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1631

200

1649

1655
π

∗



4

π
=

3 · 3 · 5 · 5 · ...
2 · 4 · 4 · 6 · ...

π

y =
√

1 − x2 0 ≤ x ≤ 1
π

4

π

4
=

∫ 1

0

√
(1 − x2) dx .

y = x
p
q 0 ≤ x ≤ 1

1
p
q

+ 1
.

p
q

= n 1
n+1

n + 1
y = xn 0 ≤ x ≤ 1
Ap,n

y =
(
1 − x

1
p

)n

0 ≤ x ≤ 1

y =
(
1 − x

1
p

)n

n = 2 p = 1 0 ≤ x ≤ 1



y =
(
1 − x

1
p

)n

n = 2 p = 2 0 ≤ x ≤ 1

y =
(
1 − x

1
p

)n

n = 2 p = 3 0 ≤ x ≤ 1

p = 1
2
, n = 1

2

A 1
2 , 1

2
=

4

π
.

p = 2 n = 3(
1 − x

1
2

)3

= 1 − 3x
1
2 + 3x − x

3
2 ,

1 − 3
1

1
2

+ 1
+ 3

1

1 + 1
− 1

3
2

+ 1
= 1 − 2 +

3

2
− 2

5
=

1

10
.

A2,3 = 10
Ap,n n p



p\n 0 1 2 3 4 5
0 1 1 1 1 1 1
1 1 2 3 4 5 6
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