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Eine mathematische Zeitschrift 

für Schüler(innen) und Lehrer(innen)

1981 erstes Heft durch Martin Mettler

herausgegeben von der

Johannes Gutenberg-Universität zu Mainz

vertreten durch den Präsidenten

Herrn Prof. Dr. Georg Krausch
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❉✐❡ ♥❡✉❡♥ ❆✉❢❣❛❜❡♥ ✇❛rt❡♥ ❛✉❢ ▲ös✉♥❣❡♥✳ ◆✉r ▼✉t✱ ❛✉❝❤ ✇❡♥♥ ❉✉ ✐♥ ▼❛t❤❡ ❦❡✐♥❡ ✒❊✐♥s✏ ❤❛st✦
❉✐❡ ❆✉❢❣❛❜❡♥ s✐♥❞ s♦ ❣❡st❛❧t❡t✱ ❞❛ss ❉✉ ③✉r ▲ös✉♥❣ ♥✐❝❤t ✉♥❜❡❞✐♥❣t ❞❡♥ ▼❛t❤❡✲❙t♦✛ ❞❡r ❙❝❤✉❧❡
❜r❛✉❝❤st✳ ❱✐❡❧♠❡❤r ✇✐rst ❉✉ ✈✐❡❧ ♠❛t❤❡♠❛t✐s❝❤❡ ❋❛♥t❛s✐❡ ✉♥❞ s❡❧❜ststä♥❞✐❣❡s ❉❡♥❦❡♥ ❜r❛✉❝❤❡♥✱
❛❜❡r ❛✉❝❤ ❩ä❤✐❣❦❡✐t✱ ❲✐❧❧❡♥ ✉♥❞ ❆✉s❞❛✉❡r✳

❲✐❝❤t✐❣✿ ❆✉❝❤ ✇❡r ♥✉r ❡✐♥❡ ❆✉❢❣❛❜❡ ♦❞❡r ❚❡✐❧❡ ❡✐♥③❡❧♥❡r ❆✉❢❣❛❜❡♥ ❧ös❡♥ ❦❛♥♥✱ s♦❧❧t❡ t❡✐❧♥❡❤✲
♠❡♥❀ ❞❡♥♥ ❛✉❝❤ ❞❛❢ür ❦❛♥♥ ❡s s❝❤♦♥ P✉♥❦t❡ ❣❡❜❡♥✱ ✇❛s ❞✐❡ ❈❤❛♥❝❡♥ ❛✉❢ ❞❡♥ ●❡✇✐♥♥ ❡✐♥❡s
Pr❡✐s❡s ✈❡r❜❡ss❡r♥ ❦❛♥♥✳ ❉❡♥❦t ❜❡✐ ❊✉r❡♥ ▲ös✉♥❣❡♥ ❞❛r❛♥✱ ❛✉❝❤ ❞❡♥ ▲ös✉♥❣s✇❡❣ ❛♥③✉❣❡❜❡♥✦

❋ür ❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡♥ ✺✕✽ s✐♥❞ ✐♥ ❡rst❡r ▲✐♥✐❡ ❞✐❡▼❛t❤❡s♣✐❡❧❡r❡✐❡♥ ✈♦r❣❡s❡❤❡♥❀ ❛✉❝❤
❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡ ✾ ❞ür❢❡♥ ❤✐❡r ♠✐t♠❛❝❤❡♥✱ ❛❜❡r ♥✉r ❛✉❢ ❞❡r ❇❛s✐s ❞❡r ❤❛❧❜❡♥ P✉♥❦t③❛❤❧✳
❆❧❧❡ ❙❝❤ü❧❡r✱ ✐♥s❜❡s♦♥❞❡r❡ ❛❜❡r ❥❡♥❡ ❞❡r ❑❧❛ss❡♥ ✾✕✶✸✱ ❦ö♥♥❡♥ ▲ös✉♥❣❡♥ ✭♠✐t ▲ös✉♥❣s✇❡❣✦✮
③✉ ❞❡♥ ◆❡✉❡♥ ❆✉❢❣❛❜❡♥ ❛❜❣❡❜❡♥✳ P✉♥❦t❡ ❛✉s ❞❡♥ ❘✉❜r✐❦❡♥ ❈♦♠♣✉t❡r✲❋❛♥✱ ▼❛t❤❡♠❛t✐s❝❤❡
❊♥t❞❡❝❦✉♥❣❡♥ ✉♥❞ ✒❉❡♥❦❡r❝❤❡♥✏ ✇❡r❞❡♥ ❜❡✐ ❞❡r ❱❡r❣❛❜❡ ❞❡s ❋♦rs❝❤❡r♣r❡✐s❡s ③✉❣r✉♥❞❡ ❣❡❧❡❣t✳
✭❇❡✐trä❣❡ ③✉ ✈❡rs❝❤✐❡❞❡♥❡♥ ❘✉❜r✐❦❡♥ ❜✐tt❡ ❛✉❢ ✈❡rs❝❤✐❡❞❡♥❡♥ ❇❧ätt❡r♥✳✮

❊✐♥s❡♥❞❡✲✭❆❜❣❛❜❡✲✮❚❡r♠✐♥ ❢ür ▲ös✉♥❣❡♥ ✐st ❞❡r ✶✺✳ ▼❛✐ ✷✵✷✶✳
❩✉s❝❤r✐❢t❡♥ ❜✐tt❡ ❛♥ ❢♦❧❣❡♥❞❡ ❆♥s❝❤r✐❢t✿

❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣✲❯♥✐✈❡rs✐tät
■♥st✐t✉t ❢ür ▼❛t❤❡♠❛t✐❦
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❊✲▼❛✐❧✿ ♠♦♥♦✐❞❅♠❛t❤❡♠❛t✐❦✳✉♥✐✲♠❛✐♥③✳❞❡
❲✐r ✈❡rö✛❡♥t❧✐❝❤❡♥ ✐♠ ❍❡❢t ✉♥❞ ❛✉❢ ✉♥s❡r❡r ■♥t❡r♥❡ts❡✐t❡ ✈♦♥ ❛❧❧❡♥ ▲ös❡r✐♥♥❡♥ ✉♥❞ ▲ös❡r♥ ❞✐❡
◆❛♠❡♥✱ ❙❝❤✉❧❡✱ ❑❧❛ss❡♥st✉❢❡ ✉♥❞ P✉♥❦t③❛❤❧✳ ❲✐r ❣❡❤❡♥ ❞❛✈♦♥ ❛✉s✱ ❞❛ss ■❤r ❞❛♠✐t ❡✐♥✈❡rst❛♥❞❡♥
s❡✐❞✱ ✇❡♥♥ ■❤r ▲ös✉♥❣❡♥ ❡✐♥r❡✐❝❤t✳ ❙♦❧❧t❡t ■❤r ♥✐❝❤t ❡✐♥✈❡rst❛♥❞❡♥ s❡✐♥✱ ❞❛♥♥ ♥♦t✐❡rt ❞✐❡s ❜✐tt❡
❞❡✉t❧✐❝❤ ❛✉❢ ❊✉r❡♥ ❊✐♥s❡♥❞✉♥❣❡♥✳ ❙♣ät❡st❡♥s ♥❛❝❤ ❞❡♥ ▼❖◆❖■❉✲❋❡✐❡r♥ ✇❡r❞❡♥ ❊✉r❡ ❊✐♥s❡♥❞✉♥✲
❣❡♥ ✈❡r♥✐❝❤t❡t✳

❆♥ ❢♦❧❣❡♥❞❡♥ ❙❝❤✉❧❡♥ ❣✐❜t ❡s ❜❡tr❡✉❡♥❞❡ ▲❡❤r❡r✱ ❜❡✐ ❞❡♥❡♥ ■❤r ❊✉r❡ ▲ös✉♥❣❡♥ ❛❜❣❡❜❡♥ ❦ö♥♥t✿
❛♠ ❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠ ❆❧③❡② ❜❡✐ ❋r❛✉ ❙✉s❛♥♥❡ ▲ü♥✐♥❣✱ ❛♠ ▲✐♥❛✲❍✐❧❣❡r✲
●②♠♥❛s✐✉♠ ❇❛❞ ❑r❡✉③♥❛❝❤ ❜❡✐ ❋r❛✉ ❏✉❧✐❛ ●✉t③❧❡r✱ ❛♠ ❑❛r♦❧✐♥❡♥✲●②♠♥❛s✐✉♠ ❋r❛♥❦❡♥✲
t❤❛❧ ❜❡✐ ❋r❛✉ ❏❛s♠✐♥ ❍❛❛❣✱ ❛♥ ❞❡r ❋✲❏✲▲✲●❡s❛♠ts❝❤✉❧❡ ❍❛❞❛♠❛r ❜❡✐ ❍❡rr♥ ▼❛tt❤✐❛s ●r❛s✲
s❡✱ ❛♠ ❋r❛✉❡♥❧♦❜✲●②♠♥❛s✐✉♠ ▼❛✐♥③ ❜❡✐ ❍❡rr♥ ▼❛rt✐♥ ▼❛tt❤❡✐s✱ ❛♠ ❏♦❤❛♥♥❛✲●❡✐ss♠❛r✲
●②♠♥❛s✐✉♠ ✐♥ ▼❛♥♥❤❡✐♠ ❜❡✐ ❍❡rr♥ ❯❧r✐❝❤ ❲✐tt❡❦✐♥❞t✱ ❛♠ ❘❤❡✐♥✲❲✐❡❞✲●②♠♥❛s✐✉♠ ◆❡✉✲
✇✐❡❞ ❜❡✐ ❍❡rr♥ ▼❛r❝❡❧ ●r✉♥❡r✱ ✉♥❞ ❛♠ ●②♠♥❛s✐✉♠ ◆♦♥♥❡♥✇❡rt❤ ✐♥ ❘❡♠❛❣❡♥ ❜❡✐ ❍❡rr♥
❍❡❧♠✉t ▼❡✐①♥❡r✳

❲✐r ❜✐tt❡♥ ❛✉❝❤ ✉♠ ♥❡✉❡ ❆✉❢❣❛❜❡♥✱ ❞✐❡ ❉✉ s❡❧❜st ❡rst❡❧❧t ❤❛st✱ ✉♠ s✐❡ ③✉ ✈❡rö✛❡♥t❧✐❝❤❡♥✳ ❉✐❡s❡
❆✉❢❣❛❜❡♥ s♦❧❧❡♥ ❛❜❡r ♥✐❝❤t ❛✉s ❇ü❝❤❡r♥ ♦❞❡r ❆✉❢❣❛❜❡♥s❛♠♠❧✉♥❣❡♥ ❡♥t♥♦♠♠❡♥ s❡✐♥✱ s♦♥❞❡r♥
❉❡✐♥❡r ❡✐❣❡♥❡♥ ❋❛♥t❛s✐❡ ❡♥ts♣r✐♥❣❡♥✳ ❲ür❞❡ ❡s ❉✐❝❤ ♥✐❝❤t ❡✐♥♠❛❧ r❡✐③❡♥✱ ❡✐♥❡ ❆✉❢❣❛❜❡ ③✉ st❡❧❧❡♥✱
❞❡r❡♥ ▲ös✉♥❣ ✈♦r❡rst ♥✉r ❉✉ ❦❡♥♥st❄

❏❡❞❡s ❏❛❤r ✜♥❞❡t ❣❡❣❡♥ ❊♥❞❡ ◆♦✈❡♠❜❡r ❜③✇✳ ❆♥❢❛♥❣ ❉❡③❡♠❜❡r ❡✐♥❡ ▼❖◆❖■❉✲❋❡✐❡r st❛tt✱ ✐♥ ❞❡r❡♥
❘❛❤♠❡♥ r✉♥❞ ❢ü♥❢③✐❣ Pr❡✐s❡ ❛♥ ❞✐❡ ❡r❢♦❧❣r❡✐❝❤st❡♥ ❙❝❤ü❧❡r ✉♥❞ ❙❝❤ü❧❡r✐♥♥❡♥ ✈❡r❣❡❜❡♥ ✇❡r❞❡♥✳
❆❧s ❜❡s♦♥❞❡r❡ Pr❡✐s❡ ❣✐❜ ❡s s❝❤♦♥ s❡✐t ✶✾✾✷ ❞❛s ✒●♦❧❞❡♥❡ ▼✏ ✉♥❞ s❡✐t ✷✵✶✺ ❞❡♥ ✒▼❖◆❖■❉✲❋✉❝❤s✏✱
❥❡✇❡✐❧s ✈❡r❜✉♥❞❡♥ ♠✐t ❡✐♥❡♠ ❜❡❛❝❤t❧✐❝❤❡♥ ●❡❧❞❜❡tr❛❣✳

❯♥❞ ♥✉♥ ✇ü♥s❝❤❡♥ ✇✐r ❊✉❝❤ ✈✐❡❧ ❊r❢♦❧❣ ❜❡✐ ❊✉r❡r ▼✐t❛r✲
❜❡✐t✦

❉✐❡ ❘❡❞❛❦t✐♦♥
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❚❡✐❧❜❛r❦❡✐t ✐♠ P❛s❝❛❧s❝❤❡♥ ❉r❡✐❡❝❦
✈♦♥ ■r✐♥❛ ❆❧❜❡r❣ ✉♥❞ ▲❛✉r❛ ❋❡✐①

❉❛s P❛s❝❛❧s❝❤❡ ❉r❡✐❡❝❦ ❡♥tst❡❤t✱ ✐♥❞❡♠ ♠❛♥ ❡♥t❧❛♥❣ ❞❡r ❘ä♥❞❡r ❡✐♥❡s ❉r❡✐❡❝❦s
❞✐❡ ❩❛❤❧ ✶ s❝❤r❡✐❜t ✉♥❞ ❞❛♥♥ ❞❛s ❉r❡✐❡❝❦ s♦ ❛✉✛ü❧❧t✱ ❞❛ss ❥❡❞❡r ❊✐♥tr❛❣ ❣❡r❛❞❡ ❞✐❡
❙✉♠♠❡ ❞❡r ❞✐r❡❦t ❞❛rü❜❡r st❡❤❡♥❞❡♥ ❊✐♥trä❣❡ ✐st✳ ❉❛s P❛s❝❛❧s❝❤❡ ❉r❡✐❡❝❦ s♣✐❡❧t ✐♥
✈✐❡❧❡♥ ❇❡r❡✐❝❤❡♥ ❞❡r ▼❛t❤❡♠❛t✐❦ ❡✐♥❡ ❘♦❧❧❡ ✉♥❞ ❡s ✈❡rst❡❝❦t s✐❝❤ ✈✐❡❧ ■♥t❡r❡ss❛♥t❡s
❞❛r✐♥ ✭❡✐♥❢❛❝❤ ♠❛❧ ❞✐❡ ❩❡✐❧❡♥ s✉♠♠✐❡r❡♥ ✉♥❞ s❝❤❛✉❡♥✱ ✇❛s r❛✉s❦♦♠♠t✮✳

■♥ ❞❡r ♦❜❡♥st❡❤❡♥❞❡♥ ●r❛✜❦ ✐st ❞❛s P❛s❝❛❧s❝❤❡ ❉r❡✐❡❝❦ ✈♦♥ ❞❡r ✵✲t❡♥ ❜✐s ③✉r
✶✵✲t❡♥ ❩❡✐❧❡ ❞❛r❣❡st❡❧❧t✳ ❉❛❜❡✐ ✇✉r❞❡♥ ❛❧❧❡ ✉♥❣❡r❛❞❡♥ ❊✐♥trä❣❡ ❣r❛✉ ✉♥❞ ❛❧❧❡ ❣❡r❛✲
❞❡♥ ❊✐♥trä❣❡ ✇❡✐ÿ ❤✐♥t❡r❧❡❣t✳ ❉❛s ❡♥tst❡❤❡♥❞❡ ▼✉st❡r ❡r✐♥♥❡rt ❛♥ ❞❛s s♦❣❡♥❛♥♥t❡
❙✐❡r♣✐♥s❦✐✲❉r❡✐❡❝❦✳
❉❡r ❊♥tst❡❤✉♥❣s♣r♦③❡ss ❞❡s ❙✐❡r♣✐♥s❦✐✲❉r❡✐❡❝❦s ✐st ❛✉❢ ❞❡r ❧✐♥❦❡♥ ❍ä❧❢t❡ ❞❡s ❚✐✲
t❡❧s ❞❡s ▼❖◆❖■❉✲❍❡❢ts ③✉ s❡❤❡♥✳ ❉✐❡ ❜❧❛✉❡♥ ❇❡r❡✐❝❤❡ ❡♥ts♣r❡❝❤❡♥ ❞❛♥♥ ✇✐❡ ♦❜❡♥
❛♥❣❡❞❡✉t❡t ❣❡♥❛✉ ❞❡♥ ✉♥❣❡r❛❞❡♥ ❩❛❤❧❡♥✳ ❉✐❡ ❋✐❣✉r ❛✉❢ ❞❡r r❡❝❤t❡♥ ❍ä❧❢t❡ ❞❡s
P♦st❡rs ❡♥tst❡❤t ❛✉❢ ä❤♥❧✐❝❤❡ ❆rt ✉♥❞ ❲❡✐s❡✱ ✐♥❞❡♠ ❞✐❡ ♥✐❝❤t ❞✉r❝❤ ✸ t❡✐❧❜❛r❡♥
❩❛❤❧❡♥ ❞❡s P❛s❝❛❧s❝❤❡♥ ❉r❡✐❡❝❦s r♦t ❣❡❦❡♥♥③❡✐❝❤♥❡t ✇❡r❞❡♥✳
❇❡✐♠ Ü❜❡rs❝❤♥❡✐❞❡♥ ❞❡r ❜❡✐❞❡♥ ❋✐❣✉r❡♥ ❡♥tst❡❤t ❡✐♥ ♥❡✉❡s ▼✉st❡r✱ ❞❛s ♠❛♥ ❛❧s
❞✐❡❥❡♥✐❣❡♥ ❊✐♥trä❣❡ ❞❡s P❛s❝❛❧s❝❤❡♥ ❉r❡✐❡❝❦s ❞❡✉t❡t✱ ❞✐❡ ♥✐❝❤t ❞✉r❝❤ ✸ ♦❞❡r ♥✐❝❤t
❞✉r❝❤ ✷ t❡✐❧❜❛r s✐♥❞✳ ❉✐❡ ❢r❡✐❣❡❧❛ss❡♥❡♥ ❇❡r❡✐❝❤❡ ❡♥ts♣r❡❝❤❡♥ ❢♦❧❣❧✐❝❤ ❞❡♥❥❡♥✐❣❡♥
❩❛❤❧❡♥✱ ❞✐❡ ❞✉r❝❤ ✻ t❡✐❧❜❛r s✐♥❞✳ ❊s ❡rs❝❤❡✐♥t ❛❧s♦ ❡✐♥❡ ❜✐❧❞❧✐❝❤❡ ❉❛rst❡❧❧✉♥❣ ❞❡s
s♦❣❡♥❛♥♥t❡♥ ❈❤✐♥❡s✐s❝❤❡♥ ❘❡sts❛t③❡s✱ ❞❡r ❜❡s❛❣t✿ ❙✐♥❞ a ✉♥❞ b ③✇❡✐ ❩❛❤❧❡♥✱ ❞✐❡
❦❡✐♥❡♥ ❣❡♠❡✐♥s❛♠❡♥ ❚❡✐❧❡r ❤❛❜❡♥✱ s♦ ✇✐r❞ ❡✐♥❡ ❩❛❤❧ ❣❡♥❛✉ ❞❛♥♥ ✈♦♠ Pr♦❞✉❦t ab
❣❡t❡✐❧t✱ ✇❡♥♥ s♦✇♦❤❧ a ❛❧s ❛✉❝❤ b ❞✐❡s❡ ❩❛❤❧ t❡✐❧❡♥✳

❇❡♠❡r❦✉♥❣✿ ❉❛s ❣r♦ÿ❛rt✐❣❡ ❚✐t❡❧❜✐❧❞ ❤❛❜❡♥ ❞✐❡ ❆✉t♦r✐♥♥❡♥ ✐♠ ❙❡♠✐♥❛r ✒❩❛❤❧ ✉♥❞ ❇✐❧❞✏ ❜❡✐ Pr♦❢✳ ❉r✳ ▼❛♥✉❡❧

❇❧✐❝❦❧❡ ❛♥ ❞❡r ❯♥✐✈❡rs✐tät ▼❛✐♥③ ❡♥t✇✐❝❦❡❧t✳ ❉✐❡ ❯♠s❡t③✉♥❣ ✐♥ ❞✐❡ ❚✐t❡❧s❡✐t❡ ❤❛t ❞❡r ❉❡s✐❣♥❡r ❑❛rst❡♥ ▼ü❧❧❡r

❛✉s ❲✐❡s❜❛❞❡♥ ü❜❡r♥♦♠♠❡♥✱ ✇♦❢ür ✐❤♠ ✉♥s❡r ❉❛♥❦ ❣✐❧t✳

❲❡✐t❡r❡ ❇✐❧❞❡r ❛✉s ❞❡♠ ❙❡♠✐♥❛r ✇❡r❞❡♥ ✉♥s ❛✉❢ ❞❡♥ ❚✐t❡❧s❡✐t❡♥ ✉♥s❡r❡s ❏✉❜✐❧ä✉♠s❥❛❤r❡s ❜❡❣❧❡✐t❡♥✳

✸ ▼❖◆❖■❉ ✶✹✺



❲❛♥♥ st✐♠♠❡♥ ❙✉♠♠❡ ✉♥❞
Pr♦❞✉❦t ✈♦♥ ❣❛♥③❡♥ ❩❛❤❧❡♥

ü❜❡r❡✐♥❄
✈♦♥ ❋r❛♥❦ ❘❡❤♠

❉✐❡ ❩❛❤❧ 2 s♣✐❡❧t ✐♥ ❞❡♥ ❛❧t❡♥ ❑✉❧t✉r❡♥ ❡✐♥❡ ❣r♦ÿ❡ ❘♦❧❧❡✳ ◆✉r ❞✐❡ ❢rü❤❡♥ ●r✐❡❝❤❡♥
s✐♥❞ ❤✐❡r ❡✐♥❡ ❆✉s♥❛❤♠❡✿ ❙✐❡ ❡r✇❛rt❡t❡♥✱ ❞❛ss ❡✐♥❡ ▼✉❧t✐♣❧✐❦❛t✐♦♥ ♠❡❤r ❡r❣✐❜t ❛❧s
❡✐♥❡ ❆❞❞✐t✐♦♥ ✕ ✇❛s ❢ür 2 + 2 = 2 · 2 ❥❡❞♦❝❤ ♥✐❝❤t ❣✐❧t✳ ■❝❤ ✇❡✐ÿ ♥✐❝❤t✱ ♦❜ s✐❡ ❞❡r
❢♦❧❣❡♥❞❡♥ ❋r❛❣❡ ♥❛❝❤❣❡❣❛♥❣❡♥ s✐♥❞✿ ❑ö♥♥❡♥ ❢ür ③✇❡✐ ❣❛♥③❡♥ ❩❛❤❧❡♥ Pr♦❞✉❦t ✉♥❞
❙✉♠♠❡ ü❜❡r❡✐♥st✐♠♠❡♥❄
▲ös✉♥❣✿ ❊s ❣❡❧t❡ a ≤ b ✉♥❞ a · b = a + b✱ ❞❛r❛✉s ❢♦❧❣t b(a − 1) = a✳ ❊s ❦❛♥♥
a = 1 ❛✉s❣❡s❝❤❧♦ss❡♥ ✇❡r❞❡♥✱ ❛❧s♦ ✐st b = a

(a−1) = 1 + 1
(a−1) ✱ ❛❧s♦ ♠✉ss ✶ ❞✉r❝❤

a − 1 t❡✐❧❜❛r s❡✐♥✱ ❞❛s ❤❡✐ÿt a − 1 = 1 ♦❞❡r a − 1 = −1✱ ❞❛r❛✉s ❡r❣❡❜❡♥ s✐❝❤ ❛❧s
▲ös✉♥❣❡♥ ❞✐❡ ❩❛❤❧❡♥♣❛❛r❡ (a, b) = (2, 2) ✉♥❞ (a, b) = (0, 0)✳

■❝❤ ✇❡r❞❡ ♥✉♥ ä❤♥❧✐❝❤❡ ❋r❛❣❡st❡❧❧✉♥❣❡♥ ✉♥t❡rs✉❝❤❡♥ ✉♥❞ ❞❛❜❡✐ ③✉♥ä❝❤st ♥✉r ❞✐❡
♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥ ❜❡tr❛❝❤t❡♥✳

▲ös✉♥❣ ✐♥♥❡r❤❛❧❜ ❞❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥

❊s s❝❤❧✐❡ÿt s✐❝❤ s✐❝❤ ❞✐❡ ❋r❛❣❡ ❛♥✿ ❑ö♥♥❡♥ ❢ür ❞r❡✐ ♣♦s✐t✐✈❡ ❣❛♥③❡ ❩❛❤❧❡♥ Pr♦❞✉❦t
✉♥❞ ❙✉♠♠❡ ü❜❡r❡✐♥st✐♠♠❡♥❄
▲ös✉♥❣✿ ❊s ❣❡❧t❡ a ≤ b ≤ c ✉♥❞ abc = a+ b+ c ✳ ❊s ❣✐❜t ✐♥t❡r❡ss❛♥t❡r✇❡✐s❡ ❤✐❡r
♥✉r ❡✐♥❡ ❡✐♥③✐❣❡ ▲ös✉♥❣ (a, b, c) ✐♥ ❞❡♥ ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥✳
❉❛ss ❡s ❦❡✐♥❡ ✇❡✐t❡r❡♥ ▲ös✉♥❣❡♥ ❣✐❜t✱ ❦❛♥♥ ♠❛♥ ❛✉❢ ✈❡rs❝❤✐❡❞❡♥❡ ❲❡✐s❡ ♥❛❝❤✲
✇❡✐s❡♥✳ ❍✐❡r ❜✐❡t❡t ❡s s✐❝❤ ❛♥✱ ❥❡✇❡✐❧s ❞✉r❝❤ ❯♥❣❧❡✐❝❤✉♥❣❡♥ ✇❡✐t❡r❡ ▼ö❣❧✐❝❤❦❡✐t❡♥
s✉❦③❡ss✐✈❡ ❛✉s③✉s❝❤❧✐❡ÿ❡♥✳
❆♥❣❡♥♦♠♠❡♥✱ ❞✐❡ ❦❧❡✐♥st❡ ❩❛❤❧ ✐st ❣röÿ❡r ❛❧s ✶✱ ❛❧s♦ a ≥ 2✱ ❛❧s♦ b ≥ a ≥ 2✱ ❞❛♥♥
❣✐❧t✿ 4c = 2 · 2 · c ≤ abc = a+ b + c ≤ 3c ✱ ❛❧s♦ 4c ≤ 3c ✱ ❡✐♥ ❲✐❞❡rs♣r✉❝❤✱ ❛❧s♦
♠✉ss a = 1 ❣❡❧t❡♥✳
❆♥❣❡♥♦♠♠❡♥ b ≥ 3✱ ❞❛♥♥ ❣✐❧t 3c = 1·3·c ≤ abc = a+b+c = 1+b+c ≤ 1+2c ✱
❛❧s♦ c ≤ 1 ❡✐♥ ❲✐❞❡rs♣r✉❝❤✱ ❛❧s♦ ❜❧❡✐❜❡♥ ♥✉r ❜❡✐❞❡♥ ❋ä❧❧❡ b = 1 ♦❞❡r b = 2✳
❆✉ÿ❡r❞❡♠ ❢ü❤rt b = 1 ③✉♠ ❲✐❞❡rs♣r✉❝❤ c = c + 2✳
❆❧s♦ ♠✉ss b = 2 s❡✐♥ ✉♥❞ ❡s ❡r❣✐❜t s✐❝❤ ❞✐❡ ❡✐♥③✐❣❡ ▲ös✉♥❣ ♠✐t c = 3✱ ❛❧s♦
(a, b, c) = (1, 2, 3)✳

❑ö♥♥❡♥ ❢ür ✈✐❡r ♥❛tür❧✐❝❤❡ ❩❛❤❧❡♥ Pr♦❞✉❦t ✉♥❞ ❙✉♠♠❡ ü❜❡r❡✐♥st✐♠♠❡♥❄
▲ös✉♥❣✿ ❊s ❣❡❧t❡ a ≤ b ≤ c ≤ d ✉♥❞ abcd = a + b + c + d ✳ ❊s ❣✐❜t ♥✉r ❡✐♥❡
❡✐♥③✐❣❡ ▲ös✉♥❣ (a, b, c , d)✳ ❆✉❝❤ ❤✐❡r ❜✐❡t❡t ❡s s✐❝❤ ❛♥✱ ❥❡✇❡✐❧s ❞✉r❝❤ ❯♥❣❧❡✐❝❤✉♥❣❡♥
✇❡✐t❡r❡ ▼ö❣❧✐❝❤❦❡✐t❡♥ s❝❤r✐tt✇❡✐s❡ ❛✉s③✉s❝❤❧✐❡ÿ❡♥✳
❲✐r ❣❡❤❡♥ ä❤♥❧✐❝❤ ✈♦r✱ ✇✐❡ ❢ür ♥✉r ❞r❡✐ ❩❛❤❧❡♥✱ ✇♦❜❡✐ s✐❝❤ ❞✐❡ ✉♥t❡rs✉❝❤t❡♥ ❯♥✲
❣❧❡✐❝❤✉♥❣❡♥ ❞❛r❛♥ ♦r✐❡♥t✐❡r❡♥✱ ❞❛ss ♠❛♥ ❞✐❡ ▲ös✉♥❣ ❞✉r❝❤ ❣❡③✐❡❧t❡s Pr♦❜✐❡r❡♥
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❣❡❢✉♥❞❡♥ ❤❛t ✉♥❞ ❞❛♥♥ ✈❡r♠✉t❡t✱ ❡s ✇är❡ ❞✐❡ ❡✐♥③✐❣❡ ▲ös✉♥❣✳ ❉✐❡s ✐st ❡✐♥ ❣❛♥③
♥♦r♠❛❧❡s ❱♦r❣❡❤❡♥ ✐♥ ❞❡r ▼❛t❤❡♠❛t✐❦✱ ✉♠ ❧❡t③t❧✐❝❤ ❛str❡✐♥❡ ❇❡✇❡✐s❡ ✈♦r❧❡❣❡♥ ③✉
❦ö♥♥❡♥✳ ❉❛s ✒❙♣✐❡❧✏ ♠✐t ❞❡♥ ❩❛❤❧❡♥ ✐st ❛❧s♦ ❞✉r❝❤❛✉s ③✉ ❡♠♣❢❡❤❧❡♥✱ ✉♠ ❡✐♥ ●❡s♣ür
③✉ ❜❡❦♦♠♠❡♥✳
❋ür a ≥ 2 ❢♦❧❣t 8d = 2 · 2 · 2 · d ≤ abcd = a + b + c + d ≤ 4d ✱ ❛❧s♦
8d ≤ 4d ✕ ❲✐❞❡rs♣r✉❝❤✱ ❛❧s♦ a = 1✳
❋ür b ≥ 2 ❢♦❧❣t 4d = 1 · 2 · 2 · d ≤ abcd = a + b + c + d ≤ 1 + 3d ✱ ❛❧s♦
d ≤ 1 ✕ ❲✐❞❡rs♣r✉❝❤✱ ❛❧s♦ b = 1✳
❋ür c ≥ 3 ❢♦❧❣t 3d = 1 · 1 · 3 · d ≤ abcd = a + b + c + d ≤ 2 + 2d ✱ ❛❧s♦
d ≤ 2 ✕ ❲✐❞❡rs♣r✉❝❤✱ ❛❧s♦ ❜❧❡✐❜❡♥ ♥✉r ❞✐❡ ❋ä❧❧❡ c = 1 ♦❞❡r c = 2✳
❊s s❡✐ c = 1✱ ❞❛♥♥ ❦♦♠♠t ♠❛♥ s♦❢♦rt ③✉♠ ❲✐❞❡rs♣r✉❝❤ abcd = d = 3 + d ✳
❆❧s♦ ❜❧❡✐❜t ❞❡r ❋❛❧❧ c = 2✱ ❛❧s♦ 2d = 4 + d ✱ ✇♦r❛✉s d = 4 ❢♦❧❣t✳ ❉✐❡ ❡✐♥③✐❣❡
▲ös✉♥❣ ✐st ❛❧s♦ (a, b, c , d) = (1, 1, 2, 4)✳

❆✉s❜❧✐❝❦ ❛✉❢ ✇❡✐t❡r❡ ▲ös✉♥❣❡♥

❇❡✐ n ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥ ♠✐t n ≥ 5 ❡r❣❡❜❡♥ s✐❝❤ ❞✐❡ ▲ös✉♥❣❡♥ (1, 1, 1, 2, 5)✱
(1, 1, 1, 1, 2, 6)✱ ✳✳✳
❊r✇❡✐t❡r♥ ✇✐r ♥✉♥ ❞❡♥ ❩❛❤❧❡♥r❛✉♠ ❛✉❢ ❞✐❡ ❣❛♥③❡♥ ❩❛❤❧❡♥✱ s♦ ❦♦♠♠❡♥ ❥❡✇❡✐❧s ♥♦❝❤
❞✐❡ s♦ ❣❡♥❛♥♥t❡♥ tr✐✈✐❛❧❡♥ ▲ös✉♥❣❡♥ (0, 0)✱ (0, 0, 0)✱ (0, 0, 0, 0)✱ ✳✳✳ ❤✐♥③✉✳
■♠ ❢♦❧❣❡♥❞❡♥ ✇❡r❞❡♥ ✇❡✐t❡r❡ ❣❛♥③③❛❤❧✐❣❡ ▲ös✉♥❣❡♥ ❣❡s✉❝❤t✳

❊✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❛✉❢ ab = a + b + c

❉❛ ❡s ♥✉r ❡✐♥❡ ▲ös✉♥❣ ❢ür ❞✐❡ ●❧❡✐❝❤❤❡✐t ✈♦♥ ❙✉♠♠❡ ✉♥❞ Pr♦❞✉❦t ③✇❡✐❡r ❣❛♥③❡r
❩❛❤❧❡♥ ❣✐❜t✱ ✉♥t❡rs✉❝❤❡ ✐❝❤ ♥✉♥✱ ✇❡❧❝❤❡ ▲ös✉♥❣❡♥ s✐❝❤ ❡r❣❡❜❡♥✱ ✇❡♥♥ ✐❝❤ ❞✐❡
●❧❡✐❝❤✉♥❣

✭✶✮ ab = a + b + c ✳

♠✐t ❞r❡✐ ❱❛r✐❛❜❧❡♥ ❜❡tr❛❝❤t❡✳ ❩✉♥ä❝❤st ♣rü❢❡ ✐❝❤ ♥✉r✱ ♦❜ ❢ür ❥❡❞❡s ❣❛♥③③❛❤❧✐❣❡ c

❡✐♥ ❩❛❤❧❡♥♣❛❛r (a, b) ❡①✐st✐❡rt✱ ❢ür ❞❛s ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✶✮ ❡r❢ü❧❧t ✐st✳ ❉✐❡ ❆♥t✇♦rt
❧❛✉t❡t ❥❛✱ ✉♥❞ s✐❡ ❦❛♥♥ ❛✉❢ ❣❛♥③ ❛♥❛❧♦❣❡ ❲❡✐s❡ ❣❡❢✉♥❞❡♥ ✇❡r❞❡♥✱ ✇✐❡ ✐❝❤ ❢ür ❞❡♥
❋❛❧❧ c = 0 ❛✉s❢ü❤r❡✳ ❲✐r ❢♦r♠❡♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ s♦ ✉♠✱ ❞❛ss ✇✐r b ❛✉s❦❧❛♠♠❡r♥
❦ö♥♥❡♥✿

✭✷✮ b(a − 1) = ab − b = a + c = (a − 1) + (c + 1)✳

❇❡✈♦r ✇✐r ❞✉r❝❤ a − 1 ❞✐✈✐❞✐❡r❡♥ ❞ür❢❡♥✱ ✐st ❞❡r ❋❛❧❧ a = 1 ③✉ ❜❡✇❡rt❡♥✿ ❉✐❡
●❧❡✐❝❤✉♥❣ ✭✶✮ ❧❛✉t❡t ✐♥ ❞✐❡s❡♠ ❋❛❧❧ b = 1+ b+ c ✱ ❛❧s♦ ✐st c = −1 ✉♥❞ b ❜❡❧✐❡❜✐❣
❣❛♥③③❛❤❧✐❣✳ ❉❛♠✐t ❤❛❜❡♥ ✇✐r ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ▲ös✉♥❣❡♥ (a, b, c) ❣❡❢✉♥❞❡♥✱ ❢ür ✇❡❧✲
❝❤❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✶✮ ❣✐❧t✿ (1, b,−1) ❢ür ❛❧❧❡ ❣❛♥③③❛❤❧✐❣❡♥ b ✉♥❞ s②♠♠❡tr✐s❝❤ ❞❛③✉
(a, 1,−1) ❢ür ❛❧❧❡ ❣❛♥③③❛❤❧✐❣❡♥ a✳ ❆❜❡r ❞❛s ❜❡tr✐✛t ♥✉r ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧ c = −1✳
❇❧❡✐❜t ❞❡r ❋❛❧❧ a 6= 1✱ ❞❛♥♥ ❡r❣✐❜t s✐❝❤ ❛✉s ●❧❡✐❝❤✉♥❣ ✭✷✮ ♥❛❝❤ ❉✐✈✐s✐♦♥ ❞✉r❝❤
(a − 1) ❡✐♥ ❆✉s❞r✉❝❦ ❢ür b✱ ❞❡r ❡✐♥❡♥ ❇r✉❝❤ ❡♥t❤ä❧t✿

✭✸✮ b = 1 + (c+1)
(a−1) ✳

✺ ▼❖◆❖■❉ ✶✹✺



❉❡r ❋❛❧❧ c+1 = 0✱ ❛❧s♦ c = −1✱ ✇✉r❞❡ ❜❡r❡✐ts ❜❡s♣r♦❝❤❡♥ ♠✐t ❞❡♥ ▲ös✉♥❣str✐♣❡❧♥
(a, 1,−1) ❢ür a ❜❡❧✐❡❜✐❣ ❣❛♥③③❛❤❧✐❣ ✭s♦✇✐❡ (1, b,−1) ❢ür b ❣❛♥③③❛❤❧✐❣ ❛✉s ❞❡♠
♦❜✐❣❡♥ ❋❛❧❧✮✳

❆❧s♦ ♠✉ss a−1 ❡✐♥ ❚❡✐❧❡r ✈♦♥ c+1 s❡✐♥✳ ❉❛❢ür ❣✐❜t ❡s ❢ür ❥❡❞❡s ❣❛♥③❡ c ♠✐♥❞❡st❡♥s
✈✐❡r ▼ö❣❧✐❝❤❦❡✐t❡♥✿ a− 1 = 1✱ a− 1 = −1✱ a− 1 = c +1 ✉♥❞ a− 1 = −(c +1)✳
❉✐❡ ❡rst❡ ✉♥❞ ❞✐❡ ❞r✐tt❡ ❱❛r✐❛♥t❡ ❢ü❤r❡♥ ③✉ ❞❡♥ ▲ös✉♥❣str✐♣❡❧♥ (2, c + 2, c) ❜③✇✳
(c + 2, 2, c) ✕ ✉♥❞ ❤✐❡r ✜♥❞❡t ♠❛♥ ❞❡♥ ✐♠ ❆rt✐❦❡❧ ③✉❡rst ✉♥t❡rs✉❝❤t❡♥ ❋❛❧❧ ab =
a + b ✇✐❡❞❡r ♠✐t ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧ c = 0✳
■♥ ❞❡♥ ❜❡✐❞❡♥ ❛♥❞❡r❡♥ ❋ä❧❧❡♥ ❡r❣❡❜❡♥ s✐❝❤ a = 0 ❜③✇✳ b = 0 ✕ ✉♥❞ ❛✉❝❤ ❞❛s
✐st ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ③✉❡rst ❣❡❢✉♥❞❡♥❡♥ ✒❚r✐✈✐❛❧❧ös✉♥❣✏✱ ♥ä♠❧✐❝❤ ♠✐t ❞❡♥
❜❡✐❞❡♥ ❚r✐♣❡❧♥ (0,−c , c) ✉♥❞ (−c , 0, c) ❢ür ❜❡❧✐❡❜✐❣❡ ❣❛♥③③❛❤❧✐❣❡ c ✳

❋❛ss❡♥ ✇✐r ③✉s❛♠♠❡♥✿ ▼✐t c = 0 ❣✐❜t ❡s ❣❡♥❛✉ ③✇❡✐ ▲ös✉♥❣s♣❛❛r❡ (a, b) ♠✐t
ab = a + b ❡r♠✐tt❡❧t✳
❋ür c = −1 ❣✐❜t ❡s ❡①❛❦t ③✇❡✐ ▲ös✉♥❣str✐♣❡❧❢♦❧❣❡♥ (a, b, c) ✭❛❧s♦ ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡
▲ös✉♥❣❡♥✮✳
❋ür ❛❧❧❡ s♦♥st✐❣❡♥ ❣❛♥③❡♥ ❩❛❤❧❡♥ c ❤❛❜❡♥ ✇✐r ✈✐❡r ▲ös✉♥❣str✐♣❡❧ ❣❡❢✉♥❞❡♥✳

❆❜❡r✿ ❉✐❡s❡ ✈✐❡r ❚r✐♣❡❧ s✐♥❞ ♥✐❝❤t ❞✐❡ ❡✐♥③✐❣ ♠ö❣❧✐❝❤❡♥✱ ③✉♠ ❇❡✐s♣✐❡❧ ❧ässt s✐❝❤ ❢ür
c = 3 ❛✉❝❤ ❞❛s ❚r✐♣❡❧ (3, 4, 3)✳

❍✐❡r ❧✐❡❣t ❥❡❞♦❝❤ ❦❡✐♥ ❋❡❤❧❡r ✈♦r✱ ❞❡♥♥ ❜❡✐ ❞❡r ❯♥t❡rs✉❝❤✉♥❣ ✈♦♥ ●❧❡✐❝❤✉♥❣ ✭✸✮
❤❛❜❡♥ ✇✐r ♥✉r ♥❛❝❤ ❣❛♥③ s✐❝❤❡r ❡①✐st✐❡r❡♥❞❡♥ ❚r✐♣❡❧♥ (a, b, c) ❣❡s✉❝❤t✱ ❞❛s ❤❡✐ÿt
✐♥ ✇❡❧❝❤❡♥ ❋ä❧❧❡♥ a − 1 ❣❛♥③ s✐❝❤❡r ❚❡✐❧❡r ✈♦♥ c + 1 ✐st✳ ❋ür c = 3 s✐♥❞ ❞❛s ❞✐❡
❚❡✐❧❡r 1✱ −1✱ 4✱ −4✳ ❊s ❣✐❜t ❛✉❝❤ ♥♦❝❤ ❞✐❡ ❚❡✐❧❡r 2 ✉♥❞ −2 ✈♦♥ c + 1 = 4✱ ✉♥❞
❞❛s ❡r❣✐❜t ③✇❡✐ ✇❡✐t❡r❡ ▲ös✉♥❣str✐♣❡❧ (3, 3, 3) ✉♥❞ (−1,−1, 3)✳

❲❡♥♥ c+1 ♦❞❡r −c−1 ❡✐♥❡ Pr✐♠③❛❤❧ ✐st✱ ❞❛♥♥ s✐♥❞ ❞✐❡ ❣❡❢✉♥❞❡♥❡♥ ✈✐❡r ▲ös✉♥❣s✲
tr✐♣❡❧ ❞✐❡ ❡✐♥③✐❣❡♥✱ ❞❡♥♥ ❡✐♥❡ Pr✐♠③❛❤❧ ✐st ♥✉r ❞✉r❝❤ ✶ ♦❞❡r s✐❝❤ s❡❧❜st t❡✐❧❜❛r✳
❙✐♥❞ c + 1 ✉♥❞ −c − 1 ❦❡✐♥❡ Pr✐♠③❛❤❧❡♥✱ s❡t③❡♥ ✇✐r a − 1 = t ✉♥❞ c + 1 = nt

♠✐t ❞❡♥ ❚❡✐❧❡r♥ n ✉♥❞ t ✭♦❤♥❡ ❞✐❡ ❲❡rt❡ 1✱ −1✱ 0✮✳ ❊s ❢♦❧❣t b = 1 + n✱ ❞❛s ✐st
❞❛s ▲ös✉♥❣str✐♣❡❧ (t + 1, n + 1, nt − 1)✳ ❏❡ ♥❛❝❤ ❚❡✐❧❡r✲❆♥③❛❤❧ ✈♦♥ c + 1 ✜♥❞❡t
♠❛♥ ❞❡♠♥❛❝❤ ✇❡✐t❡r❡ ▲ös✉♥❣str✐♣❡❧✱ ✉♥❞ ❞✐❡s s✐♥❞ ♥✉♥ ❛❧❧❡✳

❇❡tr❛❝❤t❡t ♠❛♥ ✐♠ ❚r✐♣❡❧ (t + 1, n + 1, nt − 1) ❛❧❧❡ ❞❡♥❦❜❛r❡♥ ❣❛♥③❡♥ ❩❛❤❧❡♥
❢ür n ✉♥❞ t✱ s✐♥❞ ❞✐❡ ❜❡r❡✐ts ❣❡❢✉♥❞❡♥❡♥ ✈✐❡r ▲ös✉♥❣str✐♣❡❧ ♠✐t ❡♥t❤❛❧t❡♥ ✭❢ür ❞✐❡
❋ä❧❧❡ t = 1✱ t = −1 s♦✇✐❡ n = 1 ✉♥❞ n = −1✮ ✉♥❞ ❛✉❝❤ ❞✐❡ ❛♥❢❛♥❣s ✉♥t❡rs✉❝❤t❡
❱❛r✐❛♥t❡ c = 0 ♠✐t n = t = 0✳ ❉✐❡ Pr♦❜❡ ③❡✐❣t✱ ❞❛ss ✇✐r ❤✐❡r s❝❤❧✐❝❤t ❡✐♥ Pr♦❞✉❦t
③✇❡✐❡r ❚❡r♠❡ ❤❛❜❡♥✿ ab = (t+1)(n+1) = (t+1)+(n+1)+(nt−1) = a+b+c ✳

❲✐❡ ❞❛s ❛♥❛❧♦❣❡ Pr♦❜❧❡♠ ❢ür ♠❡❤r ❛❧s ③✇❡✐ ❜③✇✳ ❞r❡✐ ❩❛❤❧❡♥ ❛✉ss✐❡❤t✱ ③✉♠ ❇❡✐s♣✐❡❧
abcd = a + b + c + d + e✱ ✐st ❛❜❡r s❝❤♦♥ ✇✐❡❞❡r ❡✐♥❡ ❣❛♥③ ❛♥❞❡r❡ ❋r❛❣❡✳

▼❖◆❖■❉ ✶✹✺ ✻



❩✉ ❇❡s✉❝❤ ❜❡✐✳✳✳
❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ÿ

✈♦♥ ▼❛rt✐♥ ▼❛tt❤❡✐s

❲❡r ✇❛r❡♥ ❛❧❧ ❞✐❡ ❜❡rü❤♠t❡♥ ▼❛t❤❡♠❛t✐❦❡r✐♥♥❡♥ ✉♥❞ ▼❛t❤❡♠❛t✐❦❡r✱ ü❜❡r ❞✐❡
♠❛♥ ✐♥ ❞❡r ❙❝❤✉❧❡ ❤ört ♦❞❡r ✐♥ ▼❖◆❖■❉ ❧✐❡st❄ ❉✐❡ ❘❡❞❛❦t✐♦♥ ✈♦♥ ▼❖◆❖■❉ s❝❤❡✉t
❦❡✐♥❡ ❑♦st❡♥ ✉♥❞ ▼ü❤❡♥ ✉♥❞ ✇✐r❞ ✐♥ ❞❡r ♥❡✉❡♥ ❘✉❜r✐❦ ✒❩✉ ❇❡s✉❝❤ ❜❡✐✳✳✳✏ ✈♦♥
❞✐❡s❡♥ ❣❡♥✐❛❧❡♥ ▼❡♥s❝❤❡♥ ❜❡r✐❝❤t❡♥✳ ❇❡✐♠ ❡rst❡♥ ▼❛❧ s✐♥❞ ✇✐r ③✉ ❇❡s✉❝❤ ❜❡✐ ❈❛r❧
❋r✐❡❞r✐❝❤ ●❛✉ÿ✳

❙❡❤r ❣❡❡❤rt❡r ❍❡rr Pr♦❢❡ss♦r ●❛✉ÿ✱ ✇♦ ❧❡❜t❡♥ ✉♥❞ ✇✐r❦t❡♥ ❙✐❡❄
●❡❜♦r❡♥ ✇✉r❞❡ ✐❝❤ ❛♠ ✸✵✳ ❆♣r✐❧ ✶✼✼✼ ✐♥ ❇r❛✉♥s❝❤✇❡✐❣✳ ▼❛♥ s❛❣t✱ ✐❝❤ ❤❛❜❡ ❞❛s
❘❡❝❤♥❡♥ ✈♦r ❞❡♠ ❙♣r❡❝❤❡♥ ❣❡❧❡r♥t✳ ❆❧s ◆❡✉♥❥ä❤r✐❣❡r ❧öst❡ ✐❝❤ ❞✐❡ ✈♦♠ ▲❡❤r❡r ❣❡✲
❣❡❜❡♥❡ st✉♠♣❢s✐♥♥✐❣❡ ❘❡❝❤❡♥❛✉❢❣❛❜❡ ❞❡r ❆❞❞✐t✐♦♥ ❞❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥ ✈♦♥ ✶
❜✐s ✶✵✵ ✐♥ ❦ür③❡st❡r ❩❡✐t ❞✉r❝❤ ❞❛s ❇✐❧❞❡♥ ✈♦♥ ✺✵ P❛❛r❡♥ ❞❡r ❙✉♠♠❡ ✶✵✶✳ ▼❡✐♥
▲❡❤r❡r ❡r❦❛♥♥t❡ ♠❡✐♥ ♠❛t❤❡♠❛t✐s❝❤❡s ❚❛❧❡♥t ✉♥❞ ❜❡s♦r❣t❡ ♠✐r ❡✐♥ ❙t✐♣❡♥❞✐✉♠ ❢ür
❞❛s ●②♠♥❛s✐✉♠✱ ❞❛s s✐❝❤ ♠❡✐♥❡ ❊❧t❡r♥ ♥✐❡♠❛❧s ❤ätt❡♥ ❧❡✐st❡♥ ❦ö♥♥❡♥✳ ❙♣ät❡r st✉✲
❞✐❡rt❡ ✐❝❤ ✐♥ ❇r❛✉♥s❝❤✇❡✐❣ ✉♥❞ ●ött✐♥❣❡♥✳ ❉♦rt ❜❧✐❡❜ ✐❝❤ ❜✐s ③✉ ♠❡✐♥❡♠ ❚♦❞❡ ❛♠
✷✸✳ ❋❡❜r✉❛r ✶✽✺✺ ✉♥❞ ❛r❜❡✐t❡t❡ ❛♥ ♠❡✐♥❡♥ ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❋♦rs❝❤✉♥❣❡♥✳ ❱✐❡❧❡
■❞❡❡♥ ♥♦t✐❡rt❡ ✐❝❤ ♥✉r ✐♥ ♠❡✐♥❡♠ ❚❛❣❡❜✉❝❤✱ s♦❞❛ss s✐❡ ❡rst ❧❛♥❣❡ ♥❛❝❤ ♠❡✐♥❡♠
❚♦❞❡ ö✛❡♥t❧✐❝❤ ❣❡♠❛❝❤t ✇✉r❞❡♥✳

✼ ▼❖◆❖■❉ ✶✹✺



❊s ❣✐❜t ▼❡♥s❝❤❡♥✱ ❞✐❡ s❛❣❡♥✱ ❙✐❡ ❤ätt❡♥ ❞✐❡ ▼❛t❤❡♠❛t✐❦ ■❤r❡r ❩❡✐t ❞✉r❝❤ ■❤r ❲✐r✲
❦❡♥ ✈❡r❞♦♣♣❡❧t✳ ❲❛s ✇❛r ✐❤r❡ ❜❡❞❡✉t❡♥❞st❡ ♠❛t❤❡♠❛t✐s❝❤❡ ❊♥t❞❡❝❦✉♥❣❄
❊s ❢ä❧❧t s❝❤✇❡r ❤✐❡r ❛❧❧❡s ❛✉❢③ä❤❧❡♥ ③✉ ✇♦❧❧❡♥✳ ❇❡s♦♥❞❡rs st♦❧③ ❜✐♥ ✐❝❤ ❛✉❢ ❞❡♥ ❛❧✲
❣❡❜r❛✐s❝❤❡♥ ❇❡✇❡✐s ❞❡r ❑♦♥str✉✐❡r❜❛r❦❡✐t ❞❡s r❡❣❡❧♠äÿ✐❣❡♥ ❙✐❡❜③❡❤♥❡❝❦s✳
❆✉❝❤ ✇❡♥♥ ♠❛♥ s❛❣t✱ ✐❝❤ ❤ätt❡ ❞❛s ♠❛t❤❡♠❛t✐s❝❤❡ ❲✐ss❡♥ ♠❡✐♥❡r ❩❡✐t ✈❡r❞♦♣✲
♣❡❧t❀ ✇❛s ✐❝❤ tr♦t③❞❡♠ ♥✐❝❤t ❣❡s❝❤❛✛t ❤❛❜❡ ✐st ❡s✱ ❞❛s ❱♦❧✉♠❡♥ ❡✐♥❡s ❲ür❢❡❧s ③✉
✈❡r❞♦♣♣❡❧♥✱ ❛❧s♦ ③✉ ❡✐♥❡♠ ❣❡❣❡❜❡♥❡♥ ❲ür❢❡❧ ❡✐♥❡♥ ♥❡✉❡♥ ❲ür❢❡❧ ♠✐t ❞❡♠ ❞♦♣♣❡❧✲
t❡♥ ❱♦❧✉♠❡♥ ③✉ ❦♦♥str✉✐❡r❡♥✳ ❲✐❡ s♦❧❧t❡ ✐❝❤ ❞❛s ❛✉❝❤ ❣❡s❝❤❛✛t ❤❛❜❡♥✱ s❝❤❧✐❡ÿ❧✐❝❤
✐st ❡✐♥❡ s♦❧❝❤❡ ❑♦♥str✉❦t✐♦♥ ✉♥♠ö❣❧✐❝❤✳

❲❡❧❝❤❡s ❣❡❞r✉❝❦t❡ ❲❡r❦ ✈♦♥ ■❤♥❡♥ ❤❛tt❡ ❞❡♥ ❣röÿt❡♥ ❊✐♥✢✉ss ❛✉❢ ❞✐❡ ▼❛t❤❡♠❛✲
t✐❦❄
❉❛s ✶✽✵✶ ✐♥ ❞❡r ❞❛♠❛❧✐❣❡♥ ❲✐ss❡♥s❝❤❛❢tss♣r❛❝❤❡ ▲❛t❡✐♥ ✈❡rö✛❡♥t❧✐❝❤t❡ ❇✉❝❤ ✒❉✐s✲
q✉✐s✐t✐♦♥❡s ❆r✐t❤♠❡t✐❝❛❡✏ ✭✐♥ ❉❡✉ts❝❤ ❡t✇❛✿ ❩❛❤❧❡♥t❤❡♦r❡t✐s❝❤❡ ❯♥t❡rs✉❝❤✉♥❣❡♥✮✱
♠✐t ✇❡❧❝❤❡♠ ✐❝❤ ❞✐❡ ♠♦❞❡r♥❡ ❩❛❤❧❡♥t❤❡♦r✐❡ ❜❡❣rü♥❞❡t ❤❛tt❡✱ ✐st ❛✉❢ ❥❡❞❡♥ ❋❛❧❧ ✐♥
❞❡r ❡♥❣❡r❡♥ ❲❛❤❧✳

❲❛s ♠ö❝❤t❡♥ ❙✐❡ ✉♥s❡r❡♥ ▲❡s❡r✐♥♥❡♥ ✉♥❞ ▲❡s❡r♥ ♥♦❝❤ ü❜❡r s✐❝❤ ❜❡r✐❝❤t❡♥❄
❆✉❢❣r✉♥❞ ♠❡✐♥❡r ✈✐❡❧❢ä❧t✐❣❡♥ ✉♥❞ ✕ ✇✐❡ ✐❝❤ ✐♥ ❛❧❧❡r ❇❡s❝❤❡✐❞❡♥❤❡✐t s❛❣❡♥ ♠✉ss ✕
ü❜❡rr❛❣❡♥❞❡♥ ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ▲❡✐st✉♥❣❡♥✱ ✇✉r❞❡ ✐❝❤ s❝❤♦♥ ③✉ ♠❡✐♥❡♥ ▲❡❜③❡✐t❡♥
✈♦♥ ✈✐❡❧❡♥ ❛❧s ✒Pr✐♥❝❡♣s ▼❛t❤❡♠❛t✐❝♦r✉♠✏ ✭✒❋ürst ❞❡r ▼❛t❤❡♠❛t✐❦❡r✏✮ ❜❡③❡✐❝❤♥❡t✳
❊✐♥❡ s❝❤♠❡✐❝❤❡❧❤❛❢t❡✱ ❛❜❡r ❛✉❢❣r✉♥❞ ♠❡✐♥❡r ▲❡✐st✉♥❣❡♥ ❞✉r❝❤❛✉s ❣❡r❡❝❤t❢❡rt✐❣t❡
❋♦r♠✉❧✐❡r✉♥❣✳ ❯♥❞ ♥♦❝❤ ❡✐♥ ❑♦♠♠❡♥t❛r ③✉ ■❤r❡r ❆❜❜✐❧❞✉♥❣✱ ❞✐❡ ♠✐❝❤ ❜❡✐ ❞❡r ❱❡r✲
♠❡ss✉♥❣ ❞❡s ❑ö♥✐❣r❡✐❝❤s ❍❛♥♥♦✈❡r ③❡✐❣t✿ ■❝❤ ✇❛r ❥✉♥❣ ✉♥❞ ❜r❛✉❝❤t❡ ❞❛s ●❡❧❞✳✳✳
❆♣r♦♣♦s ●❡❧❞✱ ❛✉❢ ❞❡♠ ❧❡t③t❡♥ ✶✵✲❉▼✲❙❝❤❡✐♥ ✈♦r ❞❡r ❊✉r♦✲❊✐♥❢ü❤r✉♥❣ ❜✐♥ ❛✉❢ ❞❡r
❱♦r❞❡rs❡✐t❡ ✐❝❤ ✉♥❞ ❛✉❢ ❞❡r ❘ü❝❦s❡✐t❡ ✐st ❡❜❡♥❞✐❡s❡ ❚r✐❛♥❣✉❧❛t✐♦♥ ❛❜❣❡❜✐❧❞❡t✳

■♥ ✇❡❧❝❤❡♠ ❇✉❝❤ ❦❛♥♥ ♠❛♥ ♠❡❤r ü❜❡r ❙✐❡ ❛❧s P❡rs♦♥ ♥❛❝❤❧❡s❡♥❄
■♥ ❥❡❞❡♠ ▲❡①✐❦♦♥ ♦❞❡r ❛✉❝❤ ❥❡❞❡♠ ❇✉❝❤ ③✉r ●❡s❝❤✐❝❤t❡ ❞❡r ▼❛t❤❡♠❛t✐❦ ❞❡r ◆❡✉✲
③❡✐t ✇❡r❞❡ ✐❝❤ ❣❡♥❛♥♥t✳ ❊✐♥❡♥ ❧❡✐❝❤t ❧❡s❜❛r❡♥ ❊✐♥st✐❡❣ ✜♥❞❡t ♠❛♥ ✐♥ ❞❡r ♣♦♣✉❧är✲
✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❙❛♠♠❧✉♥❣ ✒●röÿ❡♥ ❞❡r ▼❛t❤❡♠❛t✐❦✏ ✈♦♥ ■❛♥ ❙t❡✇❛rt ✭r♦r♦r♦✱
✷✵✶✽✱ s✐❡❤❡ ❞✐❡ ❘❡③❡♥s✐♦♥ ✐♥ ❞✐❡s❡♠ ▼❖◆❖■❉✲❍❡❢t ❛❜ ❙❡✐t❡ ✸✷✮✳ ❲❡r ❡t✇❛s ♠❡❤r
ü❜❡r ♠✐❝❤ ❡r❢❛❤r❡♥ ✇✐❧❧✱ ✇✐r❞ ❢ü♥❞✐❣ ❜❡✐ ❍❛♥s ❲✉ÿ✐♥❣✿ ✒❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ÿ✳ ❇✐♦✲
❣r❛♣❤✐❡ ✉♥❞ ❉♦❦✉♠❡♥t❡✏ ✭❊❛❣❧❡✱ ✻✳ ❆✉✢❛❣❡✱ ✷✵✶✶✮✳

❲❛s ♠ö❝❤t❡♥ ❙✐❡ ✉♥s❡r❡♥ ▲❡s❡r✐♥♥❡♥ ✉♥❞ ▲❡s❡r♥ ♠✐t ❛✉❢ ❞❡♥ ❲❡❣ ❣❡❜❡♥❄
✒❊s ✐st ♥✐❝❤t ❞❛s ❲✐ss❡♥✱ s♦♥❞❡r♥ ❞❛s ▲❡r♥❡♥✱ ❡s ✐st ♥✐❝❤t ❞❛s ❇❡s✐t③❡♥✱ s♦♥❞❡r♥
❞❛s ❊r✇❡r❜❡♥✱ ❡s ✐st ♥✐❝❤t ❞❛s ❉❛s❡✐♥✱ s♦♥❞❡r♥ ❞❛s ❍✐♥❦♦♠♠❡♥✱ ✇❛s ❞❡♥ ❣r♦ÿ❡♥
●❡♥✉ss ❣❡✇ä❤rt✳✏

▲✐❡❜❡r ❍❡rr Pr♦❢❡ss♦r ●❛✉ÿ✱ ✇✐r ❞❛♥❦❡♥ ■❤♥❡♥ ❢ür ❞✐❡s❡s ❛✉❢s❝❤❧✉ssr❡✐❝❤❡ ●❡s♣rä❝❤✦

▼❖◆❖■❉ ✶✹✺ ✽



❲❛s ✉♥s ü❜❡r ❞❡♥ ❲❡❣ ❣❡❧❛✉❢❡♥ ✐st
❱✐❡r ❜❡♠❡r❦❡♥s✇❡rt❡ ❇✐♥♦♠❡

✈♦♥ ❍❛rt✇✐❣ ❋✉❝❤s

❲❡♥♥ ✐♠ ❇✐♥♦♠ 2x2 + p✱ ✇♦❜❡✐ p ❡✐♥❡ Pr✐♠③❛❤❧ ✐st✱ ❞✐❡ ❱❛r✐❛❜❧❡ x ❞❡r ❘❡✐❤❡
♥❛❝❤ ❡✐♥❡♥ ❞❡r ❲❡rt❡ 0✱ 1✱ 2✱ ✳✳✳✱ p− 1 ❛♥♥✐♠♠t✱ ❞❛♥♥ ❡r❤ä❧t ♠❛♥ p ✈❡rs❝❤✐❡❞❡♥❡
❙✉♠♠❡♥✳ ❆❧❧ ❞✐❡s❡ ❙✉♠♠❡♥ s✐♥❞ Pr✐♠③❛❤❧❡♥✱ ❢❛❧❧s p = 3✱ 5✱ 11 ♦❞❡r 29 ✐st✳
❇❡✐s♣✐❡❧✿ ❋ür p = 29 ✐st 29 + 2 · 02 = 29✱ 29 + 2 · 11 = 31✱
29 + 2 · 22 = 37, ..., 29 + 2 · 282 = 1593 ❥❡✇❡✐❧s ❡✐♥❡ Pr✐♠③❛❤❧✳

❉✐❡ ❆✉❢❣❛❜❡ ❢ür ❞❡♥ ❈♦♠♣✉t❡r✲❋❛♥

❆✉❢ ❞❡r ❩✐❡❧❣❡r❛❞❡♥

▲❡t③t❡♥s s❛ÿ ✐❝❤ ♠✐t ♠❡✐♥❡♠ ▲❛♣t♦♣ ✐♠ ●❛rt❡♥✳ ❆❧s ✐❝❤ ❡✐♥❡ ❙❝❤♥❡❝❦❡ ❡♥t❞❡❝❦t❡✱
❞✐❡ ü❜❡r ❡✐♥ ●✉♠♠✐❜❛♥❞ ❦r♦❝❤✱ ❢r❛❣st ✐❝❤ ♠✐❝❤✱ ✇❛s ✇♦❤❧ ♣❛ss✐❡r❡♥ ✇ür❞❡✱ ✇❡♥♥
✐❝❤ ❞❛s ●✉♠♠✐❜❛♥❞ ❧❛♥❣③ö❣❡✱ ✇ä❤r❡♥❞ ❞✐❡ ❙❝❤♥❡❝❦❡ ✈❡rs✉❝❤t✱ ❞✐❡ ❛♥❞❡r❡ ❙❡✐t❡
❞❡s ●✉♠♠✐❜❛♥❞❡s ③✉ ❡rr❡✐❝❤❡♥✳ ❯♠ ❞✐❡ ❙❝❤♥❡❝❦❡ ♥✐❝❤t ③✉ stör❡♥✱ ❡♥ts❝❤❧♦ÿ ✐❝❤
♠✐❝❤✱ ❡✐♥ ❈♦♠♣✉t❡r♣r♦❣r❛♠♠ ③✉ s❝❤r❡✐❜❡♥✱ ✉♠ ❞❡r ❋r❛❣❡ ♥❛❝❤③✉❣❡❤❡♥✳
❇❡✐ ❞❡r ▼♦❞❡❧❧✐❡r✉♥❣ ❜✐♥ ✐❝❤ ✈♦♥ ❢♦❧❣❡♥❞❡♥ ❉❛t❡♥ ❛✉s❣❡❣❛♥❣❡♥✿ ❉❛s ●✉♠♠✐❜❛♥❞
❤❛tt❡✱ ✇✐❡ ✐❝❤ ✇✉sst❡✱ ❡✐♥❡ ▲ä♥❣❡ ✈♦♥ 1♠✱ ❞✐❡ ●❡s❝❤✐♥❞✐❣❦❡✐t ❞❡r ❙❝❤♥❡❝❦❡ ❜❡✐♠
❑r✐❡❝❤❡♥ ü❜❡r ❞❛s ●✉♠♠✐❜❛♥❞ s❝❤ät③t❡ ✐❝❤ ❛✉❢ ❦♦♥st❛♥t v = 1 ❝♠

s
✳ ■❝❤ ♥❛❤♠ ❛♥✱

❞❛ss ✐❝❤ ❣❧❡✐❝❤③❡✐t✐❣ ❞✉r❝❤ ❛❧❧❡ x ❙❡❦✉♥❞❡♥ ❞❛s ✉♥❡♥❞❧✐❝❤ ❞❡❤♥❜❛r❡ ●✉♠♠✐❜❛♥❞
✉♠ 4x ❝♠ ❧ä♥❣❡r ③ö❣❡✱ ✇♦❞✉r❝❤ ❞✐❡ ❙❝❤♥❡❝❦❡ ❛✉❢ ❞❡♠ ●✉♠♠✐❜❛♥❞ ♠✐t❣❡③♦❣❡♥
✇ür❞❡✳

❛✮ ❲✐❡ ❧❛♥❣❡ ❜r❛✉❝❤t ❞✐❡ ❙❝❤♥❡❝❦❡ ❜❡✐ ❞✐❡s❡♥ ❆♥♥❛❤♠❡♥✱ ✉♠ ❞❛s ●✉♠♠✐❜❛♥❞
❢ür ✈❡rs❝❤✐❡❞❡♥❡ ❲❡rt❡ ✈♦♥ x ✭2✱ 1✱ 0,5✱ 0,25✱ 0,1✮ ③✉ ü❜❡rq✉❡r❡♥❄ ❲✐❡ ❧❛♥❣
✐st ❞❛s ❇❛♥❞✱ ✇❡♥♥ ❞✐❡ ❙❝❤♥❡❦❝❡ ❞❛s ❊♥❞❡ ❡rr❡✐❝❤t❄

❜✮ ❲❛s ♣❛ss✐❡rt✱ ✇❡♥♥ x ❜❡❧✐❡❜✐❣ ❦❧❡✐♥ ✇✐r❞❄

❝✮ ❲ür❞❡ ❞✐❡ ❙❝❤♥❡❝❦❡ ❞❛s ❛♥❞❡r❡ ❊♥❞❡ ❛✉❝❤ ❡rr❡✐❝❤❡♥✱ ✇❡♥♥ ✐❝❤ ❞❛s ●✉♠♠✐❜❛♥❞
♠✐t v = 1 ❦♠

s
③ö❣❡❄ ✭❏❛♥ ❉✐ss❡❧❤♦✛✱ ▼❛✐♥③✮

❍✐♥✇❡✐s✿ ■❤r ❦ö♥♥t ❊✉r❡ ▲ös✉♥❣❡♥ ❜✐s ③✉♠ ✶✺✳ ▼❛✐ ✷✵✷✶ ❡✐♥s❝❤✐❝❦❡♥❀ ❞❡♥♥ ❛✉❝❤ ❤✐❡r ❣✐❜t

❡s P✉♥❦t❡ ③✉ ❡r❣❛tt❡r♥✱ ❞✐❡ ❜❡✐ ❞❡r ❱❡r❣❛❜❡ ❞❡s ❋♦rs❝❤❡r♣r❡✐s❡s ❡✐♥❣❡❤❡♥✳ ❊✐♥ ❡✐❣❡♥❡s Pr♦✲

❣r❛♠♠ s♦❧❧t❡t ■❤r ❛❧s ❚❡①t❞❛t❡✐ ✉♥❞ ❞✐❡ ❊①❡✲❉❛t❡✐ ❛♠ ❜❡st❡♥ ✒❣❡③✐♣♣t✏ ❛❧s ❊✲▼❛✐❧✲❆♥❤❛♥❣ ❛♥

♠♦♥♦✐❞❅♠❛t❤❡♠❛t✐❦✳✉♥✐✲♠❛✐♥③✳❞❡ ❡✐♥s❡♥❞❡♥✳

❉✐❡ ▲ös✉♥❣❡♥ ✇❡r❞❡♥ ✐♠ ü❜❡r♥ä❝❤st❡♥ ❍❡❢t ❡rs❝❤❡✐♥❡♥✳

✾ ▼❖◆❖■❉ ✶✹✺



▲ös✉♥❣ ❞❡r ❈♦♠♣✉t❡r✲❆✉❢❣❛❜❡
❛✉s ▼❖◆❖■❉ ✶✹✸

■♥ ❍❡❢t ✶✹✸ st❡❧❧t❡♥ ✇✐r ❊✉❝❤ ❢♦❧❣❡♥❞❡ ❆✉❢❣❛❜❡✿

❩✐✛❡r♥q✉❛❞r❛t❡

❙❡✐ n = N1 ...Nk ∈ N ❡✐♥❡ ♥❛tür❧✐❝❤❡ ❩❛❤❧ ♠✐t ❞❡♥ ❩✐✛❡r♥ N1, ... ,Nk ∈ {0, ... , 9}✳
❲✐r ❞❡✜♥✐❡r❡♥ f (n) =

∑k
i=1N

2
i ✱ ❛❧s♦ f (n) ✐st ❞✐❡ ❙✉♠♠❡ ❞❡r ◗✉❛❞r❛t❡ ❞❡r ❩✐✛❡r♥

✈♦♥ n✳ ❙❡✐ ♥✉♥ ❡✐♥❡ ❩❛❤❧ n1 ∈ N ❣❡❣❡❜❡♥✳ ❲✐r ❜❡tr❛❝❤t❡♥ ❞✐❡ ❋♦❧❣❡ ❞❡r ❩❛❤❧❡♥
ni+1 = f (ni) ❢ür i = 1, 2, ... ✳

❛✮ ❙❝❤r❡✐❜❡ ❡✐♥ Pr♦❣r❛♠♠✱ ✇❡❧❝❤❡s ❢ür ❡✐♥❡ ❣❡❣❡❜❡♥❡ ❩❛❤❧ n1 ∈ N ❞✐❡ ❋♦❧❣❡ (ni)✱
♠✐t i = 1✱ 2✱ ... ✱ ❜❡r❡❝❤♥❡t ✉♥❞ ❛✉s❣✐❜t✳ ✭❇r✐❝❤ ❞✐❡ ❋♦❧❣❡ ♥❛❝❤ ❤✐♥r❡✐❝❤❡♥❞
✈✐❡❧❡♥ ❙❝❤r✐tt❡♥ ❛❜✳ ❊s ❦❛♥♥ st❡ts ❛❜❣❡❜r♦❝❤❡♥ ✇❡r❞❡♥✱ ✇❡♥♥ s✐❝❤ ❞✐❡ ❋♦❧❣❡
♥✐❝❤t ♠❡❤r ä♥❞❡rt ♦❞❡r ❡✐♥ ❋♦❧❣❡♥❡❧❡♠❡♥t ❡r♥❡✉t ✈♦r❦♦♠♠t✱ ✇❡♥♥ ❡s ❛❧s♦
i , j ∈ N✱ i < j ❣✐❜t ♠✐t ni = nj ✳✮

❜✮ ❋ür ❡✐♥✐❣❡ ❩❛❤❧❡♥ ❡♥t❤ä❧t ❞✐❡ ❋♦❧❣❡ ♥✉r ❡♥❞❧✐❝❤ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ❩❛❤❧❡♥✱ ❞❛s
❤❡✐ÿt ❡✐♥❡ ❩❛❤❧ ✐♥ ❞❡r ❋♦❧❣❡ tr✐tt ❡r♥❡✉t ❛✉❢ ✭③✉♠ ❇❡✐s♣✐❡❧ ❢ür n1 = 13 ♠✐t 13✱
10✱ 1✱ 1✱ ...✮✳ ●✐❜t ❡s ❛♥❞❡r❡ ❩❛❤❧❡♥✱ ❢ür ❞✐❡ ❞✐❡s❡ ❋♦❧❣❡ ❡♥❞❧✐❝❤ ✐st❄

❝✮ ❍❛st ❉✉ ❡✐♥❡ ❱❡r♠✉t✉♥❣✱ ✇✐❡ ❞✐❡ ❋♦❧❣❡♥ ❛❧❧❣❡♠❡✐♥ ❛✉ss❡❤❡♥❄

▲ös✉♥❣

❛✮ ❉❛s ♥❛❝❤❢♦❧❣❡♥❞❡ P②t❤♦♥✲Pr♦❣r❛♠♠ ❣✐❜t ❞✐❡ ❩❛❤❧❡♥❢♦❧❣❡♥ ❢ür ❞✐❡ ❙t❛rt✇❡rt❡
n1 ∈ {1, ... , 100} ❛✉s✳ ❉❛s Pr♦❣r❛♠♠ ❜r✐❝❤t ❛❜✱ ✇❡♥♥ ❡✐♥❡ ❩❛❤❧ ③✉♠ ③✇❡✐t❡♥
▼❛❧ ✐♥ ❞❡r ❋♦❧❣❡ ✈♦r❦♦♠♠t ✭❛❜ ❞♦rt ✇❡r❞❡♥ s✐❝❤ ❞✐❡ ❩❛❤❧❡♥ ✇✐❡❞❡r❤♦❧❡♥✮✳

# Berechne die Summe der Quadrate der Ziffern N_1^2 + ... + N_k^2
def f(n):

s = 0 # Die Summe, zu Beginn 0
# Iterativ das Quadrat der Einerstelle addieren und dann
# die Einerstelle abschneiden.
while n > 0:

s += (n % 10) ** 2 # n % 10 ist die Einerstelle von n
n = n // 10 # Einerstelle abschneiden

return s

# Ausgabe der Zahlenfolge fÃ¼r n=1, ..., 100
for n in range(1,101):

gesehen = dict() # Zahlen, die in der Folge bereits vorkamen
# Solange die aktuelle Zahl noch nicht gesehen wurde ...
while n not in gesehen:

gesehen[n] = True # ... Zahl "merken",
print(n, end =" ") # ... ausgeben,
n = f(n) # ... naechste Zahl berechnen.

print(n, end ="...\n") # Letzte Zahl noch einmal ausgeben.

❜✮ ❚❛tsä❝❤❧✐❝❤ ❡♥t❤ä❧t ❞✐❡ ❋♦❧❣❡ ❢ür ❥❡❞❡ ❙t❛rt③❛❤❧ n1 ∈ N ♥✉r ❡♥❞❧✐❝❤ ✈✐❡❧❡
✈❡rs❝❤✐❡❞❡♥❡ ❩❛❤❧❡♥✳ ❉✐❡s ❦❛♥♥ ♠❛♥ ❧❡✐❝❤t ✇✐❡ ❢♦❧❣t ❡✐♥s❡❤❡♥✿

▼❖◆❖■❉ ✶✹✺ ✶✵



❼ ❆♥❣❡♥♦♠♠❡♥ ❡✐♥❡ ❩❛❤❧ n ❤❛❜❡ k ❩✐✛❡r♥✳ ❉✐❡ ❦❧❡✐♥st❡ ❩❛❤❧ ♠✐t k ❩✐✛❡r♥
✐st 10k−1✱ ❞✐❡ ❣röÿt❡ 10k+1−1✱ ✐♥s❜❡s♦♥❞❡r❡ ✐st ❞❛♠✐t 10k ≤ n < 10k+1✳

❼ ❉✐❡ ♠❛①✐♠❛❧❡ ❙✉♠♠❡ ❞❡r ❩✐✛❡r♥q✉❛❞r❛t❡ tr✐tt ❛✉❢✱ ✇❡♥♥ ❛❧❧❡ ❩✐✛❡r♥ ❞❡♥
❲❡rt 9 ❤❛❜❡♥✱ ❛❧s♦ ✐st f (n) ≤ k · 92 = 81k ✳

❼ ❉❛ 81k < 100k = 102k ✱ ✐st s♦♠✐t f (n) < 102k ≤ 10k ✱ ✇❛s ❢ür ❛❧❧❡ k ≥ 3
❡r❢ü❧❧t ✐st✳

❼ ■st ❞❛s ❛❦t✉❡❧❧❡ ❋♦❧❣❡♥❣❧✐❡❞

✕ ni < 1000✱ ❞❛♥♥ ✐st ni+1 = f (ni) < 81 · 3 < 1000✱ ✉♥❞ ❛♥❞❡r♥❢❛❧❧s
✕ ni ≥ 1000✱ ❞❛♥♥ ✐st ❞❛s ♥ä❝❤st❡ ❋♦❧❣❡♥❣❧✐❡❞ ❡❝❤t ❦❧❡✐♥❡r✱ ❛❧s♦ ni+1 =
f (ni) < ni ✳

❼ ❆❧s♦ ✇✐r❞ ❞✐❡ ❋♦❧❣❡ ❢ür ❥❡❞❡♥ ♠ö❣❧✐❝❤❡♥ ❙t❛rt✇❡rt ♥❛❝❤ ❡♥❞❧✐❝❤ ✈✐❡❧❡♥
❙❝❤r✐tt❡♥ ❡✐♥❡ ❩❛❤❧ < 1000 ❡rr❡✐❝❤❡♥ ✉♥❞ ✈♦♥ ❞❛ ❛♥ ❜❧❡✐❜❡♥ ❛❧❧❡ ❋♦❧❣❡♥✲
❣❧✐❡❞❡r < 1000✳ ❉❡♠③✉❢♦❧❣❡ ♠✉ss ✐r❣❡♥❞✇❛♥♥ ❡✐♥❡ ❩❛❤❧ ❡✐♥ ③✇❡✐t❡s ▼❛❧
❛✉❢tr❡t❡♥✳

❝✮ ▼❛♥ ❜❡♠❡r❦t✱ ❞❛ss ♥✉r ③✇❡✐ ❋ä❧❧❡ ❛✉❢tr❡t❡♥✿

✶✳ ❉✐❡ ❩❛❤❧❡♥❢♦❧❣❡ ❡rr❡✐❝❤t ✐r❣❡♥❞✇❛♥♥ ni = 1✱ ✈♦♥ ❞❛ ❛♥ s✐♥❞ ❛❧❧❡ ❋♦❧❣❡♥✲
❣❧✐❡❞❡r ni+1 = ni+2 = ... = 1✳

✷✳ ❉✐❡ ❩❛❤❧❡♥❢♦❧❣❡ ❡♥❞❡t ✐♠ ❩②❦❧✉s

4 → 16 → 37 → 58 → 89 → 145 → 42 → 20 → 4.

❚❛tsä❝❤❧✐❝❤ ❣✐❜t ❡s ♥✉r ❞✐❡s❡ ❜❡✐❞❡♥ ❋ä❧❧❡✱ ❞✐❡ ♠❛♥ ♠✐t ❍✐❧❢❡ ❞❡s Pr♦❣r❛♠♠s
❛✉s ❞❡r ❡rst❡♥ ❚❡✐❧❛✉❢❣❛❜❡ ✉♥❞ ❞❡♥ Ü❜❡r❧❡❣✉♥❣❡♥ ❞❡r ③✇❡✐t❡♥ ❚❡✐❧❛✉❢❣❛❜❡ ❛✉❝❤
❜❡✇❡✐s❡♥ ❦❛♥♥✿ ❉❛ ❥❡❞❡ ❋♦❧❣❡ ✐r❣❡♥❞✇❛♥♥ ❡✐♥❡ ❩❛❤❧ < 1000 ❡rr❡✐❝❤❡♥ ♠✉ss✱
❣❡♥ü❣t ❡s✱ ❞✐❡ ❩❛❤❧❡♥ ✈♦♥ ✶ ❜✐s ✶✵✵✵ ♠✐t ✉♥s❡r❡♠ Pr♦❣r❛♠♠ ③✉ ü❜❡r♣rü❢❡♥✳
Ü❜r✐❣❡♥s ♥❡♥♥t ♠❛♥ ❩❛❤❧❡♥✱ ❜❡✐ ❞❡♥❡♥ ❞✐❡ ❋♦❧❣❡ ✐r❣❡♥❞✇❛♥♥ 1 ❡rr❡✐❝❤t✱ ❛✉❝❤
❢rö❤❧✐❝❤❡ ❩❛❤❧❡♥✳

� � � � �

✒❊✐♥ ✇❡✐t❡r❡r P❧✉s♣✉♥❦t ❢ür ❞✐❡ ▼❛t❤❡♠❛t✐❦✿

✉♥s❡r ❡♥❞❧✐❝❤❡r ❱❡rst❛♥❞

❦❛♥♥ ❞❛s ❯♥❡♥❞❧✐❝❤❡ ❜❡❣r❡✐❢❡♥✳✏

❉♦♥❛❧❞ ❊✳ ❑♥✉t❤
✯ ✶✵✳ ❏❛♥✉❛r ✶✾✸✽ ✐♥ ▼✐❧✇❛✉❦❡❡✱ ❯❙❆❀

■♥❢♦r♠❛t✐❦❡r❀ ❯r❤❡❜❡r ❞❡s ❚❡①ts❛t③s②st❡♠s ❚❊❳✳

✶✶ ▼❖◆❖■❉ ✶✹✺



✒❉❛s ❉❡♥❦❡r❝❤❡♥✏
✈♦♥ ❍♦rst ❙❡✇❡r✐♥

❉✐❡s❡ ❆✉❢❣❛❜❡ ✐st s❡❤r ❣✉t ❣❡❡✐❣♥❡t✱ ❡✐♥❡r ♠ö❣❧✐❝❤❡♥ ▲❛♥❣❡✇❡✐❧❡ ✇ä❤r❡♥❞ ❞❡r
❖st❡r❢❡r✐❡♥ ❡♥t❣❡❣❡♥ ③✉ ✇✐r❦❡♥✳ ❙✐❡ ✐st ♥ä♠❧✐❝❤ ❧❡✐❝❤t ③✉ ❜❡❤❛❧t❡♥✱ ❛❜❡r ♥✐❝❤t
❧❡✐❝❤t ③✉ ❜❡❛♥t✇♦rt❡♥✳

■♥ ❞✐❡ ❊❝❦♣✉♥❦t❡ ❞❡r ❉r❡✐❡❝❦s✜❣✉r s♦❧❧ ❥❡❞❡ ❞❡r ❩❛❤❧❡♥
✈♦♥ ✵ ❜✐s ✾ ❣❡♥❛✉ ❡✐♥♠❛❧ ❡✐♥❣❡tr❛❣❡♥ ✇❡r❞❡♥✳ ❉❛❜❡✐
s♦❧❧ ❛❜❡r ❞✐❡ ❙✉♠♠❡ ❞❡r ❩❛❤❧❡♥ ✐♥ ❞❡♥ ❊❝❦❡♥ ❥❡❞❡s ❞❡r
s❝❤r❛✣❡rt❡♥ ❉r❡✐❡❝❦❡ ❞❡♥s❡❧❜❡♥ ❲❡rt ❤❛❜❡♥✳

■st ❞❛s ♠ö❣❧✐❝❤✱ s♦ ❣✐❜ ❡✐♥ ❇❡✐s♣✐❡❧ ❛♥✳ ■st ❞❛s ♥✐❝❤t ♠ö❣❧✐❝❤✱ s♦ ✐st ❞❛❢ür ❡✐♥❡
❇❡❣rü♥❞✉♥❣ ❡r❢♦r❞❡r❧✐❝❤✳

❍✐♥✇❡✐s✿ ■❤r ❦ö♥♥t ❊✉r❡ ▲ös✉♥❣❡♥ ❜✐s ③✉♠ ✶✺✳ ▼❛✐ ✷✵✷✶ ❡✐♥s❝❤✐❝❦❡♥❀ ❞❡♥♥ ❛✉❝❤ ❤✐❡r ❣✐❜t ❡s

P✉♥❦t❡ ③✉ ❡r❣❛tt❡r♥✱ ❞✐❡ ❜❡✐ ❞❡r ❱❡r❣❛❜❡ ❞❡s ❋♦rs❝❤❡r♣r❡✐s❡s ❡✐♥❣❡❤❡♥✳

▲ös✉♥❣ ❞❡r ❆✉❢❣❛❜❡ ❛✉s ❍❡❢t ✶✹✸

■♥ ❍❡❢t ✶✹✸ st❡❧❧t❡♥ ✇✐r ❊✉❝❤ ❢♦❧❣❡♥❞❡ ❆✉❢❣❛❜❡✿
■s❛❜❡❧✱ ❏❛♥❛ ✉♥❞ ❑❛t❥❛ st❡❤❡♥ ❛♠ ❋✉ÿ ❞❡r ❚r❡♣♣❡ ✐♥ ✐❤r❡r ♥❡✉❡♥ ❙❝❤✉❧❡✳ ❉✐❡ ❚r❡♣♣❡
❤❛t ❜✐s ③✉♠ ❡rst❡♥ ❆❜s❛t③ ✶✸ ❙t✉❢❡♥✳
■s❛❜❡❧ s❛❣t✿ ✒■❝❤ ♥❡❤♠❡ ✐♠♠❡r ③✇❡✐ ❙t✉❢❡♥ ❛✉❢ ❡✐♥♠❛❧ ✉♥❞ ❛♠ ❊♥❞❡ ♥♦❝❤ ❡✐♥❡
❙t✉❢❡✳✏ ❏❛♥❛ ❡♥t❣❡❣♥❡t✿ ✒■❝❤ ♥❡❤♠❡ ❡rst ③✇❡✐ ❙t✉❢❡♥ ❡✐♥③❡❧♥✱ ❞❛♥♥ ✈✐❡r♠❛❧ ③✇❡✐
❙t✉❢❡♥ ❛✉❢ ❡✐♥♠❛❧ ✉♥❞ s❝❤❧✐❡ÿ❧✐❝❤ ♥♦❝❤ ❞r❡✐ ❙t✉❢❡♥ ❡✐♥③❡❧♥✳✏ ❑❛t❥❛ ❜❡r✐❝❤t❡t✿ ✒■❝❤
♥❡❤♠❡ ❡rst ❡✐♥❡ ❙t✉❢❡ ✉♥❞ ❞❛♥♥ s❡❝❤s♠❛❧ ③✇❡✐ ❙t✉❢❡♥ ❛✉❢ ❡✐♥♠❛❧✳✏
■s❛❜❡❧ ❢r❛❣t✿ ✒❲❡♥♥ ❞❛s s❝❤♦♥ ❞r❡✐ ✈❡rs❝❤✐❡❞❡♥❡ ▼ö❣❧✐❝❤❦❡✐t❡♥ s✐♥❞✱ ❞✐❡ ❚r❡♣♣❡
♠✐t ❊✐♥❡r✲ ♦❞❡r ❩✇❡✐❡rs❝❤r✐tt❡♥ ❤✐♥❛✉❢③✉❣❡❤❡♥✿ ❲✐❡ ✈✐❡❧❡ s♦❧❝❤❡r ▼ö❣❧✐❝❤❦❡✐t❡♥
❣✐❜t ❡s ✇♦❤❧ ✐♥s❣❡s❛♠t❄✏ ✕ ❘❛t❧♦s s❝❤❛✉❡♥ s✐❝❤ ❞✐❡ ❞r❡✐ ❛♥✳
❆✉❢ ✇✐❡ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥ ❦❛♥♥ ♠❛♥ ❡✐♥❡ ❚r❡♣♣❡ ✈♦♥ ✶✸ ❙t✉❢❡♥ ❤✐♥❛✉❢❣❡❤❡♥✱
✇❡♥♥ ♥✉r ❊✐♥❡r✲ ♦❞❡r ❩✇❡✐❡rs❝❤r✐tt❡ ❡r❧❛✉❜t s✐♥❞❄ ✭❉✐❡ ❆♥t✇♦rt ✐st ③✉ ❜❡❣rü♥❞❡♥✳✮

▲ös✉♥❣

❊rst❡r ▲ös✉♥❣s✇❡❣✿ ❲✐r ❜❡③❡✐❝❤♥❡♥ ❡✐♥❡♥ ❊✐♥❡r✲ ❜③✇✳ ❩✇❡✐❡rs❝❤r✐tt ❛❧s ✒❆❦t✐♦♥✏✳
❲❡♥♥ ♠❛♥ ♥✉r ❊✐♥❡rs❝❤r✐tt❡ ♠❛❝❤t✱ ❣✐❜t ❡s ✶✸ ❆❦t✐♦♥❡♥ ✉♥❞ ❞❛❜❡✐ ♥✉r ❡✐♥❡ ▼ö❣✲
❧✐❝❤❦❡✐t✱ ❞✐❡ ❚r❡♣♣❡ ❤♦❝❤③✉❣❡❤❡♥✳
▼✐t ❡✐♥❡♠ ❩✇❡✐❡rs❝❤r✐tt ❜❡♥öt✐❣t ♠❛♥ ③✇ö❧❢ ❆❦t✐♦♥❡♥ ✉♥❞ ❡s ❡♥tst❡❤❡♥ ③✇ö❧❢
✈❡rs❝❤✐❡❞❡♥❡ ▼ö❣❧✐❝❤❦❡✐t❡♥✱ ❞❡♥♥ ❞❡r ❩✇❡✐❡rs❝❤r✐tt ❦❛♥♥ ❛❧s ❡rst❡✱ ③✇❡✐t❡✱ ✳✳✳ ♦❞❡r
③✇ö❧❢t❡ ❆❦t✐♦♥ ❛✉s❣❡❢ü❤rt ✇❡r❞❡♥✳
▼✐t ③✇❡✐ ❩✇❡✐❡rs❝❤r✐tt❡♥ ❜❡♥öt✐❣t ♠❛♥ ❡❧❢ ❆❦t✐♦♥❡♥✳ ❉✐❡ ❙t❡❧❧❡♥ ❢ür ❞✐❡ ❜❡✐❞❡♥
❩✇❡✐❡rs❝❤r✐tt❡ ✐♥♥❡r❤❛❧❜ ❞❡r ❡❧❢ ❆❦t✐♦♥❡♥ ❧❛ss❡♥ s✐❝❤ ❛✉❢

(
11
2

)
= 45 ✈❡rs❝❤✐❡❞❡♥❡

❆rt❡♥ ✇ä❤❧❡♥✳

▼❖◆❖■❉ ✶✹✺ ✶✷



❊♥ts♣r❡❝❤❡♥❞ ❣✐❜t ❡s ❜❡✐ ❞r❡✐ ❩✇❡✐❡rs❝❤r✐tt❡♥ ③❡❤♥ ❆❦t✐♦♥❡♥✱ ✐♥ ❞❡r❡♥ ❱❡r❧❛✉❢ ❞✐❡
❞r❡✐ ❩✇❡✐❡rs❝❤r✐tt❡ ❛✉❢

(
10
3

)
= 120 ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥ ❣❡✇ä❤❧t ✇❡r❞❡♥ ❦ö♥♥❡♥✳

❇❡✐ ✈✐❡r ❩✇❡✐❡rs❝❤r✐tt❡♥ ❦ö♥♥❡♥ ❞✐❡s❡ ✐♥♥❡r❤❛❧❜ ❞❡r ♥❡✉♥ ❆❦t✐♦♥❡♥ ❛✉❢
(
9
4

)
= 126

✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥ ❣❡✇ä❤❧t ✇❡r❞❡♥✱ ❞✐❡ ❢ü♥❢ ❩✇❡✐❡rs❝❤r✐tt❡ ✐♥♥❡r❤❛❧❜ ❞❡r ❞❛♥♥ ❛❝❤t
❆❦t✐♦♥❡♥ ❛✉❢

(
8
5

)
= 56 ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥✱ ✉♥❞ ❞✐❡ s❡❝❤s ❩✇❡✐❡rs❝❤r✐tt❡ ✐♥♥❡r❤❛❧❜

❞❡r ❞❛♥♥ s✐❡❜❡♥ ❆❦t✐♦♥❡♥ ❛✉❢
(
7
6

)
= 7 ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥✳ ▼❡❤r ❩✇❡✐❡rs❝❤r✐tt❡

❦❛♥♥ ❡s ❜❡✐ ✶✸ ❙t✉❢❡♥ ♥✐❝❤t ❣❡❜❡♥✳
■♥s❣❡s❛♠t ❣✐❜t ❡s ❞❛❤❡r 1 + 12 + 55 + 120 + 126 + 56 + 7 = 377 ✈❡rs❝❤✐❡❞❡♥❡
❆rt❡♥✱ ❞✐❡ ❚r❡♣♣❡ ✇✐❡ ❜❡s❝❤r✐❡❜❡♥ ❤✐♥❛✉❢③✉❣❡❤❡♥✳

❩✇❡✐t❡r ▲ös✉♥❣s✇❡❣✿ ❲❡♥♥ ③✉❡rst ❡✐♥ ❊✐♥❡rs❝❤r✐tt ❡r❢♦❧❣t✱ s✐♥❞ ❛❧❧❡ ❞❛r❛✉s r❡✲
s✉❧t✐❡r❡♥❞❡♥ ▼ö❣❧✐❝❤❦❡✐t❡♥ ✈❡rs❝❤✐❡❞❡♥ ✈♦♥ ❞❡♥❡♥✱ ❞✐❡ ♠✐t ❡✐♥❡♠ ❩✇❡✐❡rs❝❤r✐tt
❜❡❣✐♥♥❡♥✳ ❲❡♥♥ ✇✐r ❞✐❡ ●❡s❛♠t③❛❤❧ ❞❡r ❜❡✐ ❡✐♥❡r ❚r❡♣♣❡ ♠✐t n ❙t✉❢❡♥ ♠ö❣❧✐❝❤❡♥✱
✈❡rs❝❤✐❡❞❡♥❡♥ ❙❝❤r✐tt❢♦❧❣❡♥ ♠✐t Fn ❜❡③❡✐❝❤♥❡♥✱ ❢♦❧❣t ❞❛r❛✉s ❞✐❡ ❇❡③✐❡❤✉♥❣

✭∗✮ Fn = Fn−1 + Fn−2✱

❞❡♥♥ ❞✐❡ ❥❡✇❡✐❧✐❣❡♥ ❋♦rts❡t③✉♥❣❡♥ ❤❛❜❡♥ ❡✐♥❡ ❜③✇✳ ③✇❡✐ ❙t✉❢❡♥ ✇❡♥✐❣❡r ③✉ ❡r❦❧✐♠✲
♠❡♥✳ ❆❜❡r ❞✐❡ ❇❡③✐❡❤✉♥❣ ✭∗✮ ❣✐❧t ❛✉❝❤ ❢ür ❞✐❡ r❡st❧✐❝❤❡♥ ❙❝❤r✐tt♠ö❣❧✐❝❤❦❡✐t❡♥✱ ❜✐s
♠❛♥ ♥✉r ♥♦❝❤ ❡✐♥❡ ♦❞❡r ③✇❡✐ ❙t✉❢❡♥ ✈♦r s✐❝❤ ❤❛t✳
❇❡❣✐♥♥❡♥ ✇✐r ♥✉♥ ❛♠ ♦❜❡r❡♥ ❊♥❞❡ ❞❡r ❚r❡♣♣❡✳ ❖✛❡♥s✐❝❤t❧✐❝❤ ✐st F1 = 1 ✭❡✐♥
❊✐♥❡rs❝❤r✐tt✮ ✉♥❞ F2 = 2 ✭❡✐♥ ❩✇❡✐❡rs❝❤r✐tt ♦❞❡r ③✇❡✐ ❊✐♥❡rs❝❤r✐tt❡✮✳ ❆✉s ❞❡r
●❧❡✐❝❤✉♥❣ ✭∗✮ ❢♦❧❣t F3 = F2+F1 = 2+1 = 3 ✉♥❞ ❡♥ts♣r❡❝❤❡♥❞ ❣✐❧t F4 = 3+2 = 5✱
F5 = 5 + 3 = 8✱ F6 = 8 + 5 = 13✱ F7 = 13 + 8 = 21✱ F8 = 21 + 13 = 34✱ F9 =
34+21 = 55✱ F10 = 55+34 = 89✱ F11 = 89+55 = 144✱ F12 = 144+89 = 233
✉♥❞ s❝❤❧✐❡ÿ❧✐❝❤ F13 = 233 + 144 = 377✳ ❆✉❢ s♦ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥ ❦❛♥♥
♠❛♥ ❞✐❡ ❚r❡♣♣❡ ♠✐t ❊✐♥❡r✲ ✉♥❞ ❩✇❡✐❡rs❝❤r✐tt❡♥ ❤✐♥❛✉❢❣❡❤❡♥✳ ✭❉✐❡ ❤✐❡r ✈❡r✇❡♥❞❡t❡
❩❛❤❧❡♥❢♦❧❣❡ (Fn)n∈N ✐st ❛❧s ❋✐❜♦♥❛❝❝✐✲❋♦❧❣❡ ❜❡❦❛♥♥t✱ ✇♦❜❡✐ ❞✐❡ ❋❡st❧❡❣✉♥❣ ❞❡r
❡rst❡♥ ❋♦❧❣❡♥❣❧✐❡❞❡r ❤✐❡r ❡t✇❛s ✈♦♠ ❙t❛♥❞❛r❞ ❛❜✇❡✐❝❤❡♥❞ ❣❡❤❛♥❞❤❛❜t ✇✐r❞✳✮

❘✐❝❤t✐❣❡ ▲ös✉♥❣❡♥ ❤❛❜❡♥ ❡✐♥❣❡s❛♥❞t✿ ▲❛ss❡ ❇❧✉♠✱ ❑❛t❤r✐♥ ❇♦rr♠❛♥♥✱ ❏♦s❡✜♥❡
❑❛ÿ♥❡r✱ ❏♦❤❛♥♥❡s ❑❡❤r❜❡r❣❡r✱ ❆❧❡①❛♥❞❡r ❑♦❜❧❜❛✉❡r✱ P❤✐❧✐♣♣ ▲ör❝❦s✱ ▲✉❝❛ ❙✐♥❞❡❧✱
❖s❝❛r ❙✉ ✉♥❞ ❈❧❡♠❡♥s ❩❛❜❡❧✳

❉✐❡ ❋r❡✉♥❞✐♥♥❡♥ ❤❛❜❡♥ s✐❝❤ ❜❛❧❞ ♠❡❤r ❢ür ❞✐❡ ❋✐❜♦♥❛❝❝✐✲❋♦❧❣❡ ❛❧s ❢ür ✐❤r❡ ❙❝❤✉❧✲
tr❡♣♣❡ ✐♥t❡r❡ss✐❡rt✳ ❙✐❡ ❤❛❜❡♥ ❜❡♠❡r❦t✱ ❞❛ss ✭❜❡✐ ❞❡r ❤✐❡r ✈❡r✇❡♥❞❡t❡♥ ❋❡st❧❡❣✉♥❣
❞❡r ❡rst❡♥ ❋♦❧❣❡♥❣❧✐❡❞❡r✮ ❢ür ❞✐❡ ❡rst❡♥ ❞r❡✐ ❋♦❧❣❡♥❣❧✐❡❞❡r Fn = n ❣✐❧t ✉♥❞ ❞❛ss
❞❛♥❛❝❤ ♥❛tür❧✐❝❤ ✐♠♠❡r Fn > n ✐st✳ ❆❜❡r s✐❡ ✇♦❧❧t❡♥ ✇✐ss❡♥✱ ♦❜ ✈✐❡❧❧❡✐❝❤t ✇❡✐t❡r❡
❋♦❧❣❡♥❣❧✐❡❞❡r ❞✉r❝❤ ✐❤r❡ ◆✉♠♠❡r t❡✐❧❜❛r s✐♥❞ ✉♥❞ ❢❛♥❞❡♥ ❜❛❧❞ F7 = 3 · 7✳ ●✐❜t ❡s
✇❡✐t❡r❡ ❋♦❧❣❡♥❣❧✐❡❞❡r ♠✐t ❞✐❡s❡r ❊✐❣❡♥s❝❤❛❢t❄ ❆❜❡r ❞❛s ✐st ❢❛st s❝❤♦♥ ✇✐❡❞❡r ❡✐♥❡
♥❡✉❡ ❆✉❢❣❛❜❡✳

✶✸ ▼❖◆❖■❉ ✶✹✺



▼❛t❤❡♠❛t✐s❝❤❡ ❊♥t❞❡❝❦✉♥❣❡♥

❊✐♥ ▲✭♦✮❡s❡r ✇✐❡s ✉♥s ❞❛r❛✉❢ ❤✐♥✱ ❞❛ss ♠❛♥ ❞✐❡ ▼❛t❤❡♠❛t✐s❝❤❡ ❊♥t❞❡❝❦✉♥❣ ❛✉s
▼❖◆❖■❉ ✶✹✸ ü❜❡r m = 4 ❤✐♥❛✉s ✈❡r❛❧❧❣❡♠❡✐♥❡r♥ ❦ö♥♥❡ ✉♥❞ ❞❛❜❡✐ ✐♥s❜❡s♦♥❞❡r❡
❢ür m = 2✱ m = 3 ✐♥t❡r❡ss❛♥t❡ ❊✐♥s✐❝❤t❡♥ ❣❡✇✐♥♥t✳

❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡s ❑❡♥♥❡♥❧❡r♥s♣✐❡❧s ❛✉s ▼❖◆❖■❉ ✶✹✸

❉✐❡ n ❙t✉❞❡♥t❡♥ ❡✐♥❡r ❱♦r❧❡s✉♥❣ tr❡✛❡♥ s✐❝❤ ❥❡❞❡♥ ▼♦♥t❛❣ ③✉♠ ❣❡♠❡✐♥s❛♠❡♥
❊ss❡♥❀ s✐❡ t❡✐❧❡♥ s✐❝❤ ❛✉❢ ❚✐s❝❤❡ ♠✐t ❥❡✇❡✐❧s ❣❡♥❛✉ m P❡rs♦♥❡♥ ❛✉❢✳ ❉✐❡ ❱❡rt❡✐❧✉♥❣
❛✉❢ ❞✐❡ ❚✐s❝❤❡ s♦❧❧ s♦ s❡✐♥✱ ❞❛ss ❥❡❞❡r ❞❡r n ❙t✉❞❡♥t❡♥ ❥❡❞❡♥ ❛♥❞❡r❡♥ ✐♠ ▲❛✉❢❡ ❞❡r
❩❡✐t ❣❡♥❛✉ ❡✐♥♠❛❧ tr✐✛t✳

❛✮ ❲✐❡ ✈✐❡❧❡ ❲♦❝❤❡♥ ❞❛✉❡rt ❞❛s ❙♣✐❡❧❄

❜✮ ❲❡❧❝❤❡ ❇❡❞✐♥❣✉♥❣❡♥ ✜♥❞❡t ■❤r ❛♥ (n,m)✱ ❞❛♠✐t ❡✐♥❡ s♦❧❝❤❡ ❆✉❢t❡✐❧✉♥❣ ❡①✐s✲
t✐❡r❡♥ ❦❛♥♥❄

❝✮ ●❡♥ü❣❡♥ ✉♠❣❡❦❡❤rt ❞✐❡ ✐♥ ❜✮ ❣❡❢✉♥❞❡♥❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ (n,m)✱ ❞❛♠✐t ❡✐♥❡
s♦❧❝❤❡ ❆✉❢t❡✐❧✉♥❣ ❡①✐st✐❡rt❄

❯♥t❡rs✉❝❤t ✈♦r ❛❧❧❡♠ ❞✐❡ ❜❡✐❞❡♥ ❋ä❧❧❡ m = 2 ✉♥❞ m = 3✳

❍✐♥✇❡✐s✿ ❊✉r❡ ♠❛t❤❡♠❛t✐s❝❤❡♥ ❊♥t❞❡❝❦✉♥❣❡♥ ❦ö♥♥t ■❤r ❜✐s ③✉♠ ✶✺✳ ▼❛✐ ✷✵✷✶ ❛♥ ❞✐❡ ▼❖◆❖■❉✲

❘❡❞❛❦t✐♦♥ ❡✐♥s❡♥❞❡♥✱ ❞❡♥♥ ❛✉❝❤ ❤✐❡r❜❡✐ ❣✐❜t ❡s P✉♥❦t❡ ③✉ ❡r❣❛tt❡r♥✳ ❊✉r❡ ❊r❣❡❜♥✐ss❡ ✇❡r❞❡♥

❥❡✇❡✐❧s ✐♠ ü❜❡r♥ä❝❤st❡♥ ❍❡❢t ❡rs❝❤❡✐♥❡♥✳

▲ös✉♥❣ ❞❡r ❆✉❢❣❛❜❡ ❛✉s ❍❡❢t ✶✹✸

■♥ ❍❡❢t ✶✹✸ st❡❧❧t❡♥ ✇✐r ❊✉❝❤ ❢♦❧❣❡♥❞❡ ❆✉❢❣❛❜❡✿

❊✐♥ ❑❡♥♥❡♥❧❡r♥s♣✐❡❧

❊✐♥❡ ●r✉♣♣❡ ✈♦♥ n ❙t✉❞❡♥t❡♥ ✈❡r❛❜r❡❞❡t ❢♦❧❣❡♥❞❡s ❑❡♥♥❡♥❧❡r♥s♣✐❡❧✿ ❙✐❡ t❡✐❧❡♥
s✐❝❤ ✐♥ ❱✐❡r❡r❣r✉♣♣❡♥ ❛✉❢✱ ❞✐❡ s✐❝❤ ❥❡✇❡✐❧s ③✉ ❡✐♥❡♠ ❉✐♥♥❡r tr❡✛❡♥❀ ✐♥ ❥❡❞❡r ●r✉♣♣❡
❜❡r❡✐t❡t ❡✐♥❡r ❡✐♥❡ ❱♦rs♣❡✐s❡✱ ❡✐♥❡r ❡✐♥ ❍❛✉♣t❣❡r✐❝❤t✱ ❡✐♥❡r ❡✐♥❡ ❇❡✐❧❛❣❡ ✉♥❞ ❡✐♥❡r
❡✐♥❡♥ ◆❛❝❤t✐s❝❤ ✈♦r✳ ❉✐❡s ✇✐❡❞❡r❤♦❧t s✐❝❤ ❥❡❞❡ ❲♦❝❤❡✳ ❉✐❡ ❊✐♥t❡✐❧✉♥❣ s♦❧❧ s♦ s❡✐♥✱
❞❛ss ❥❡❞❡r ❛✉s ❞❡r ●r✉♣♣❡ ❥❡❞❡♥ ❛♥❞❡r❡♥ ❣❡♥❛✉ ❡✐♥♠❛❧ tr✐✛t✳

❛✮ ❋ür ✇❡❧❝❤❡ n ✐st ❞✐❡s ♠ö❣❧✐❝❤❄

❜✮ ❲✐❡ ✈✐❡❧❡ ❲♦❝❤❡♥ ❞❛✉❡rt ❞❛♥♥ ❞❛s ❙♣✐❡❧❄

▼❖◆❖■❉ ✶✹✺ ✶✹



❊r❣❡❜♥✐ss❡

▼✐t ❞✐❡s❡r ❆✉❢❣❛❜❡ ❤❛❜❡♥ s✐❝❤ ❈❧❡♠❡♥s ❩❛❜❡❧ ✭❑❧❛ss❡ ✶✶✱ ❚❤❡r❡s✐❛♥✉♠✱ ▼❛✐♥③✮✱
❖s❝❛r ❙✉ ✭❑❧❛ss❡ ✽✱ ❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠✱ ❆❧③❡②✮✱ ❏♦♥❛t❤❛♥ ❘❡✉t❤♥❡r
✭❑❧❛ss❡ ✼✱ ❑r♦♥❜❡r❣✲●②♠♥❛s✐✉✱ ❆s❝❤❛✛❡♥❜✉r❣✮✱ ❏♦s❡✜♥❡ ❑❛ÿ♥❡r ✭❑❧❛ss❡ ✶✶✱ ●②♠✲
♥❛s✐✉♠ ❖❜❡r✉rs❡❧✮ ✉♥❞ P❤✐❧✐♣♣ ▲ör❝❦s ✭❑❧❛ss❡ ✼✱ ❋r✐❡❞r✐❝❤✲❲✐❧❤❡❧♠✲●②♠♥❛s✐✉♠✱
❚r✐❡r✮ ❜❡s❝❤ä❢t✐❣t✳

❙✐❡ st❡❧❧t❡♥ ❢❡st✿

❜✮ ❉❛ ❡✐♥ ❙t✉❞❡♥t s✐❝❤ ♠✐t ❥❡❞❡♠ ❛♥❞❡r❡♥ ❣❡♥❛✉ ❡✐♥♠❛❧ tr✐✛t✱ ♠✉ss ❞✐❡ ❆♥③❛❤❧
n − 1 ❞❡r ▼✐tst✉❞❡♥t❡♥ ❞✉r❝❤ 3 t❡✐❧❜❛r s❡✐♥✱ n − 1 = 3k ✉♥❞ ❥❡❞❡r ❙t✉❞❡♥t
♥✐♠♠t ❛♥ ❥❡✇❡✐❧s ❣❡♥❛✉ k ❉✐♥♥❡r♥ t❡✐❧✳ ❩✉♠ ❇❡✐s♣✐❡❧ ❜❡✐ 256 ❙t✉❞❡♥t❡♥ ✐♥ ❞❡r
●❡s❛♠t❣r✉♣♣❡ ♠üsst❡♥ s✐❝❤ ❞✐❡s❡ ✽✺✲♠❛❧✱ ❛❧s♦ ♠❡❤r ❛❧s ✶✱✺ ❏❛❤r❡ ❧❛♥❣ ❥❡❞❡
❲♦❝❤❡ ✈❡r❛❜r❡❞❡♥✳

❛✮ ❙✐❝❤❡r ♠✉ss n ❞✉r❝❤ ✹ t❡✐❧❜❛r s❡✐♥✳ ❆✉s ❚❡✐❧ ❜✮ ❢♦❧❣t✱ ❞❛ss n ❜❡✐ ❉✐✈✐s✐♦♥ ❞✉r❝❤
3 ❘❡st 1 ❤❛t✳ ◆✐♠♠t ♠❛♥ ❞✐❡ ❜❡✐❞❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ③✉s❛♠♠❡♥✱ ❡r❣✐❜t s✐❝❤✱ ❞❛ss
n ❜❡✐ ❚❡✐❧✉♥❣ ❞✉r❝❤ 12 ❞❡♥ ❘❡st 4 ❤❛❜❡♥ ♠✉ss✱ ❛❧s♦ n ∈ 4, 16, 28, 40, ...✳
❩✉♠✐♥❞❡st ❢ür ❞✐❡ ❡rst❡♥ ❜❡✐❞❡♥ n ✐st ❞✐❡s❡ ❇❡❞✐♥❣✉♥❣ ❛✉❝❤ ❤✐♥r❡✐❝❤❡♥❞✿
❋ür n = 4 ❙t✉❞❡♥t❡♥ ❣❡❤t ❞✐❡s ♦✛❡♥s✐❝❤t❧✐❝❤ ❛✉❢ ♠✐t k = 1✳
❋ür n = 16 = 4·4 ❙t✉❞❡♥t❡♥ ✒♥✉♠♠❡r✐❡r❡♥✏ ✇✐r ❞✐❡s❡ ♠✐t ③✇❡✐ ❩✐✛❡r♥ ③✇✐s❝❤❡♥
0 ✉♥❞ 3 ✭❛❧s♦ ✈♦♥ 00 ❜✐s 33✮ ❞✉r❝❤ ✉♥❞ t❡✐❧❡♥ ❞✐❡ k = 5 ❉✐♥♥❡r❣r✉♣♣❡♥ ❡t✇❛
✇✐❡ ❢♦❧❣t ❛✉❢✿

✶✳ ❉✐♥♥❡r

00 10 20 30
01 11 21 31
02 12 22 32
03 13 23 33

✷✳ ❉✐♥♥❡r

00 01 02 03
10 11 12 13
20 21 22 23
30 31 32 33

✸✳ ❉✐♥♥❡r

00 31 12 23
10 21 02 33
20 11 32 03
30 01 22 13

✹✳ ❉✐♥♥❡r

00 21 32 13
10 31 22 03
20 01 12 33
30 11 02 23

✺✳ ❉✐♥♥❡r

00 11 22 33
10 01 32 23
20 31 02 13
30 21 12 03

✶✺ ▼❖◆❖■❉ ✶✹✺



❋❛s③✐♥✐❡r❡♥❞❡ ●❧❡✐❝❤✉♥❣
✈♦♥ ❍❛rt✇✐❣ ❋✉❝❤s

●✐❜t ❡s ❡✐♥❡ ♥❛tür❧✐❝❤❡ ❩❛❤❧✱ ❢ür ❞✐❡ ❞❡r ❚❡r♠

Q(n) = 991n2 + 1

❡✐♥❡ ◗✉❛❞r❛t③❛❤❧ ✐st❄

❊s ✐st ❛✉ss✐❝❤ts❧♦s✱ ❞✉r❝❤ ❘❡❝❤♥❡♥ ♠✐t ❇❧❡✐st✐❢t ❛✉❢ P❛♣✐❡r ✉♥❞ s❡❧❜st ♠✐t ❡✐♥❡♠
❚❛s❝❤❡♥r❡❝❤♥❡r ❡✐♥❡ ❆♥t✇♦rt ❛✉❢ ❞✐❡s❡ ❋r❛❣❡ ③✉ ✜♥❞❡♥ ✕ ❞❛③✉ r❡✐❝❤t ❡✐♥ ▲❡❜❡♥
❜❡✐ ✇❡✐t❡♠ ♥✐❝❤t ❛✉s❀ ❞❡♥♥ s❡❧❜st ✇❡♥♥ ♠❛♥ ✐♥ ❥❡✇❡✐❧s 1

1000 ❙❡❦✉♥❞❡ ❡✐♥❡♥ ❚❡r♠
Q(n) ❜❡r❡❝❤♥❡♥ ❦ö♥♥t❡✱ ❤ätt❡ ♠❛♥ ❛✉❝❤ ✐♥ 3,82 · 1017 ❏❛❤r❡♥ ❞❛s Pr♦❜❧❡♠ ♥♦❝❤
♥✐❝❤t ❣❡❧öst✳
❲✐❡s♦❄ ❊rst ♠✐t ❡✐♥❡♠ ❈♦♠♣✉t❡r ❤❛t ♠❛♥ ❡✐♥❡ ❩❛❤❧ ❜❡r❡❝❤♥❡t ✕ s✐❡ ✐st ❞✐❡ ❦❧❡✐♥st✲
♠ö❣❧✐❝❤❡ ❢ür ❞✐❡ Q(n) ❡✐♥❡ ◗✉❛❞r❛t③❛❤❧ ✐st✱ ♥ä♠❧✐❝❤

n = 12 055 735 790 331 359 447 442 538 767.

▲ös✉♥❣❡♥ ❞❡r ▼❛t❤❡s♣✐❡❧❡r❡✐❡♥
❛✉s ▼❖◆❖■❉ ✶✹✹

❋ür ❞✐❡ ❥ü♥❣❡r❡♥ ❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡♥ ✺✕✽

■✳ ❙②♠♠❡tr✐s❝❤❡ ❉❛t❡♥
■♠ ▼❖◆❖■❉✲❍❡❢t ✶✹✷ st❡❧❧t❡♥ ✇✐r ❊✉❝❤ ❡✐♥❡ ❆✉❢❣❛❜❡ ✭▼❛t❤❡s♣✐❡❧❡r❡✐ ■■■✱ ❙❡✐t❡ ✷✶✮
③✉ ♣❛❧✐♥❞r♦♠✐s❝❤❡♥ ❉❛t❡♥✳ ❆❜❡r ❡s ❣✐❜t ❛✉❝❤ s②♠♠❡tr✐s❝❤❡ ❉❛t❡♥✳ ❉❛❜❡✐ ✐❣♥♦r✐❡✲
r❡♥ ✇✐r✱ ✇✐❡ ❛✉❝❤ s❝❤♦♥ ❜❡✐ ❞❡♥ ♣❛❧✐♥❞r♦♠✐s❝❤❡♥ ❉❛t❡♥✱ ❞✐❡ P✉♥❦t❡ ✉♥❞ s❝❤r❡✐❜❡♥
❞✐❡ ❏❛❤r❡s③❛❤❧ ❥❡✇❡✐❧s ✈✐❡rst❡❧❧✐❣✳ ❋ü❤r❡♥❞❡ ❩✐✛❡r♥ 0 s✐♥❞ ❜❡✐ ❚❛❣ ✉♥❞ ▼♦♥❛t ❡r✲
❧❛✉❜t✱ ❜❡✐ ❞❡r ❏❛❤r❡s③❛❤❧ ❥❡❞♦❝❤ ♥✐❝❤t✳

❛✮ ❲✐❡ ✈✐❡❧❡ ❛❝❤s❡♥s②♠♠❡tr✐s❝❤❡ ❉❛t❡♥ ❣✐❜t ❡s❄

❜✮ ❲✐❡ ✈✐❡❧❡ ♣✉♥❦ts②♠♠❡tr✐s❝❤❡ ❉❛t❡♥ ❣✐❜t ❡s❄ ✭▼●✮

▲ös✉♥❣✿

❛✮ ❲✐r ♠üss❡♥ ③✇✐s❝❤❡♥ ❡✐♥❡r ✈❡rt✐❦❛❧❡♥ ✉♥❞ ❡✐♥❡r ❤♦r✐③♦♥t❛❧❡♥ ❙②♠♠❡tr✐❡❛❝❤s❡
✉♥t❡rs❝❤❡✐❞❡♥✳
❋ür ❉❛t❡♥ ♠✐t ✈❡rt✐❦❛❧❡r ❙②♠♠❡tr✐❡❛❝❤s❡ ❦♦♠♠❡♥ ♥✉r ❩✐✛❡r♥ ✐♥❢r❛❣❡✱ ❞✐❡ s❡❧❜st
s❝❤♦♥ ❛❝❤s❡♥s②♠♠❡tr✐s❝❤ s✐♥❞✱ ❛❧s♦ ♥✉r ❞✐❡ ❩✐✛❡r♥ 0 ✉♥❞ 8✳ ❉❛ ❚❛❣ ✉♥❞ ▼♦♥❛t
❥❡✇❡✐❧s ♥✐❝❤t 00 s❡✐♥ ✉♥❞ ❞❡r❡♥ ❩❡❤♥❡rst❡❧❧❡ ❥❡✇❡✐❧s ♥✐❝❤t 8 s❡✐♥ ❦❛♥♥✱ ❣✐❜t ❡s
♥✉r ❞❛s ❉❛t✉♠ ✵✽✳✵✽✳✽✵✽✵✳
❋ür ❡✐♥ ❛❝❤s❡♥s②♠♠❡tr✐s❝❤❡s ❉❛t✉♠ ♠✐t ❤♦r✐③♦♥t❛❧❡r ❆❝❤s❡ ♠üss❡♥ ❛❧❧❡ ❩✐❢✲
❢❡r♥ s❡❧❜st ❞✐❡s❡ ❙②♠♠❡tr✐❡❡✐❣❡♥s❝❤❛❢t ❤❛❜❡♥✳ ❉✐❡s s✐♥❞ ❞✐❡ ❩✐✛❡r♥ 0✱ 3 ✉♥❞ 8✳

▼❖◆❖■❉ ✶✹✺ ✶✻



❋ür ❞❡♥ ❚❛❣ ❦♦♠♠❡♥ ❛❧s♦ ❞✐❡ ❩❛❤❧❡♥ 03✱ 08 ✉♥❞ 30 ✐♥❢r❛❣❡✱ ❜❡✐♠ ▼♦♥❛t ♥✉r
03 ✉♥❞ 08✳ ❉❛♠✐t ❡r❣❡❜❡♥ s✐❝❤ 3 · 2 = 6 ✈❡rs❝❤✐❡❞❡♥❡ ❉❛t❡♥✳
❋ür ❞❛s ❏❛❤r ❧❛ss❡♥ s✐❝❤ ❛✉s ❞❡♥ ❞r❡✐ ❩✐✛❡r♥ 0✱ 3 ✉♥❞ 8 ③✉s❛♠♠❡♥ 2·3·3·3 = 54
❏❛❤r❡s③❛❤❧❡♥ ❦♦♠❜✐♥✐❡r❡♥✳
■♥s❣❡s❛♠t ❣✐❜t ❡s 6 · 54 = 324 ✈❡rs❝❤✐❡❞❡♥❡ ❉❛t❡♥ ♠✐t ❤♦r✐③♦♥t❛❧❡r ❙②♠♠❡✲
tr✐❡❛❝❤s❡ ✭❞❛s ❢rü❤❡st❡ ✐st ❞❡r ✵✸✳✵✸✳✸✵✵✵✱ ❞❛s ❧❡t③t❡ ❞❡r ✸✵✳✵✽✳✽✽✽✽✮✳
❩✉ ❞✐❡s❡♥ 324 ❉❛t❡♥ ❣❡❤ört ❛✉❝❤ ❞❡r ✵✽✳✵✽✳✽✵✽✵✳ ❉❛❤❡r ❣✐❜t ❡s ✐♥s❣❡s❛♠t
324 ❛❝❤s❡♥s②♠♠❡tr✐s❝❤❡ ❉❛t❡♥✳

❜✮ ❉❛ ❞❛s ❉❛t✉♠ ✐♥s❣❡s❛♠t ❛❝❤t ❙t❡❧❧❡♥ ❤❛t✱ ❧✐❡❣t ❞❛s ❙②♠♠❡tr✐❡③❡♥tr✉♠ ③✇✐✲
s❝❤❡♥ ❞❡r ✈✐❡rt❡♥ ✉♥❞ ❢ü♥❢t❡♥ ❙t❡❧❧❡✳ ❉❛❤❡r ♠✉ss ③✉ ❥❡❞❡r ✐♠ ❉❛t✉♠ ✈♦r❦♦♠✲
♠❡♥❞❡♥ ❩✐✛❡r ❛♥ ❡✐♥❡r ❛♥❞❡r❡♥ ❙t❡❧❧❡ ❡✐♥❡ ❩✐✛❡r st❡❤❡♥✱ ❞✐❡ s✐❝❤ ❞✉r❝❤ P✉♥❦t✲
s♣✐❡❣❡❧✉♥❣ ❡r❤❛❧t❡♥ ❧ässt✳ ▼ö❣❧✐❝❤❡ ❩✐✛❡r♥❦♦♠❜✐♥❛t✐♦♥❡♥ s✐♥❞ ❛❧s♦ 0 ✉♥❞ 0✱ 6
✉♥❞ 9 s♦✇✐❡ 8 ✉♥❞ 8✳
❚❛❣ ✉♥❞ ▼♦♥❛t ❦ö♥♥❡♥ ❞❛❜❡✐ ♥✉r ♠✐t ❞❡r ❩✐✛❡r 0 ❜❡❣✐♥♥❡♥✱ s♦❞❛ss ♥✉r 06✱ 08
✉♥❞ 09 ♠ö❣❧✐❝❤ s✐♥❞✳ ❉❛r❛✉s ❡r❣❡❜❡♥ s✐❝❤ ✐♥s❣❡s❛♠t 3 · 3 = 9 ▼ö❣❧✐❝❤❦❡✐t❡♥✱
❞✐❡ ❞❛♥♥ ❥❡✇❡✐❧s ③✉ ❡✐♥❡r ❡✐♥❞❡✉t✐❣❡♥ ❏❛❤r❡s③❛❤❧ ❢ü❤r❡♥✱ ❞✐❡ ❛❧❧❡ ♥✐❝❤t ♠✐t ❡✐♥❡r 0
❜❡❣✐♥♥❡♥✿

✵✾✳✵✾✳✻✵✻✵
✵✽✳✵✾✳✻✵✽✵
✵✻✳✵✾✳✻✵✾✵

✵✾✳✵✽✳✽✵✻✵
✵✽✳✵✽✳✽✵✽✵
✵✻✳✵✽✳✽✵✾✵

✵✾✳✵✻✳✾✵✻✵
✵✽✳✵✻✳✾✵✽✵
✵✻✳✵✻✳✾✵✾✵

❉❡r ✵✽✳✵✽✳✽✵✽✵ ✐st✱ ❞❛ ❞✐❡s❡s ❉❛t✉♠ s②♠♠❡tr✐s❝❤ s♦✇♦❤❧ ③✉ ❡✐♥❡r ✈❡rt✐❦❛❧❡♥ ❛❧s
❛✉❝❤ ❤♦r✐③♦♥t❛❧❡♥ ❆❝❤s❡ ✐st✱ ❛✉❝❤ ♣✉♥❦ts②♠♠❡tr✐s❝❤✳ ❙❝❤❛❞❡✱ ❞❛ss ✇✐r ❞✐❡s❡♥
❜❡s♦♥❞❡r❡♥ ❚❛❣✱ ❞❡r ❛✉❝❤ ♥♦❝❤ ♣❛❧✐♥❞r♦♠✐s❝❤ ✐st✱ ♥✐❝❤t ❡r❧❡❜❡♥ ✇❡r❞❡♥✳✳✳

■■✳ ▲❡t③t❡ ❩✐✛❡r ❡✐♥❡r ◗✉❛❞r❛t③❛❤❧❡♥s✉♠♠❡
❇❡st✐♠♠❡ ❞✐❡ ❧❡t③t❡ ❩✐✛❡r ✈♦♥

12 + 22 + 32 + ... + 20202.

✭▼●✮

▲ös✉♥❣✿
❋ür ❞✐❡ ❧❡t③t❡ ❩✐✛❡r ❞❡r ❙✉♠♠❡ s✐♥❞ ❧❡❞✐❣❧✐❝❤ ❞✐❡ ❧❡t③t❡♥ ❩✐✛❡r♥ ❞❡r ❙✉♠♠❛♥❞❡♥
r❡❧❡✈❛♥t✳ ❉❛❜❡✐ ❣✐❧t

❧❡t③t❡ ❩✐✛❡r ❞❡r ❇❛s✐s b 1 2 3 4 5 6 7 8 9 0
❧❡t③t❡ ❩✐✛❡r ❞❡r ◗✉❛❞r❛t③❛❤❧ b2 1 4 9 6 5 6 9 6 1 0

❉✐❡s❡ ❙❡q✉❡♥③ ✇✐❡❞❡r❤♦❧t s✐❝❤ ✐♠♠❡r ✇✐❡❞❡r✳
❲❡❣❡♥ 2020 = 202 · 10 ✇✐r❞ ❞✐❡s❡ ❙❡q✉❡♥③ ❣❡♥❛✉ ✷✵✷✲♠❛❧ ❞✉r❝❤❧❛✉❢❡♥✳ ❉❛♠✐t
✐st ❞✐❡ ❧❡t③t❡ ❩✐✛❡r ❞❡r ❙✉♠♠❡ 12 + 22 + 32 + ... + 20202 ❣❧❡✐❝❤ ❞❡r ❧❡t③t❡♥ ❩✐✛❡r
✈♦♥ 202 · (1 + 4 + 9 + 6 + 5 + 6 + 9 + 6 + 1 + 0) = 202 · 45 = 9090✳
❉✐❡ ❧❡t③t❡ ❩✐✛❡r ❞❡r ❙✉♠♠❡ 12 + 22 + 32 + ... + 20202 ✐st ❛❧s♦ ❡✐♥❡ 0✳

✶✼ ▼❖◆❖■❉ ✶✹✺



■■■✳ ●❡✇✐♥♥s♣✐❡❧
❆✉❢ ❞❡♠ ❲❡✐❤♥❛❝❤ts♠❛r❦t ✇✐r❞ ❢♦❧❣❡♥❞❡s ●❡✇✐♥♥s♣✐❡❧ ❛♥❣❡❜♦t❡♥✿

❱♦♥ ❞r❡✐ ❙ä❝❦❝❤❡♥ ❡♥t❤ä❧t ❡✐♥❡s ③✇❡✐ ❣♦❧❞❡♥❡ ❙t❡r♥❡✱ ❡✐♥❡s ③✇❡✐ r♦t❡ ❙t❡r♥❡
✉♥❞ ❞❛s ❞r✐tt❡ ❥❡ ❡✐♥❡♥ ❣♦❧❞❡♥❡♥ ✉♥❞ ❡✐♥❡♥ r♦t❡♥ ❙t❡r♥✳ ▲❡✐❞❡r s✐♥❞ ❞✐❡ ❙❝❤✐❧❞✲
❝❤❡♥ ♠✐t ❞❡♥ ❆✉❢s❝❤r✐❢t❡♥ ✒❣♦❧❞✏✱ ✒r♦t✏ ✉♥❞ ✒❣❡♠✐s❝❤t✏ s♦ ✈❡rt❛✉s❝❤t✱ ❞❛ss
❦❡✐♥❡ ❞❡r ❆✉❢s❝❤r✐❢t❡♥ ♠❡❤r st✐♠♠t✳ ❊✐♥ ❙♣✐❡❧❡r ❞❛r❢ ❛✉s ❡✐♥❡♠ ❞❡r ❙ä❝❦❝❤❡♥
❡✐♥❡♥ ❙t❡r♥ ❡♥t♥❡❤♠❡♥ ✉♥❞ ❜❡tr❛❝❤t❡♥✳ ❉❛♥♥ ♠✉ss ❡r s❛❣❡♥✱ ✐♥ ✇❡❧❝❤❡♠
❙ä❝❦❝❤❡♥ ❞✐❡ ❜❡✐❞❡♥ ❣♦❧❞❡♥❡♥ ❙t❡r♥❡ s✐♥❞✳ ■st s❡✐♥❡ ❱♦r❤❡rs❛❣❡ r✐❝❤t✐❣✱ ❣❡✲
✇✐♥♥t ❡r ❡✐♥❡ ❙❝❤✉t③❡♥❣❡❧✲❋✐❣✉r✳

❆②❧✐♥ ♠ö❝❤t❡ ❛♠ ●❡✇✐♥♥s♣✐❡❧ t❡✐❧♥❡❤♠❡♥✳ ❆✉s ✇❡❧❝❤❡♠ ❙ä❝❦❝❤❡♥ s♦❧❧t❡ s✐❡ ❡✐♥❡♥
❙t❡r♥ ③✐❡❤❡♥✱ ✉♠ s✐❝❤❡r ③✉ ❣❡✇✐♥♥❡♥❄ ✭♥❛❝❤ ❍❋✮

▲ös✉♥❣✿

❆②❧✐♥ s♦❧❧t❡ ❡✐♥❡♥ ❙t❡r♥ ❛✉s ❞❡♠ ❙ä❝❦❝❤❡♥ ✒❣❡♠✐s❝❤t✏ ③✐❡❤❡♥✳ ■st ❡r ❣♦❧❞❡♥✱ s♦
❛✉❝❤ ❞❡r ❛♥❞❡r❡✱ ❞❛ ❣❡♠✐s❝❤t ❢❛❧s❝❤ ✐st✳ ❉❛♥♥ ✐st ❞✐❡ ❱❡rt❡✐❧✉♥❣✿

❆✉❢s❝❤r✐❢t ❣♦❧❞ r♦t ❣❡♠✐s❝❤t
t❛tsä❝❤❧✐❝❤❡r ■♥❤❛❧t r♦t ❣❡♠✐s❝❤t ❣♦❧❞

❆②❧✐♥ ♠✉ss s✐❝❤ ❛❧s♦ ❢ür ❞❛s ❙ä❝❦❝❤❡♥ ✒❣❡♠✐s❝❤t✏ ❡♥ts❝❤❡✐❞❡♥✳

❩✐❡❤t s✐❡ ❡✐♥❡♥ r♦t❡♥ ❙t❡r♥✱ s♦ ✐st ❞❡r ❛♥❞❡r❡ ❡❜❡♥❢❛❧❧s r♦t ✉♥❞ ❞✐❡ ❱❡rt❡✐❧✉♥❣ ✐st✿

❆✉❢s❝❤r✐❢t ❣♦❧❞ r♦t ❣❡♠✐s❝❤t
t❛tsä❝❤❧✐❝❤❡r ■♥❤❛❧t ❣❡♠✐s❝❤t ❣♦❧❞ r♦t

❏❡t③t ♠✉ss s✐❝❤ ❆②❧✐♥ ❢ür ❞❛s ❙ä❝❦❝❤❡♥ ✒r♦t✏ ❡♥ts❝❤❡✐❞❡♥✳

❉✉r❝❤ ä❤♥❧✐❝❤❡ Ü❜❡r❧❡❣✉♥❣❡♥ ❦❛♥♥ ♠❛♥ s✐❝❤ ❦❧❛r ♠❛❝❤❡♥✱ ❞❛ss ♠❛♥ ❜❡✐♠ ❩✐❡❤❡♥
❛✉s ✒r♦t✏ P❡❝❤ ❤❛❜❡♥ ❦❛♥♥ ✭✇❡♥♥ ♠❛♥ ❡✐♥❡♥ ❣♦❧❞❡♥❡♥ ❙t❡r♥ ③✐❡❤t✮✱ ❡❜❡♥s♦ ❜❡✐
❩✐❡❤❡♥ ❛✉s ✒❣♦❧❞✏✳

■❱✳ ❚❡✐❧❜❛r ❞✉r❝❤ ❞✐❡ ◗✉❡rs✉♠♠❡
❚❛t❥❛♥❛ ❜❡s❝❤ä❢t✐❣t s✐❝❤ ♠✐t ◗✉❡rs✉♠♠❡♥✳ ❙✐❡ ✇❡✐ÿ ❛✉❝❤✱ ❞❛ss ❞✐❡ ◗✉❡rs✉♠♠❡
❤❡❧❢❡♥ ❦❛♥♥✱ ❞✐❡ ❚❡✐❧❜❛r❦❡✐t ✈♦♥ ❩❛❤❧❡♥ ③✉ ✉♥t❡rs✉❝❤❡♥✳
❉♦❝❤ ❛✉❝❤ ❞❛rü❜❡r ❤✐♥❛✉s ♠❛❝❤t s✐❡ ✇❡✐t❡r❡ ❊♥t❞❡❝❦✉♥❣❡♥✿ 2020 ❤❛t ❞✐❡ ◗✉❡r✲
s✉♠♠❡ 4 ✉♥❞ ❧ässt s✐❝❤ ♦❤♥❡ ❘❡st ❞✉r❝❤ ✐❤r❡ ◗✉❡rs✉♠♠❡ t❡✐❧❡♥✱ ❜❡✐ ❞❡r ❩❛❤❧ 2021
♠✐t ◗✉❡rs✉♠♠❡ 5 ❣❡❤t ❞❛s ♥✐❝❤t✳
❙✐❡ ❜❡❣✐♥♥t ✇❡✐t❡r❡ ❯♥t❡rs✉❝❤✉♥❣❡♥✿ ✒❲✐❡ ✈✐❡❧❡ ③✇❡✐st❡❧❧✐❣❡ ❩❛❤❧❡♥ ❧❛ss❡♥ s✐❝❤ ♦❤♥❡
❘❡st ❞✉r❝❤ ✐❤r❡ ◗✉❡rs✉♠♠❡ t❡✐❧❡♥❄✏ ✕ ❩✉ ✇❡❧❝❤❡♠ ❊r❣❡❜♥✐s ✇✐r❞ s✐❡ ❦♦♠♠❡♥❄

✭▼●✮
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▲ös✉♥❣✿

❲✐r ❛r❜❡✐t❡♥ ❞❡r ❘❡✐❤❡ ♥❛❝❤ ❞✐❡ ✈❡rs❝❤✐❡❞❡♥❡♥ ◗✉❡rs✉♠♠❡♥ ❛❜✿

◗✉❡rs✉♠♠❡ Ü❜❡r❧❡❣✉♥❣ ❞❛✈♦♥ t❡✐❧❜❛r ❞✉r❝❤
❞✐❡ ◗✉❡rs✉♠♠❡

1 ✖ 10
2 ♠✉ss ❣❡r❛❞❡ s❡✐♥ 20
3 ✐♠♠❡r ♠ö❣❧✐❝❤ ✭❚❡✐❧❜❛r❦❡✐tsr❡❣❡❧✮ 12✱ 21✱ 30
4 ♠✉ss ❣❡r❛❞❡ s❡✐♥✱ 22 ♥✐❝❤t ♠ö❣❧✐❝❤ 40
5 ❊✐♥❡r③✐✛❡r 0 ♦❞❡r 5 50
6 ♠✉ss ❣❡r❛❞❡ s❡✐♥ 24✱ 42✱ 60
7 16✱ 25✱ ✳✳✳✱ 70 t❡st❡♥ 70
8 ❣❡r❛❞❡ ❑❛♥❞✐❞❛t❡♥ 26✱ 44✱ 62✱ 80 t❡st❡♥ 80
9 ✐♠♠❡r ♠ö❣❧✐❝❤ ✭❚❡✐❧❜❛r❦❡✐tsr❡❣❡❧✮ 18✱ 27✱ 36✱ 45✱ 54✱

63✱ 72✱ 81✱ 90
10 ❊✐♥❡r③✐✛❡r 0 ✖
11 ❜❡✐❞❡ ❩✐✛❡r♥ ❣❧❡✐❝❤ ✖
12 ❣❡r❛❞❡ ❑❛♥❞✐❞❛t❡♥ 48✱ 66✱ 84 t❡st❡♥ 48✱ 84
13 49✱ 58✱ 67✱ 76✱ 85✱ 94 t❡st❡♥ ✖
14 ❣❡r❛❞❡ ❑❛♥❞✐❞❛t❡♥ 68✱ 86 t❡st❡♥ ✖
15 ❊✐♥❡r③✐✛❡r 0 ♦❞❡r 5 ✖
16 ❣❡r❛❞❡r ❑❛♥❞✐❞❛t 88 ✖
17 89✱ 98 t❡st❡♥ ✖
18 ❡✐♥③✐❣❡r ❑❛♥❞✐❞❛t 99 ✐st ✉♥❣❡r❛❞❡ ✖

❊s ❣✐❜t ❛❧s♦ ✷✸ s♦❧❝❤❡r ③✇❡✐st❡❧❧✐❣❡r ♥❛tür❧✐❝❤❡r ❩❛❤❧❡♥✱ ❞✐❡ ❞✉r❝❤ ✐❤r❡ ◗✉❡rs✉♠♠❡
t❡✐❧❜❛r s✐♥❞✿ 10✱ 12✱ 18✱ 20✱ 21✱ 24✱ 27✱ 30✱ 36✱ 40✱ 42✱ 45✱ 48✱ 50✱ 54✱ 60✱ 63✱ 70✱
72✱ 80✱ 81✱ 84 ✉♥❞ 90✳

❱✳ ❋r❛❣❡ ♥❛❝❤ ❞❡r ❯❤r③❡✐t
❯♠ ✶✵✳✶✷ ❯❤r ❢r❛❣t ❞❡r ▼❛t❤❡❧❡❤r❡r ❍❡♠♣❡❧ s❡✐♥❡ ❙❝❤ü❧❡r✿ ✒❲✐❡✈✐❡❧ ❯❤r ✐st ❡s ✐♥
✷✵✷✵✷✵✷✵✷✵ ❙t✉♥❞❡♥❄✏
❇❡♠❡r❦✉♥❣✿ ❲✐r ✐❣♥♦r✐❡r❡♥ ❤✐❡r ❞✐❡ ❯♠st❡❧❧✉♥❣ ③✇✐s❝❤❡♥ ❲✐♥t❡r✲ ✉♥❞ ❙♦♠♠❡r③❡✐t✳ ✭❍✳❋✳✮

▲ös✉♥❣✿

2 020 202 020 : 24 = 84 175 084 + ❘❡st4 =⇒ ❊s ✐st ✶✹✳✶✷ ❯❤r✱ ❞❡♥♥

10.12 h + 84175084 h · 24
︸ ︷︷ ︸

❡♥ts♣r✐❝❤t ❛✉❢ ❞❡r ❯❤r ✵ ❙t✉♥❞❡♥

+4 h = 14.12 h✳

✶✾ ▼❖◆❖■❉ ✶✹✺



❱■✳ ❇r✉❝❤r❡❝❤♥❡♥ ♠✐t ❉♦♠✐♥♦st❡✐♥❡♥
▲✐♥❛ ✉♥❞ ❚❤✐❧♦ ü❜❡♥ ❣❡♠❡✐♥s❛♠ ❇r✉❝❤r❡❝❤♥❡♥ ✉♥❞ ✇❡✐❧ s✐❡ ❣❡r♥❡ s♣✐❡❧❡♥✱ ♥✉t③❡♥
s✐❡ ❞❛③✉ ❡✐♥ ❉♦♠✐♥♦s♣✐❡❧✱ ✇♦❜❡✐ s✐❡ ❛❧❧❡ ❉♦♠✐♥♦st❡✐♥❡ ♠✐t ❡✐♥❡r ✵ ❛✉ss♦rt✐❡rt ❤❛❜❡♥✳
❙✐❡ ③✐❡❤❡♥ ③✇❡✐ ❉♦♠✐♥♦st❡✐♥❡ ✉♥❞ ❧❡❣❡♥ ❞✐❡s❡ ❛✉❢r❡❝❤t ♥❡❜❡♥❡✐♥❛♥❞❡r✱ ❛❧s♦ s♦✱ ❞❛ss
❥❡✇❡✐❧s ❞✐❡ ❜❡✐❞❡♥ ❩❛❤❧❡♥ ❞❡s ❙t❡✐♥❡s ü❜❡r❡✐♥❛♥❞❡r❧✐❡❣❡♥✳ ❉✐❡s❡ ❙t❡✐♥❡ st❡❧❧❡♥ ❞❛♥♥
❇rü❝❤❡ ❞❛r ✉♥❞ ▲✐♥❛ ✉♥❞ ❚❤✐❧♦ ❜❡r❡❝❤♥❡♥ ❞✐❡ ❙✉♠♠❡ ✉♥❞ ✇❡♥♥ ♠ö❣❧✐❝❤ ❛✉❝❤ ❞✐❡
❉✐✛❡r❡♥③ ❞❡r ❜❡✐❞❡♥ ❇rü❝❤❡✳

❇❡✐s♣✐❡❧✿ ❆✉s ❞❡♥ ❉♦♠✐♥♦st❡✐♥❡♥ ❞❡r ♥❡❜❡♥st❡❤❡♥❞❡♥ ❆❜❜✐❧❞✉♥❣ ❡r✲
❣❡❜❡♥ s✐❝❤ ❞✐❡ ❆✉❢❣❛❜❡♥ 2

5 − 1
3 =

1
15 ✉♥❞ 2

5 +
1
3 =

11
15 ✳

▲✐♥❛ ✉♥❞ ❚❤✐❧♦ s✐t③❡♥ ❡✐♥❛♥❞❡r ❣❡❣❡♥ü❜❡r✳ ❙✐❡ ❤❛❜❡♥ ③✇❡✐ ❙t❡✐♥❡ ❣❡③♦❣❡♥ ✉♥❞ ❛✉❢
❞❡♥ ❚✐s❝❤ ❣❡❧❡❣t✳

▲✐♥❛ s✐❡❤t✿ ❚❤✐❧♦ s✐❡❤t✿

❛✮ ❆❧s s✐❡ ❥❡✇❡✐❧s ❞✐❡ ❙✉♠♠❡ ✉♥❞ ❞✐❡ ❉✐✛❡r❡♥③ ③✉ ❞❡r ❢ür s✐❡ s✐❝❤t❜❛r❡♥ ❆✉❢❣❛❜❡
❜❡r❡❝❤♥❡♥✱ ♠❛❝❤❡♥ ▲✐♥❛ ✉♥❞ ❚❤✐❧♦ ❡✐♥❡ ❊♥t❞❡❝❦✉♥❣✳ ❲❡❧❝❤❡❄

❜✮ ❊s ❣✐❜t ♥♦❝❤ ❛♥❞❡r❡ ❉♦♠✐♥♦st❡✐♥✲❑♦♠❜✐♥❛t✐♦♥❡♥ ♠✐t ❞✐❡s❡r ❊✐❣❡♥s❝❤❛❢t✳ ●✐❜
❛❧❧❡ ❞✐❡s❡ ❑♦♠❜✐♥❛t✐♦♥❡♥ ❛♥✳
❍✐♥✇❡✐s✿ ❉♦♠✐♥♦st❡✐♥❡ tr❛❣❡♥ ❛✉❢ ❞❡♥ ❜❡✐❞❡♥ ❍ä❧❢t❡♥ ❞❡r ❙t❡✐♥❡ ❡✐♥❡ ❞❡r ❩❛❤❧❡♥ ✈♦♥ ✵ ❜✐s ✻

✉♥❞ ❡s ❣✐❜t ③✉ ❥❡❞❡r ♠ö❣❧✐❝❤❡♥ ❑♦♠❜✐♥❛t✐♦♥ ❡✐♥❡♥ ❙t❡✐♥✳

❝✮ ❋♦r♠✉❧✐❡r❡ ♥✉♥ ❡✐♥❡ ❘❡❣❡❧✿ ❲✐❡ ♠✉ss ❞✐❡ ❇❡s❝❤r✐❢t✉♥❣ ❞❡r ❜❡✐❞❡♥ ❙t❡✐♥❡ ③✉✲
s❛♠♠❡♥❤ä♥❣❡♥✱ ❞❛♠✐t ❞✐❡s❡ ❊♥t❞❡❝❦✉♥❣ ❣❡♠❛❝❤t ✇❡r❞❡♥ ❦❛♥♥❄

✭▼●✮

▲ös✉♥❣✿

❛✮ ❚❤✐❧♦ r❡❝❤♥❡t 6
2 +

1
3 = 18

6 + 2
6 = 18+2

6 = 20
6 = 10

3 s♦✇✐❡ 6
2 − 1

3 = 18
6 − 2

6 =
18−2
6 = 16

6 = 8
3 ✳ ▲✐♥❛ ❤✐♥❣❡❣❡♥ r❡❝❤♥❡t 3

1 +
2
6 =

18
6 + 2

6 =
18+2
6 = 20

6 = 10
3 s♦✇✐❡

3
1 − 2

6 =
18
6 − 2

6 =
18−2
6 = 16

6 = 8
3 ✳

▲✐♥❛ ✉♥❞ ❚❤✐❧♦ ❡r❤❛❧t❡♥ ❛❧s♦ ❥❡✇❡✐❧s ❞✐❡s❡❧❜❡♥ ❊r❣❡❜♥✐ss❡✳

❜✮ ❲❡✐t❡r❡ ❑♦♠❜✐♥❛t✐♦♥❡♥ ♠✐t ❞❡r ❊✐❣❡♥s❝❤❛❢t✱ ❞❛ss s✐❡ ❜❡✐♠ ❉r❡❤❡♥ ❞❡r ❙t❡✐♥❡
❞✐❡s❡❧❜❡♥ ❊r❣❡❜♥✐ss❡ ❤❛❜❡♥✱ s✐♥❞ ✭❛❧s ❇rü❝❤❡ ❣❡s❝❤r✐❡❜❡♥✮✿

❼
1
1 ± 2

2 ✱
1
1 ± 3

3 ✱
1
1 ± 4

4 ✉♥❞ s♦ ✇❡✐t❡r ❜✐s 5
5 ± 6

6 ✳

❼
1
2 ± 4

2

❼
1
2 ± 6

3

❼
2
4 ± 6

3

❝✮ ❲❡♥♥ ❜❡✐❞❡ ❇rü❝❤❡ ❣❧❡✐❝❤ s✐♥❞ ♦❞❡r ✇❡♥♥ ❞❡r ❑❡❤r✇❡rt ❞❡s ❡✐♥❡♥ ❇r✉❝❤❡s
❞✉r❝❤ ❊r✇❡✐t❡r♥ ✭♦❞❡r ❑ür③❡♥✮ ❞❡♥ ❛♥❞❡r❡♥ ❇r✉❝❤ ❡r❣✐❜t✱ ❞❛♥♥ ❡r❣❡❜❡♥ s✐❝❤

▼❖◆❖■❉ ✶✹✺ ✷✵



❜❡✐♠ ❉r❡❤❡♥ ❞❡r ❜❡✐❞❡♥ ❉♦♠✐♥♦✲❙t❡✐♥❡ ❜❡✐♠ ❆❞❞✐❡r❡♥ ✉♥❞ ❙✉❜tr❛❤✐❡r❡♥ ❞✐❡✲
s❡❧❜❡♥ ❊r❣❡❜♥✐ss❡✿
❋ür ③✇❡✐ ❇rü❝❤❡ a

b
= c

d
✐st ❞✐❡s ❦❧❛r✳

❋ür a
b
6= c

d
❣✐❧t

a

b
± c

d
=

d

c
± b

a

⇐⇒ ad ± bc

bd
=

ad ± bc

ac

⇐⇒ 1

bd
=

1

ac

⇐⇒ a

b
=

d

c
=

nd

nc

❉✐❡ ❧❡t③t❡ ❩❡✐❧❡ ❜❡❞❡✉t❡t✱ ❞❛ss ❞❡r ❑❡❤r✇❡rt ❞❡s ❇r✉❝❤❡s c
d
❞✉r❝❤ ❊r✇❡✐t❡r♥ ♠✐t n

❞❡♥ ❛♥❞❡r❡♥ ❇r✉❝❤ a
b
❡r❣✐❜t✳

❱■■✳ ●❧❡✐❝❤s❡✐t✐❣❡ ❉r❡✐❡❝❦❡
■♥ ❡✐♥❡♠ ❛❝❤s❡♥s②♠♠❡tr✐s❝❤❡♥ ❚r❛♣❡③ ABCD ♠✐t
AB ||CD ✐st |∢BAC | = 60◦ ❣r♦ÿ✳ ❊s s❡✐ P ❞❡r ❙❝❤♥✐tt✲
♣✉♥❦t ❞❡r ❉✐❛❣♦♥❛❧❡♥ ✐♠ ❚r❛♣❡③ ✉♥❞ U ✱ V ✱ W s❡✐❡♥ ❞✐❡
▼✐tt❡❧♣✉♥❦t❡ ❞❡r ❙tr❡❝❦❡♥ PA✱ PD✱ BC ✳
❇❡❣rü♥❞❡✱ ❞❛ss ❣❡❧t❡♥✿

❛✮ △ABP ✉♥❞ △CDP s✐♥❞ ❣❧❡✐❝❤s❡✐t✐❣✱

❜✮ △UVW ✐st ❡❜❡♥❢❛❧❧s ❣❧❡✐❝❤s❡✐t✐❣✳ ✭❍✳❋✳✮

▲ös✉♥❣✿

❛✮ ❆✉s ❞❡r ❙②♠♠❡tr✐❡ ❞❡s ❚r❛♣❡③❡s ❢♦❧❣t✱ ❞❛ss |∢PBA| = 60◦ ❜❡trä❣t✳ ❆❧s♦ ✐st
❛✉❝❤ |∢APB | = 60◦ ✉♥❞ ❞❛❤❡r ❞❛s ❉r❡✐❡❝❦ △ABP ❣❧❡✐❝❤s❡✐t✐❣✳
❉✐❡ ❲✐♥❦❡❧ ∢DCA ✉♥❞ ∢PDC s✐♥❞ ❛❧s ❲❡❝❤s❡❧✇✐♥❦❡❧ ❛♥ ❞❡♥ P❛r❛❧❧❡❧❡♥ AB

✉♥❞ CD ❜❡✐❞❡ 60◦ ❣r♦ÿ✱ s♦❞❛ss ❛✉❝❤ ∢CPD 60◦ ❣r♦ÿ ✐st✳ ❋♦❧❣❧✐❝❤ ✐st △CDP

❣❧❡✐❝❤s❡✐t✐❣✳

❜✮ ■♠ △ABP ✐st ❞✐❡ ❙❡✐t❡♥❤❛❧❜✐❡r❡♥❞❡ BU ♦rt❤♦❣♦♥❛❧ ③✉ CA✱ ❞❡♥♥ ❞✐❡ ❙❡✐t❡♥✲
❤❛❧❜✐❡r❡♥❞❡ ❤❛❧❜✐❡rt ❛✉❝❤ ❞❡♥ ❲✐♥❦❡❧ ∢PBA✱ s♦❞❛ss ✐♠ ❉r❡✐❡❝❦ ABU ❣✐❧t
∢AUB = 180◦−∢BAU −∢UBA = 180◦− 60◦− 30◦ = 90◦✳ ❊❜❡♥s♦ s✐♥❞ ✐♠
△CDP ❞✐❡ ❙tr❡❝❦❡♥ CV ✉♥❞ BD ♦rt❤♦❣♦♥❛❧✳ ❉✐❡ P✉♥❦t❡ U ✉♥❞ V ❧✐❡❣❡♥ ❞❛✲
❤❡r ❛✉❢ ❡✐♥❡♠ ❚❤❛❧❡s❦r❡✐s ♠✐t ▼✐tt❡❧♣✉♥❦t W ✳ ❉❛r❛✉s ❢♦❧❣t✿ |WU | = |WV | =
1
2 |BC |✳
❲❡✐t❡r ✐st UV ||DA ✉♥❞ |UV | = 1

2 |AD| ✭❙tr❛❤❧❡♥s❛t③✮✳ ❲❡❣❡♥ |AD| = |BC |
✭❙②♠♠❡tr✐❡ ❞❡s ❚r❛♣❡③❡s ABCD✮ ❣✐❧t s♦♠✐t |UV | = 1

2 |BC |✳
■♥s❣❡s❛♠t ❣✐❧t ❛❧s♦ |WU | = |WV | = |UV |✱ s♦❞❛ss ❞❛s ❉r❡✐❡❝❦△UVW ❣❧❡✐❝❤✲
s❡✐t✐❣ ✐st✳

✷✶ ▼❖◆❖■❉ ✶✹✺



◆❡✉❡ ▼❛t❤❡s♣✐❡❧❡r❡✐❡♥
❋ür ❞✐❡ ❥ü♥❣❡r❡♥ ❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡♥ ✺✕✽

• ❇✐tt❡ ✐♠♠❡r ❡✐♥❡♥ ▲ös✉♥❣s✇❡❣✴❡✐♥❡ ❇❡❣rü♥❞✉♥❣ ❛♥❣❡❜❡♥✳

• ❙❝❤ü❧❡r✐♥♥❡♥ ✉♥❞ ❙❝❤ü❧❡r ❞❡r ❑❧❛ss❡♥st✉❢❡ ✾ ❞ür❢❡♥ ❞✐❡ ❆✉❢❣❛❜❡♥ ❡❜❡♥❢❛❧❧s ❧ös❡♥✱ ❡r❤❛❧t❡♥
❛❜❡r ♥✉r ❤❛❧❜❡ P✉♥❦t③❛❤❧✳ ❆❜ ❑❧❛ss❡♥st✉❢❡ ✶✵ ❣✐❜t ❡s ❦❡✐♥❡ P✉♥❦t❡ ♠❡❤r✳

• ❊✐♥s❡♥❞❡s❝❤❧✉ss✿ ✶✺✳ ▼❛✐ ✷✵✷✶✳

• ❲❡✐t❡r❡ ■♥❢♦r♠❛t✐♦♥❡♥ ❛✉❢ ❙❡✐t❡ ✷✳

■✳ ❆✉❣✉st✉s ❞❡ ▼♦r❣❛♥
❉❡r ❜r✐t✐s❝❤❡ ▼❛t❤❡♠❛t✐❦❡r ❆✉❣✉st✉s ❞❡ ▼♦r❣❛♥ ✇✉r❞❡ n ❏❛❤r❡ ❛❧t ✐♠ ❏❛❤r n2✳
❊r st❛r❜ ❛♠ ✶✽✳ ▼är③ ✶✽✼✶ ✐♥ ▲♦♥❞♦♥✳

❲❛♥♥ ✇✉r❞❡ ❡r ❣❡❜♦r❡♥❄

❍✐♥✇❡✐s✿ ❉✐❡ ❆✉❢❣❛❜❡ ✐st ♥❛tür❧✐❝❤ ♠❛t❤❡♠❛t✐s❝❤ ③✉ ❧ös❡♥✳ ◆❛❝❤s❝❤❛✉❡♥ ✐♥ ▲❡①✐❦❛ ♦❞❡r ❊♥③②✲

❦❧♦♣ä❞✐❡♥ ✇✐r❞ ♥✐❝❤t ❛❧s ▲ös✉♥❣ ❛❦③❡♣t✐❡rt✳ ✭▼●✮

■■✳ ❩❛❤❧❡♥ s❝❤r❡✐❜❡♥
❉✐❡ s❡❝❤s❥ä❤r✐❣❡ ❑❛❧❡❛ ❣❡❤t ③✇❛r ♥♦❝❤ ♥✐❝❤t ③✉r ❙❝❤✉❧❡✱ ❦❛♥♥ ❛❜❡r s❝❤♦♥ ❣❛♥③
t♦❧❧ ❩❛❤❧❡♥ s❝❤r❡✐❜❡♥✳ ❉✐❡s ③❡✐❣t s✐❡ ❤❡✉t❡ ✐❤r❡♠ ❖♥❦❡❧✱ ❞❡r ▼❛t❤❡♠❛t✐❦❧❡❤r❡r ✐st✳
❯♥❞ s♦ s❝❤r❡✐❜t s✐❡ ♥❛❝❤❡✐♥❛♥❞❡r ❢❡❤❧❡r❧♦s ❞✐❡ ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥ ❛✉❢ ❡✐♥ ❇❧❛tt✱
♦❤♥❡ ❞❛❜❡✐ ▲ü❝❦❡♥ ♦❞❡r ❚r❡♥♥③❡✐❝❤❡♥ ③✇✐s❝❤❡♥ ❞✐❡ ❩❛❤❧❡♥ ③✉ ♠❛❝❤❡♥✳ ❉✐❡ ❩❛❤✲
❧❡♥❦♦❧♦♥♥❡ ❜❡❣✐♥♥t ❛❧s♦ ♠✐t 1234...✱ s♣ät❡r ❢♦❧❣t ❜❡✐s♣✐❡❧s✇❡✐s❡ ...891011... ✉♥❞ s♦
✇❡✐t❡r✳

❛✮ ❆❧s ❑❛❧❡❛ ❛✉❢❤ört✱ ❤❛t s✐❡ ✻✾✼✼ ❩✐✛❡r♥ ♥♦t✐❡rt✳ ❲✐❡ ❧❛✉t❡♥ ❞✐❡ ❧❡t③t❡♥ ✈✐❡r
❩✐✛❡r♥ ✐♥ ❞✐❡s❡r ❑♦❧♦♥♥❡❄

❜✮ ❙t❡❤t ❞✐❡s❡ ❩✐✛❡r♥❢♦❧❣❡ ❛✉❝❤ s❝❤♦♥ ❢rü❤❡r ✐♥ ❞❡r ❩❛❤❧❡♥❦♦❧♦♥♥❡❄ ❊r❧ä✉t❡r❡
❉❡✐♥❡ ❊♥ts❝❤❡✐❞✉♥❣✳

❝✮ ❆♥ ✇❡❧❝❤❡r ❙t❡❧❧❡ ✐♥ ❞❡r ❩❛❤❧❡♥❦♦❧♦♥♥❡ st❡❤t ❞✐❡ ❩❛❤❧ 145 ✭♦❞❡r ✇ür❞❡ st❡❤❡♥✱
❢❛❧❧s ❑❛❧❡❛ ✈♦r❤❡r ❛✉❢❣❡❤ört ❤❛t ③✉ s❝❤r❡✐❜❡♥✮❄

✭▼●✮

■■■✳ ❊✐♥❡ ❜❡s♦♥❞❡r❡ ❉✐✛❡r❡♥③
❙t❡❧❧❡ ❞✐❡ ❏❛❤r❡s③❛❤❧ 2021 ❛❧s ❉✐✛❡r❡♥③ ③✇❡✐❡r ◗✉❛❞r❛t③❛❤❧❡♥ ❞❛r✱ ❛❧s♦ ✐♥ ❞❡r ❋♦r♠

2021 = a2 − b2.

●✐❜ ❛❧❧❡ s♦❧❝❤❡ ❉❛rst❡❧❧✉♥❣❡♥ ❛♥ ✉♥❞ ❜❡❣rü♥❞❡✱ ❞❛ss ❡s ❦❡✐♥❡ ✇❡✐t❡r❡♥ ❉❛rst❡❧❧✉♥✲
❣❡♥ ❣✐❜t✳ ✭▼●✮

▼❖◆❖■❉ ✶✹✺ ✷✷



■❱✳ ❲✐♥❦❡❧s✉♠♠❡♥
●❡❣❡❜❡♥ s✐♥❞ ❞✐❡ ❜❡✐❞❡♥ ❢♦❧❣❡♥❞❡♥ ❋✐❣✉r❡♥✱ ❡✐♥ ❉r❡✐❡❝❦ ✉♥❞ ❡✐♥ ❚r❛♣❡③ ✭❜❡✐❞❡
s✐♥❞ ❥❡❞♦❝❤ ♥✐❝❤t ♠❛ÿst❛❜s❣❡r❡❝❤t✮✿

❛✮ ❇❡st✐♠♠❡ ❞✐❡ ❙✉♠♠❡ ❞❡r ❜❡✐❞❡♥ ♠❛r❦✐❡rt❡♥ ❲✐♥❦❡❧ β′ ✉♥❞ γ′✱ ✇❡♥♥ ❞❡r ❲✐♥✲
❦❡❧ α = 40◦ ❣r♦ÿ ✐st✳

❜✮ ■♠ ❚r❛♣❡③ ❣✐❧t AB ‖ CD✳ ❇❡st✐♠♠❡ ❞✐❡ ❙✉♠♠❡ ❞❡r ❜❡✐❞❡♥ ♠❛r❦✐❡rt❡♥ ❲✐♥✲
❦❡❧ α′ ✉♥❞ δ′✱ ✇❡♥♥ ❞❡r ❲✐♥❦❡❧ α = 40◦ ❣r♦ÿ ✐st✳

✭▼●✮

❱✳ ❍❛✉s❛✉❢❣❛❜❡♥ ✈❡r❣❡ss❡♥
❆♥ ❥❡❞❡♠ ❞❡r ❯♥t❡rr✐❝❤tst❛❣❡ ✈♦♠ ✶✹✳ ❜✐s ✷✶✳ ▼är③ ✭✐♥ ❞✐❡s❡♥ ❚❛❣❡♥ ❣❛❜ ❡s ❦❡✐♥❡♥
❋❡✐❡rt❛❣✮ ❤❛tt❡♥ ✐♥ ❞❡r ❑❧❛ss❡ ✺❝ ❥❡❞❡♥ ❚❛❣ ❣❡♥❛✉ ❞r❡✐ ❙❝❤ü❧❡r ❦❡✐♥❡ ❍❛✉s❛✉❢❣❛✲
❜❡♥✳ ▼♦♥❛ ❤❛tt❡ ❛♥ ③✇❡✐ ❚❛❣❡♥✱ ■❞♦ ❛♥ ❞r❡✐ ❚❛❣❡♥ ✉♥❞ ▼❛t❤❡♦ ❛♥ ❣❡♥❛✉ ❢ü♥❢
❚❛❣❡♥ ❦❡✐♥❡ ❍❛✉s❛✉❢❣❛❜❡♥✳ ❉✐❡ ü❜r✐❣❡♥ ✈❡r❣❡ss❡♥❡♥ ❍❛✉s❛✉❢❣❛❜❡♥ ❤❛t ●❡r♦♠❡
③✉ ✈❡rs❝❤✉❧❞❡♥✳
❆♥ ✇✐❡ ✈✐❡❧❡♥ ❚❛❣❡♥ ❤❛tt❡ ●❡r♦♠❡ ❦❡✐♥❡ ❍❛✉s❛✉❢❣❛❜❡♥❄ ✭▼●✮

❱■✳ ❲❡tt❦❛♠♣❢❣r✉♣♣❡♥
❉✐❡ ▼❛t❤❡♠❛t✐❦✲❆● ❞❡s ▼❛rt✐♥✲▼❡tt❧❡r✲●②♠♥❛s✐✉♠s ❜❡s✉❝❤❡♥ ✶✻ ❙❝❤ü❧❡r✐♥♥❡♥
✉♥❞ ❙❝❤ü❧❡r✳ ❍❡✉t❡ ✇✐r❞ ❞♦rt ❡✐♥ ❑♦♣❢r❡❝❤❡♥✇❡tt❜❡✇❡r❜ ❞✉r❝❤❣❡❢ü❤rt✱ ❜❡✐ ❞❡♠
✐♠♠❡r ❩✇❡✐❡r❣r✉♣♣❡♥ ❣❡❣❡♥❡✐♥❛♥❞❡r ❛♥tr❡t❡♥✳
●❡♥❛✉ 2

3 ❛❧❧❡r ▼ä❞❝❤❡♥ tr❡t❡♥ ♠✐t ❡✐♥❡♠ ❏✉♥❣❡♥ ③✉s❛♠♠❡♥ ✐♠ ❲❡tt❦❛♠♣❢ ❛♥✱
✇ä❤r❡♥❞ ❣❡♥❛✉ 2

5 ❛❧❧❡r ❏✉♥❣❡♥ ❣❡♠❡✐♥s❛♠ ♠✐t ❡✐♥❡♠ ▼ä❞❝❤❡♥ ❛♥tr❡t❡♥✳

❛✮ ❲✐❡ ✈✐❡❧❡ ▼ä❞❝❤❡♥ ✉♥❞ ✇✐❡✈✐❡❧❡ ❏✉♥❣❡♥ ❜❡s✉❝❤❡♥ ❞✐❡ ▼❛t❤❡♠❛t✐❦✲❆●❄

❜✮ ●✐❜t ❡s ♠❡❤r ❣❡♠✐s❝❤t✲❣❡s❝❤❧❡❝❤t❧✐❝❤❡ ❩✇❡✐❡r❣r✉♣♣❡♥ ♦❞❡r ♠❡❤r ❣❧❡✐❝❤ ❣❡✲
s❝❤❧❡❝❤t❧✐❝❤❡ ●r✉♣♣❡♥❄

✭▼●✮

❱■■✳ ❩❛❤❧❡♥✲❑♥♦❜❡❧❡✐
❊rs❡t③❡ ❞✐❡ ❇✉❝❤st❛❜❡♥ A✱ B ✱ C ✉♥❞
D ❞✉r❝❤ ✈❡rs❝❤✐❡❞❡♥❡ ❩✐✛❡r♥✱ A 6= 0
s♦✱ ❞❛ss ❡✐♥❡ ❦♦rr❡❦t❡ ▼✉❧t✐♣❧✐❦❛t✐♦♥
③✇❡✐❡r ✈✐❡rst❡❧❧✐❣❡r ❩❛❤❧❡♥ ♠✐t ❡✐♥❡♠
❛❝❤tst❡❧❧✐❣❡♥ ❊r❣❡❜♥✐s ❡♥tst❡❤t✳ ✭❍✳❋✳✮

A B C D · A B C D

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

✷✸ ▼❖◆❖■❉ ✶✹✺



◆❡✉❡ ❆✉❢❣❛❜❡♥
❑❧❛ss❡♥ ✾✕✶✸

• ❇✐tt❡ ✐♠♠❡r ❡✐♥❡♥ ▲ös✉♥❣s✇❡❣✴❡✐♥❡ ❇❡❣rü♥❞✉♥❣ ❛♥❣❡❜❡♥✳

• ❆✉❝❤ ❥ü♥❣❡r❡ ❙❝❤ü❧❡r✐♥♥❡♥ ✉♥❞ ❙❝❤ü❧❡r ❞ür❢❡♥ t❡✐❧♥❡❤♠❡♥ ✉♥❞ ❡r❤❛❧t❡♥ P✉♥❦t❡✳

• ❊✐♥s❡♥❞❡s❝❤❧✉ss✿ ✶✺✳ ▼❛✐ ✷✵✷✶✳

• ❲❡✐t❡r❡ ■♥❢♦r♠❛t✐♦♥❡♥ ❛✉❢ ❙❡✐t❡ ✷✳

❆✉❢❣❛❜❡ ✶✷✻✵✿ ❩❛❤❧ ✉♥❞ ❙♣✐❡❣❡❧③❛❤❧

❙❝❤r❡✐❜t ♠❛♥ ❞✐❡ ❩✐✛❡r♥ ❡✐♥❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧ n ✐♥ ✉♠❣❡❦❡❤rt❡r ❘❡✐❤❡♥❢♦❧❣❡✱ s♦
❡r❤ä❧t ♠❛♥ ❞✐❡ ❙♣✐❡❣❡❧③❛❤❧ n′ ✈♦♥ n✳ ❩✉♠ ❇❡✐s♣✐❡❧ ✐st ❢ür n = 2021 ❞✐❡ ❙♣✐❡❣❡❧✲
③❛❤❧ n′ = 1202✳

◆✉♥ ❣❡❧t❡✿ ❉❛s Pr♦❞✉❦t ❡✐♥❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧ n ✉♥❞ ✐❤r❡r ❙♣✐❡❣❡❧③❛❤❧ n′ ✐st 78 445✳

❲✐❡ ❤❡✐ÿ❡♥ ❩❛❤❧ ✉♥❞ ❙♣✐❡❣❡❧③❛❤❧❄ ✭♥❛❝❤ ❍❋✮

❆✉❢❣❛❜❡ ✶✷✻✶✿ ▲ös✉♥❣s♣r♦❞✉❦t

▲ös❡ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥ ✉♥❞ ♠✉❧t✐♣❧✐③✐❡r❡ ❛♥s❝❤❧✐❡ÿ❡♥❞ ❛❧❧❡ ❡r❤❛❧t❡♥❡♥
▲ös✉♥❣❡♥✿

17 + 7x = 19 + 6x

−2y 2 + 6y + 27 = 7

z3 − 2z2 − z + 2 = 0

✭▼●✮

❆✉❢❣❛❜❡ ✶✷✻✷✿ ❊✐♥❡ ❙✐♥✉s✲❙✉♠♠❡

❇❡r❡❝❤♥❡

sin(1◦) + sin(2◦) + sin(3◦) + ... + sin(360◦).

✭▼●✮
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❆✉❢❣❛❜❡ ✶✷✻✸✿ ❋❧ä❝❤❡♥ ❡✐♥❡s ❙❡❝❤s❡❝❦s

■♥ ❞❡r ❋✐❣✉r ✐st CED ❡✐♥ r❡❝❤t✇✐♥❦❧✐❣❡s ❉r❡✐❡❝❦ ♠✐t
|CE | = a✱ |ED| = b ✉♥❞ |DC | =

√
a2 + b2✳ ABCD✱

CFGE ✉♥❞ DEHK s✐♥❞ ◗✉❛❞r❛t❡✳
❇❡st✐♠♠❡ ❞✐❡ ❋❧ä❝❤❡ ❞❡s ❙❡❝❤s❡❝❦s ABFGHK ✳ ✭❍✳❋✳✮

❆✉❢❣❛❜❡ ✶✷✻✹✿ ❱❡r❜✐♥❞✉♥❣❡♥ ✐♥ ❡✐♥❡♠ ◆❡t③✇❡r❦
■♥ ❡✐♥❡♠ ◆❡t③✇❡r❦ s❡✐❡♥ A✱ B ✉♥❞ C ❑♥♦t❡♥♣✉♥❦t❡✱
③✇✐s❝❤❡♥ ❞❡♥❡♥ ❞✐r❡❦t❡ ✉♥❞ ✐♥❞✐r❡❦t❡ ❱❡r❜✐♥❞✉♥❣❡♥
❜❡st❡❤❡♥✿ ❩✇✐s❝❤❡♥ A ✉♥❞ B ❣✐❜t ❡s ✽✷ ❱❡r❜✐♥❞✉♥✲
❣❡♥✱ ❞✐❡ ü❜❡r C ❧❛✉❢❡♥❞❡♥ ♠✐t❣❡③ä❤❧t❀ ③✇✐s❝❤❡♥ B

✉♥❞ C s✐♥❞ ✻✷ ❱❡r❜✐♥❞✉♥❣❡♥ ✈♦r❤❛♥❞❡♥ ✭❞✐❡ ü❜❡r A
♠✐t❣❡③ä❤❧t✮ ✉♥❞ ✈♦♥ A ♥❛❝❤ C ❣✐❜t ❡s ♠✐♥❞❡st❡♥s ✶✵
❱❡r❜✐♥❞✉♥❣❡♥ ✭❞✐❡ ü❜❡r B ♠✐t❣❡③ä❤❧t✮✳
❲✐❡ ✈✐❡❧❡ ❱❡r❜✐♥❞✉♥❣❡♥ ❣✐❜t ❡s ✈♦♥ A ♥❛❝❤ B ♦❤♥❡
❯♠✇❡❣❡ ü❜❡r C ✱ ✈♦♥ B ♥❛❝❤ C ♦❤♥❡ ❯♠✇❡❣❡ ü❜❡r
A ✉♥❞ ✈♦♥ A ♥❛❝❤ C ♦❤♥❡✱ ❜❡③✐❡❤✉♥❣s✇❡✐s❡ ♠✐t ❯♠✲
✇❡❣❡♥ ü❜❡r B❄ ✭❍✳❋✳✮

❆✉❢❣❛❜❡ ✶✷✻✺✿ ❆❜✉♥❞❛♥t❡ P♦t❡♥③❡♥
❊✐♥❡ ♥❛tür❧✐❝❤❡ ❩❛❤❧ n ❤❡✐ÿ❡ ❛❜✉♥❞❛♥t∗✱ ✇❡♥♥ ❢ür ❞✐❡ ❙✉♠♠❡ σ(n) ✐❤r❡r ❚❡✐❧❡r
σ(n) > 2n ❣✐❧t✳
❇❡✐s♣✐❡❧✿ n = 12 ✐st ❛❜✉♥❞❛♥t✱ ✇❡✐❧ σ(12) = 1+2+3+4+6+12 = 28 > 24 = 2·12
✐st✳
❊s s❡✐ ♥✉♥ a ❡✐♥❡ s♦❧❝❤❡ ❛❜✉♥❞❛♥t❡ ❩❛❤❧✳
❩❡✐❣❡✿ ❉❛♥♥ s✐♥❞ ❛✉❝❤ ❛❧❧❡ P♦t❡♥③❡♥ am ♠✐t m = 2, 3, 4, ... ❛❜✉♥❞❛♥t✳ ✭❍✳❋✳✮

❆✉❢❣❛❜❡ ✶✷✻✻✿ ❉❛s ❚❡tr❛❡❞❡r
❲✐r st❡❧❧❡♥ ✉♥s ❞✐❡ ✈✐❡r ❊❝❦❡♥ ❡✐♥❡s ❚❡tr❛❡❞❡rs ❛❧s ❑♥♦t❡♥ ✐♥ ❡✐♥❡♠ ●r❛♣❤❡♥ ✈♦r✳
❏❡ ③✇❡✐ ❊❝❦❡♥ ❞❡s ❚❡tr❛❡❞❡rs s✐♥❞ ❞❛♥♥ ❞✉r❝❤ ❡✐♥❡ ❑❛♥t❡ ✈❡r❜✉♥❞❡♥✳ ❉✐❡s ✐st
❡✐♥ ❙♣❡③✐❛❧❢❛❧❧ ❡✐♥❡s ✈♦❧❧stä♥❞✐❣❡♥ ●r❛♣❤❡♥✱ ❜❡✐ ❞❡♠ ❥❡❞❡s P❛❛r ✈♦♥ ❑♥♦t❡♥ ❞✐r❡❦t
♠✐t❡✐♥❛♥❞❡r ✈❡r❜✉♥❞❡♥ s✐♥❞✳ ❲✐r st❡❧❧❡♥ ✉♥s ♥✉♥ ✈♦r✱ ❞❛ss ❡✐♥ ♣❛❛r ❞❡r ❑❛♥t❡♥
❞✉r❝❤ ❡✐♥❡♥ ③✉❢ä❧❧✐❣❡♥ ❱♦r❣❛♥❣ ③❡rstört ✇✉r❞❡♥✳ ●❡♥❛✉❡r ❣❡❤❡♥ ✇✐r ❞❛✈♦♥ ❛✉s✱
❞❛ss ❢ür ❥❡❞❡ ❞❡r s❡❝❤s ❑❛♥t❡♥ ❡✐♥❡ ✭❣❡❢ä❧s❝❤t❡✮ ▼ü♥③❡ ❣❡✇♦r❢❡♥ ✇✉r❞❡✱ ❞✐❡ ♠✐t
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t p ✒❑♦♣❢✏ ③❡✐❣t ✲ ❞❛s ❩❡✐❝❤❡♥ ❞❛❢ür✱ ❞❛ss ❞✐❡ ❑❛♥t❡ ❜❧❡✐❜t✳ ❩❡✐❣t
❞✐❡ ▼ü♥③❡ ❤✐♥❣❡❣❡♥ ✒❩❛❤❧✏✱ s♦ ✇✐r❞ ❞✐❡ ❑❛♥t❡ ❡♥t❢❡r♥t✳ ❊s ❜❧❡✐❜t ❡✐♥ ●r❛♣❤ ❛✉s
✈✐❡r ❑♥♦t❡♥ ✉♥❞ ❡✐♥❡r ③✉❢ä❧❧✐❣❡♥ ▼❡♥❣❡ ✈♦♥ ❑❛♥t❡♥✳
∗ ❛❜✉♥❞❛♥t ✕ ❡t✇❛✿ ü❜❡r✢✐❡ÿ❡♥❞

✷✺ ▼❖◆❖■❉ ✶✹✺



a b

c

d

1

23

4 5

6

❚❡tr❛❡❞❡r ✈♦♥ ♦❜❡♥✳ ❊s ✐st d ❞❡r ●✐♣❢❡❧❀

a✱ b ✉♥❞ c ❜✐❧❞❡♥ ❞✐❡ ❇❛s✐s✳

▼✐t ✇❡❧❝❤❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✐st ❞❡r
●r❛♣❤ ✐♠♠❡r ♥♦❝❤ ✈❡r❜✉♥❞❡♥❄ ✭❉❛s
❤❡✐ÿt✱ ♠❛♥ ❦❛♥♥✱ ✇❡♥♥ ❛✉❝❤ ❡✈❡♥t✉❡❧❧
ü❜❡r ❡✐♥❡♥ ❯♠✇❡❣✱ ✈♦♥ ❥❡❞❡♠ ❑♥♦t❡♥✱ ③✉
❥❡❞❡♠ ❛♥❞❡r❡♥ ❑♥♦t❡♥ ❡♥t❧❛♥❣ ✈♦♥ ❑❛♥✲
t❡♥ ❣❡❧❛♥❣❡♥✳✮ ✭❆❝❑✮

●❡❧öst❡ ❆✉❢❣❛❜❡♥ ❛✉s ▼❖◆❖■❉ ✶✹✹
❑❧❛ss❡♥ ✾✕✶✸

❆✉❢❣❛❜❡ ✶✷✺✸✿ ▲ös✉♥❣ ❡✐♥❡r ●❧❡✐❝❤✉♥❣

❇❡st✐♠♠❡ ❞✐❡ ▲ös✉♥❣ ❞❡r ●❧❡✐❝❤✉♥❣
x − 1

2020
− x − 2

2019
+

x − 3

2018
− ... +

x − 2019

2
− x − 2020

1
= 0.

✭▼●✮

▲ös✉♥❣✿

❋♦r♠❡ ❞✐❡ ❣❡❣❡❜❡♥❡ ●❧❡✐❝❤✉♥❣ ✉♠✿
x−1
2020 − x−2

2019 +
x−3
2018 − ... + x−2019

2 − x−2020
1 = 0

⇐⇒
(
x−1
2020 − 1

)
−
(
x−2
2019 − 1

)
+
(
x−3
2018 − 1

)
−

... +
(
x−2019

2 − 1
)
−

(
x−2020

1 − 1
)
= 0

⇐⇒ x−2021
2020 − x−2021

2019 + x−2021
2018 − ... + x−2021

2 − x−2021
1 = 0

⇐⇒ (x − 2021) ·
(

1
2020 − 1

2019 +
1

2018 − ... + 1
2 − 1

1

)
= 0.

❉❛s Pr♦❞✉❦t ❛✉❢ ❞❡r ❧✐♥❦❡♥ ❙❡✐t❡ ❞❡r ●❧❡✐❝❤✉♥❣ ✐st ❣❡♥❛✉ ❞❛♥♥ 0✱ ✇❡♥♥ ❡✐♥❡r ❞❡r
❜❡✐❞❡♥ ❋❛❦t♦r❡♥ ❣❧❡✐❝❤ 0 ✐st✳ ❉✐❡s ❦❛♥♥ ❛❜❡r ♥✉r ❞❡r ❡rst❡ ❋❛❦t♦r x − 2021 s❡✐♥✳

❙♦♠✐t ✐st x = 2021✳

❆✉❢❣❛❜❡ ✶✷✺✹✿ ◆✉❧❧st❡❧❧❡♥♣r♦❞✉❦t

❇❡st✐♠♠❡ ❞❛s Pr♦❞✉❦t ❛❧❧❡r ◆✉❧❧st❡❧❧❡♥ ❞❡r ❋✉♥❦t✐♦♥ f ♠✐t ❞❡r ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣

f (x) =
√

∣
∣(5 + x) · (2− |x |) · |x − 101|

∣
∣.

✭▼●✮

▼❖◆❖■❉ ✶✹✺ ✷✻



▲ös✉♥❣✿
❉❡r ❋✉♥❦t✐♦♥s✇❡rt ✐st ❣❡♥❛✉ ❞❛♥♥ 0✱ ✇❡♥♥ ❡✐♥❡r ❞❡r ❋❛❦t♦r❡♥ ✐♠ ❘❛❞✐❦❛♥t ❞❡r
❲✉r③❡❧ 0 ✐st✳
❉❡r ❡rst❡ ❋❛❦t♦r (5+ x) ✇✐r❞ 0 ❢ür x = −5✱ ❞❡r ③✇❡✐t❡ ❋❛❦t♦r (2− |x |) ❛✉❢❣r✉♥❞
❞❡s ❇❡tr❛❣s ❢ür x = +2 ✉♥❞ x = −2 ✉♥❞ ❞❡r ❞r✐tt❡ ❋❛❦t♦r |x − 101| s❝❤❧✐❡ÿ❧✐❝❤
❢ür x = 101✳
❉❛♠✐t ✐st ❞❛s Pr♦❞✉❦t ❛❧❧❡r ◆✉❧❧st❡❧❧❡♥ (−5) · 2 · (−2) · 101 = 2020✳

❆✉❢❣❛❜❡ ✶✷✺✺✿ ❚❡✐❧❜❛r❦❡✐t ❞✉r❝❤ ✷✼✶
❲❡♥♥ ❞✐❡ ✺✲③✐✛r✐❣❡ ❩❛❤❧ n = abcde ❞✉r❝❤ ❞✐❡ Pr✐♠③❛❤❧ ✷✼✶ t❡✐❧❜❛r ✐st✱ ✐st ❞❛♠✐t
❛✉❝❤ ❞✐❡ ❩❛❤❧ m = bcdea ❞✉r❝❤ ✷✼✶ t❡✐❧❜❛r❄ ✭❍✳❋✳✮

▲ös✉♥❣✿
❲❡♥♥ t ❡✐♥ ❚❡✐❧❡r ✈♦♥ r ✐st✱ ❞❛♥♥ s❝❤r❡✐❜❡♥ ✇✐r t|r ✳
❆✉s 271|n ❢♦❧❣t 271|10n❀ ❢❡r♥❡r ❣✐❧t 271|(105 − 1)✳

❊s ❣✐❧t m = b · 104 + c · 103 + d · 102 + e · 10 + a s♦✇✐❡

n = a · 104 + b · 103 + c · 102 + d · 10 + e ✉♥❞ ❞❛❤❡r

10n = a · 105 + b · 104 + c · 103 + d · 102 + e · 10
= a · (105 − 1) + (b · 104 + c · 103 + d · 102 + e · 10 + a)

= a · (105 − 1) +m

❉❛ ♥✉♥ 271 ❚❡✐❧❡r ✈♦♥ 10n ✉♥❞ ✈♦♥ a · (105 − 1) ✐st✱ ✐st 271 ❛✉❝❤ ❡✐♥ ❚❡✐❧❡r ❞❡r
❩❛❤❧ m✳

❆❧t❡r♥❛t✐✈❡ ▲ös✉♥❣✿
❏❛✱ ❞❡♥♥ (abcde) · 10 + a − 105a = y · 271 · 10− a · 369 · 271

❆✉❢❣❛❜❡ ✶✷✺✻✿ ❊✐♥ ❘✉♥❞✇❡❣✲P♦❧②❣♦♥

❇❡✇❡✐s❡ ♦❞❡r ✇✐❞❡r❧❡❣❡ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✿
❊s ❣✐❜t ❡✐♥❡♥ ❣❡s❝❤❧♦ss❡♥❡♥ ✐♠ P✉♥❦t S ❜❡❣✐♥♥❡♥❞❡♥
✉♥❞ ❡♥❞❡♥❞❡♥ ❲❡❣ W ✱ ❞❡r ❥❡❞❡ ❙❡✐t❡ ❡✐♥❡s ❥❡❞❡♥ ❞❡r
s❡❝❤s P♦❧②❣♦♥❡ ❞❡r ❋✐❣✉r ❣❡♥❛✉ ❡✐♥♠❛❧ ③✇✐s❝❤❡♥ ❞❡♥
❊❝❦♣✉♥❦t❡♥ ❞❡r ❥❡✇❡✐❧✐❣❡♥ ❙❡✐t❡ ❦r❡✉③t✳ ✭❍✳❋✳✮

❙

❆
❇
❈

❉
❊

▲ös✉♥❣✿
❆♥♥❛❤♠❡✿ ❊s ❣✐❜t ❡✐♥❡♥ ❲❡❣ W ✳ ❲❡♥♥ ❞❛♥♥ ❞❡r ❲❡❣ W ❞✐❡ ❙❡✐t❡ ❡✐♥❡s P♦❧②❣♦♥s
❦r❡✉③t ✉♥❞ s♦ ✐♥ s❡✐♥ ■♥♥❡♥❣❡❜✐❡t ❣❡❧❛♥❣t✱ s♦ ♠✉ss W ❞✐❡s❡s ■♥♥❡♥❣❡❜✐❡t ❛✉❝❤
✇✐❡❞❡r ✈❡r❧❛ss❡♥ ✕ ✇♦❜❡✐ ❡r ❡✐♥❡ ❛♥❞❡r❡ ❙❡✐t❡ ❞❡s P♦❧②❣♦♥s ❦r❡✉③❡♥ ♠✉ss✳
❉❛r❛✉s ❢♦❧❣t ♠✐t ❞❡r ❆♥♥❛❤♠❡✿ ❏❡❞❡s ❞❡r s❡❝❤s P♦❧②❣♦♥❡ ❜❡s✐t③t ❣❡r❛❞③❛❤❧✐❣ ✈✐❡❧❡
❙❡✐t❡♥✳ ❉❛s ❛❜❡r tr✐✛t ❢ür ❞❛s ❋ü♥❢❡❝❦ ABCDE ♥✐❝❤t ③✉✳ ❙♦♠✐t ❦❛♥♥ ❡s ❡✐♥❡♥
❲❡❣ W ♥✐❝❤t ❣❡❜❡♥✳ ❉❛♠✐t ✐st ❞✐❡ ❆♥♥❛❤♠❡ ✉♥❞ ❢♦❧❣❧✐❝❤ ❛✉❝❤ ❞✐❡ ❇❡❤❛✉♣t✉♥❣
✇✐❞❡r❧❡❣t✳

✷✼ ▼❖◆❖■❉ ✶✹✺



❆✉❢❣❛❜❡ ✶✷✺✼✿ ✭❑✮❡✐♥❡ ❋r❛❣❡ ❞❡s ❆❧t❡rs

❱♦♥ ❞❡♥ ❢♦❧❣❡♥❞❡♥ ❆✉ss❛❣❡♥ ü❜❡r ❞❛s ❆❧t❡r ✈♦♥ ❞r❡✐ ✈❡rs❝❤✐❡❞❡♥ ❛❧t❡♥ ❑✐♥❞❡r♥ ✐st
❣❡♥❛✉ ❡✐♥❡ ❢❛❧s❝❤✿

✭✶✮ ❆♥♥❛ ✐st ä❧t❡r ❛❧s ❇❡tt✐♥❛✳

✭✷✮ ❈❤r✐st❛ ✐st ä❧t❡r ❛❧s ❆♥♥❛✳

✭✸✮ ❈❤r✐st❛ ✐st ❥ü♥❣❡r ❛❧s ❇❡tt✐♥❛✳

✭✹✮ ❇❡tt✐♥❛ ✉♥❞ ❈❤r✐st❛ s✐♥❞ ③✉s❛♠♠❡♥ ❞♦♣♣❡❧t s♦ ❛❧t ✇✐❡ ❆♥♥❛✳

❲❡r ✈♦♥ ❞❡♥ ❉r❡✐❡♥ ✐st ❞✐❡ ❏ü♥❣st❡ ✉♥❞ ✇❡r ✐st ❞✐❡ ➘❧t❡st❡❄ ✭❍❋✮

▲ös✉♥❣✿

▼✐t A✱ B ✉♥❞ C s❡✐❡♥ ❞❛s ❆❧t❡r ✈♦♥ ❆♥♥❛✱ ❇❡tt✐♥❛ ✉♥❞ ❈❤r✐st❛ ❜❡③❡✐❝❤♥❡t✳

❲✐r ♥❡❤♠❡♥ ❛♥✱ ❞❛ss ❆✉ss❛❣❡ ✭✸✮ ✇❛❤r s❡✐❀ ❡s ❣❡❧t❡ ❛❧s♦ C < B ✳

❋❛❧❧s ❆✉ss❛❣❡ ✭✷✮ ✇❛❤r ✐st✱ ❞❛♥♥ ❣✐❧t A < C < B ✱ ✉♥❞ ❞❛❤❡r ✐st ❆✉ss❛❣❡ ✭✶✮
A > B ❢❛❧s❝❤✳ ❩✉❣❧❡✐❝❤ ✐st ❛❜❡r 2A = A + A < A + B < C + B ✉♥❞ ❞❛❤❡r ✐st
❛✉❝❤ ❆✉ss❛❣❡ ✭✹✮ ❢❛❧s❝❤✳ ❉❛♠✐t s✐♥❞ ③✇❡✐ ❆✉ss❛❣❡♥✱ ♥ä♠❧✐❝❤ ✭✶✮ ✉♥❞ ✭✹✮✱ ❢❛❧s❝❤
✐♠ ❲✐❞❡rs♣r✉❝❤ ③✉r ❱♦r❛✉ss❡t③✉♥❣✳

❉❛❤❡r ✐st ❆✉ss❛❣❡ ✭✷✮ ❢❛❧s❝❤✳ ❆❧s♦ ✐st C < A ✉♥❞ ❞❛❤❡r ♠✐t C + A < A + A =
2A = B + C ✇❡❣❡♥ ❆✉ss❛❣❡ ✭✹✮ s❝❤❧✐❡ÿ❧✐❝❤ A < B ✳ ❉❛♥♥ ✐st ❛❜❡r ❆✉ss❛❣❡ ✭✶✮
❢❛❧s❝❤✳ ❉❛ ③✇❡✐ ❢❛❧s❝❤❡ ❆✉ss❛❣❡♥✱ ♥ä♠❧✐❝❤ ✭✷✮ ✉♥❞ ✭✶✮✱ ♥✐❝❤t ♠ö❣❧✐❝❤ s✐♥❞✱ ✐st
s♦♠✐t ❞✐❡ ❆♥♥❛❤♠❡ ❢❛❧s❝❤✳

❙♦♠✐t ✐st ❞✐❡ ❆✉ss❛❣❡ ✭✸✮ ❢❛❧s❝❤✳ ❉❛❤❡r s✐♥❞ ❞✐❡ ❆✉ss❛❣❡♥ ✭✶✮✱ ✭✷✮ ✉♥❞ ✭✹✮ ✉♥❞
❞✐❡ ◆❡❣❛t✐♦♥ ❞❡r ❞r✐tt❡♥ ❆✉ss❛❣❡✱ ❛❧s♦ B < C ✱ ✇❛❤r✳
❆✉s ❆✉ss❛❣❡♥ ✭✶✮ ✉♥❞ ✭✷✮ ❢♦❧❣t✿ B < A < C ✳

❆❧s♦ ✐st ❇❡tt✐♥❛ ❞✐❡ ❥ü♥❣st❡ ❞❡r ❑✐♥❞❡r✱ ❈❤r✐st❛ ✐st ❞❛s ä❧t❡st❡ ❑✐♥❞✳

❆✉❢❣❛❜❡ ✶✷✺✽✿ ❑r❡✐s ✐♠ ❙❡❦t♦r

❊s s❡✐ k1 ❡✐♥ ❑r❡✐s ♠✐t ▼✐tt❡❧♣✉♥❦t A ✉♥❞ ❘❛❞✐✉s r1❀
❢❡r♥❡r s❡✐ s = ABC ❡✐♥ ❙❡❦t♦r ✈♦♥ k1 ♠✐t ❡✐♥❡♠
❲✐♥❦❡❧ ✈♦♥ 60◦ ❜❡✐♠ P✉♥❦t A✳
■♥ ❞❡♥ ❙❡❦t♦r s s❡✐ ❡✐♥ ❦❧❡✐♥❡r ❑r❡✐s k2 ❣❡③❡✐❝❤♥❡t✱
❞❡r ❞✐❡ ❙tr❡❝❦❡♥ AB ✉♥❞ AC ✱ s♦✇✐❡ ❞❡♥ ❇♦❣❡♥ BC

❜❡rü❤rt✳
❲✐❡ ❣r♦ÿ ✐st ❞✐❡ s❝❤r❛✣❡rt❡ ❋❧ä❝❤❡❄ ✭❍✳❋✳✮

▼❖◆❖■❉ ✶✹✺ ✷✽



▲ös✉♥❣✿

▼❛♥ ③❡✐❝❤♥❡ ✐♥ ❞❡♥ ❙❡❦t♦r ❍✐❧❢s❧✐♥✐❡♥ ✇✐❡ ✐♥ ❞❡r ❆❜❜✐❧❞✉♥❣✳
❉❛♥♥ s♣✐❡❣❡❧t ♠❛♥ ❞❛s ❉r❡✐❡❝❦ ADM ❛♥ ❞❡r ❙tr❡❝❦❡
AB ✱ M ▼✐tt❡❧♣✉♥❦t ❞❡s ❑r❡✐s❡s k2✳
❆✉s ●rü♥❞❡♥ ❞❡r ❙②♠♠❡tr✐❡ ❣✐❧t ∢MAD =
1
2∢CAD = 30◦✳ ❋♦❧❣❧✐❝❤ ✐st ∢MAM ′ = 60◦✳ ❙♦♠✐t
✐st ❞❛s ❣❧❡✐❝❤s❝❤❡♥❦❧✐❣❡ ❉r❡✐❡❝❦ MAM ′ ❣❧❡✐❝❤s❡✐t✐❣✳
❲❡❣❡♥ |AM | = |MM ′| = 2r2 ❢♦❧❣t ❞❛♥♥ ❛✉s r1 =
|AM |+ |ME | = 2r2 + r2✱ ❞❛ss r2 = 1

3r1 ✐st✳
❉✐❡ s❝❤r❛✣❡rt❡ ❋❧ä❝❤❡ f ❤❛t s♦♠✐t ❞❡♥ ■♥❤❛❧t✿

|f | = |s| − |k2| =
1

6
πr 21 − πr 22

= π

(
1

6
r 21 − 1

9
r 21

)

=
1

18
πr 21 .

❆✉❢❣❛❜❡ ✶✷✺✾✿ ❊✐♥❡ ❙✉♠♠❡ ❛✉s ◗✉❛❞r❛t③❛❤❧❡♥
❉✐❡ ❩❛❤❧❡♥ 1✱ 2✱ 3✱ ✳✳✳✱ n s❡✐❡♥ ✐♥ ❜❡❧✐❡❜✐❣❡r ❘❡✐❤❡♥❢♦❧❣❡ ♠✐t c1✱ c2✱ c3✱ ✳✳✳✱ cn
❜❡③❡✐❝❤♥❡t✳
❲❡✐s❡ ♥❛❝❤✱ ❞❛ss ❞❛♥♥ (c1 + 1)2 + (c2 + 2)2 + (c3 + 3)2 + ... + (cn + n)2 st❡ts
❡✐♥❡ ❣❡r❛❞❡ ❩❛❤❧ ✐st✳ ✭❍✳❋✳✮

▲ös✉♥❣✿

❊s ✐st

(c1 + 1)2 + (c2 + 2)2 + (c3 + 3)2 + ... + (cn + n)2

=c21 + c22 + ... + c2n + 2 · (c1 + 2c2 + 3c3 + ... + ncn) + 12 + 22 + ... + n2

=2 · (12 + 22 + 32 + ... + n2) + 2 · (c1 + 2c2 + 3c3 + ... + ncn)

▼❛♥ ❜❡❛❝❤t❡ ❤✐❡r❜❡✐✱ ❞❛ss ❞✐❡ c21 , c
2
2 , c

2
3 , ..., c

2
n ✐♥ ✐r❣❡♥❞❡✐♥❡r ❘❡✐❤❡♥❢♦❧❣❡ ♠✐t ❞❡♥

❩❛❤❧❡♥ 12, 22, 32, ..., n2 ü❜❡r❡✐♥st✐♠♠❡♥✳

❆✉❢❣❛❜❡ ✶✷✻✵✿ ❲❛❤rs❝❤❡✐♥❧✐❝❤ st✉♠♣❢✇✐♥❦❧✐❣
E1✱ E2 ✉♥❞ E3 s❡✐❡♥ ③✉❢ä❧❧✐❣ ❣❡✇ä❤❧t❡ ❊❝❦❡♥ ❡✐♥❡s r❡❣❡❧♠äÿ✐❣❡♥ n✲❊❝❦s✳

❛✮ ❊s s❡✐ n ❣❡r❛❞❡✱ ❛❧s♦ n = 2m✳ ▼✐t ✇❡❧❝❤❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❜✐❧❞❡♥ E1,E2

✉♥❞ E3 ❡✐♥ st✉♠♣❢✇✐♥❦❧✐❣❡s ❉r❡✐❡❝❦❄

❜✮ ❇❡❛♥t✇♦rt❡ ❞✐❡ ❣❧❡✐❝❤❡ ❋r❛❣❡ ❢ür ✉♥❣❡r❛❞❡s n = 2m + 1✳

❝✮ ❇❡❛♥t✇♦rt❡ ❞✐❡ ❣❧❡✐❝❤❡ ❋r❛❣❡✱ ✇❡♥♥ ❞❛s n✲❊❝❦ ✈♦♥ n ❛✉❢ ❡✐♥❡♠ ❑r❡✐s ③✉❢ä❧❧✐❣
❣❡✇ä❤❧t❡♥ P✉♥❦t❡♥ ❣❡❜✐❧❞❡t ✇✐r❞✳ ✭❲❏❇✮

▲ös✉♥❣✿

❉❛s ❉r❡✐❡❝❦ ✐st ❣❡♥❛✉ ❞❛♥♥ st✉♠♣❢✇✐♥❦❧✐❣✱ ✇❡♥♥ ✈♦♥ ❡✐♥❡r s❡✐♥❡r ❊❝❦❡♥ ❛✉s ❣❡s❡✲
❤❡♥ ❞✐❡ ❛♥❞❡r❡♥ ❜❡✐❞❡♥ ❊❝❦❡♥ ✐♠ ❯❤r③❡✐❣❡rs✐♥♥ ❣❡s❡❤❡♥ ❛✉❢ ❞❡♠ ❡❝❤t❡♥ ❍❛❧❜❦r❡✐s
❧✐❡❣❡♥✳ ❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❞❛❢ür s❡✐ P1✳ ❉❛s ❜❡s❝❤r✐❡❜❡♥❡ ❊r❡✐❣♥✐s ❦❛♥♥ ♥✐❝❤t

✷✾ ▼❖◆❖■❉ ✶✹✺



❣❧❡✐❝❤③❡✐t✐❣ ❢ür ♠❡❤r ❛❧s ❡✐♥❡ ❞❡r ❞r❡✐ ❊❝❦❡♥ ❛✉❢tr❡t❡♥✳ ❆❧s♦ ✐st ❞✐❡ ❣❡s✉❝❤t❡ ❲❛❤r✲
s❝❤❡✐♥❧✐❝❤❦❡✐t P = 3P1✳

❛✮ ❇❡✐ ❣❡r❛❞❡♠ n ❧✐❡❣❡♥ ✐♥ ❞✐❡s❡♠ ❍❛❧❜❦r❡✐s m − 1 ❞❡r 2m − 1 P✉♥❦t❡ ✭♦❤✲
♥❡ ❞✐❡ ✈♦r❣❡❣❡❜❡♥❡ ❊❝❦❡✮✳ ❊s ❣✐❜t ❛❧s♦ (m − 1)(m − 2) ▼ö❣❧✐❝❤❦❡✐t❡♥ ❞✐❡s❡
❛✉s③✉✇ä❤❧❡♥ ✈♦♥ ✐♥s❣❡s❛♠t (2m − 1)(2m − 2) ▼ö❣❧✐❝❤❦❡✐t❡♥✳
❉❛r❛✉s ❡r❣✐❜t s✐❝❤ P = 3P1 = 3 (m−1)(m−2)

(2m−1)(2m−2) =
3
2 · m−2

2m−1 ✳

❜✮ ❇❡✐ ✉♥❣❡r❛❞❡♠ n = 2m+1 ❧✐❡❣❡♥ m ✈♦♥ ✐♥s❣❡s❛♠t 2m P✉♥❦t❡♥ ✐♠ ❍❛❧❜❦r❡✐s✱
❛❧s♦ ✐st ❤✐❡r P = 3P1 = 3 m(m−1)

2m(2m−1) ✳

❝✮ ❉❛ ❞✐❡ P✉♥❦t❡ ❛❧❧❡ ③✉❢ä❧❧✐❣ ❣❡✇ä❤❧t ✇✉r❞❡♥✱ ✇✐r❞ ❞❛s ❉r❡✐❡❝❦ ❥❡t③t ❛✉s ❞r❡✐
③✉❢ä❧❧✐❣ ❛✉❢ ❞❡♠ ❑r❡✐s ❣❡✇ä❤❧t❡♥ P✉♥❦t❡♥ ❣❡❜✐❧❞❡t✳
❍✐❡r ✐st ❥❡✇❡✐❧s P1 =

(
1
2

)2
= 1

4 ✉♥❞ P = 3P1 =
3
4

❇❡♠❡r❦✉♥❣✿ ■♥ ❛✮ ✉♥❞ ❜✮ ✐st ❞❡r ●r❡♥③✇❡rt ✈♦♥ P ❢ür n → ∞ ❡❜❡♥❢❛❧❧s 3
4 ✳

❊✐♥❡ ✒❇❡ss❡r✇✐ss❡r❡✐✏
③✉ ❙❝❤❛❧ts❡❦✉♥❞❡♥

❊✐♥❡ ❛❧t❡r♥❛t✐✈❡ ▲ös✉♥❣ ③✉r ▼❛t❤❡s♣✐❡❧❡r❡✐
✒❋r❛❣❡ ♥❛❝❤ ❞❡r ❯❤r③❡✐t✏

✈♦♥ ❆❝❤✐♠ ❑❧❡♥❦❡

❲✐r ❜❡tr❛❝❤t❡♥ ♥♦❝❤♠❛❧ ❞✐❡ ▼❛t❤❡s♣✐❡❧❡r❡✐ ❱✳ ✒❋r❛❣❡ ♥❛❝❤ ❞❡r ❯❤r③❡✐t✏ ❛✉s ▼❖◆❖■❉✲
❍❡❢t ✶✹✹ ✭▲ös✉♥❣ ✐♥ ❞✐❡s❡♠ ❍❡❢t ❛✉❢ ❙❡✐t❡ ✶✾✮✿

❯♠ ✶✵✳✶✷ ❯❤r ❢r❛❣t ❞❡r ▼❛t❤❡❧❡❤r❡r ❍❡♠♣❡❧ s❡✐♥❡ ❙❝❤ü❧❡r✿ ❲✐❡✈✐❡❧ ❯❤r
✐st ❡s ✐♥ ✷✵✷✵✷✵✷✵✷✵ ❙t✉♥❞❡♥❄
❇❡♠❡r❦✉♥❣✿ ❲✐r ✐❣♥♦r✐❡r❡♥ ❤✐❡r ❞✐❡ ❯♠st❡❧❧✉♥❣ ③✇✐s❝❤❡♥ ❲✐♥t❡r✲ ✉♥❞ ❙♦♠♠❡r③❡✐t✳

✭❍✳❋✳✮

❆❧s ♦✛❡♥s✐❝❤t❧✐❝❤❡ ▲ös✉♥❣ ❤❛❜❡♥ ✇✐r ❛♥❣❡❣❡❜❡♥✿ ✷✵✷✵✷✵✷✵✷✵ ❣❡t❡✐❧t ❞✉r❝❤ ✷✹ ❤❛t
❘❡st ✹✳ ❆❧s♦ ✇✐r❞ ❡s ✶✹✿✶✷ ❯❤r s❡✐♥✳ ❉❛❜❡✐ ❜❧❡✐❜t ✉♥❜❡rü❝❦s✐❝❤t✐❣t✱ ❞❛ss ♠ö❣❧✐✲
❝❤❡r✇❡✐s❡ ❡✐♥❡ ❯♠st❡❧❧✉♥❣ ❛✉❢ ❙♦♠♠❡r✲ ♦❞❡r ❲✐♥t❡r③❡✐t ❡✐♥❡ ❱❡rs❝❤✐❡❜✉♥❣ ✉♠
❡✐♥❡ ❙t✉♥❞❡ ❜r✐♥❣t✳∗ ❇❡✐ ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r ❯❤r✉♠st❡❧❧✉♥❣❡♥ ✇är❡♥ ✶✸✿✶✷ ❯❤r
♦❞❡r ✶✺✿✶✷ ❯❤r ❡❜❡♥❢❛❧❧s ♠ö❣❧✐❝❤✳

❙❝❤❛❧ts❡❦✉♥❞❡♥✿ ✶✾✿✹✽ ❯❤r

❆❧❧❡ ✈✐❡r ❏❛❤r❡ ✐st ❡✐♥ ❙❝❤❛❧t❥❛❤r✱ ❞❛s ♥✉r ❛✉s❢ä❧❧t✱ ✇❡♥♥ ❞✐❡ ❏❛❤r❡s③❛❤❧ ❞✉r❝❤ ✶✵✵✱
❛❜❡r ♥✐❝❤t ❞✉r❝❤ ✹✵✵ t❡✐❧❜❛r ✐st✳ ■♥ ❡✐♥❡♠ ❩②❦❧✉s ✈♦♥ ✹✵✵ ❏❛❤r❡♥ ✇✐❡❞❡r❤♦❧t s✐❝❤
❛❧s♦ ❞✐❡ ❆❜❢♦❧❣❡ ✈♦♥ ❙❝❤❛❧t❥❛❤r❡♥✱ ✉♥❞ ✐♥ ❞✐❡s❡♠ ❩②❦❧✉s ❣✐❜t ❡s ✾✼ ❙❝❤❛❧t❥❛❤r❡✳
❉✐❡ ❙❝❤❛❧t❥❛❤r❡ ❜❡❡✐♥✢✉ss❡♥ ❞❛s ❊r❣❡❜♥✐s ♥✐❝❤t✱ ❛❜❡r ❡s ✇❡r❞❡♥ ③✉❞❡♠ ✉♥❣❡❢ä❤r
❛❧❧❡ ✶✽ ▼♦♥❛t❡ ❙❝❤❛❧ts❡❦✉♥❞❡♥ ❡✐♥❣❡❢ü❣t✱ ✉♠ ❆❜✇❡✐❝❤✉♥❣❡♥ ❞❡r ❊r❞r♦t❛t✐♦♥ ✈♦♠
∗ ❉✐❡s ✇❛r ❛❧s ❇❡♠❡r❦✉♥❣ s♦ ❛♥❣❡❣❡❜❡♥✳

▼❖◆❖■❉ ✶✹✺ ✸✵



❡①❛❦t❡♥ ✷✹✲❙t✉♥❞❡♥✲❘❤②t❤♠✉s ❛✉s③✉❣❧❡✐❝❤❡♥✳ ❉✐❡s❡ ❙❝❤❛❧ts❡❦✉♥❞❡♥ ❛❞❞✐❡r❡♥ s✐❝❤
ü❜❡r ❞✐❡ P❡r✐♦❞❡ ✈♦♥ ✷✵✷✵✷✵✷✵✷✵ ❙t✉♥❞❡♥ ❛✉❢ ✉♥❞ ❢ü❤r❡♥ ③✉ ❡✐♥❡r ❛♥❞❡r❡♥ ❯❤r③❡✐t✳
❯♠ ❞✐❡ ❆♥③❛❤❧ ❞❡r ❏❛❤r❡ ③✉ ❡r♠✐tt❡❧♥✱ ❞✐❡ ✷✵✷✵✷✵✷✵✷✵ ❙t✉♥❞❡♥ ❡♥ts♣r❡❝❤❡♥✱
❡r♠✐tt❡❧♥ ✇✐r ③✉♥ä❝❤st ❞✐❡ ❞✉r❝❤s❝❤♥✐tt❧✐❝❤❡ ❆♥③❛❤❧ ✈♦♥ ❚❛❣❡♥ ✉♥❞ ❙t✉♥❞❡♥✱ ❞✐❡
❡✐♥ ❏❛❤r ❤❛t✳ ❊✐♥ ❩②❦❧✉s ✈♦♥ ✹✵✵ ❏❛❤r❡♥ ❤❛t ✾✼ ❙❝❤❛❧t❥❛❤r❡ ♠✐t ✸✻✻ ❚❛❣❡♥ ✉♥❞ ✸✵✸
◆✐❝❤t✲❙❝❤❛❧t✲❏❛❤r❡ ♠✐t ✸✻✺ ❚❛❣❡♥✱ ✐♥s❣❡s❛♠t ❛❧s♦ ✶✹✻ ✵✾✼ ❚❛❣❡ ❥❡ ✷✹ ❙t✉♥❞❡♥✳
❚❡✐❧❡♥ ✇✐r ❞✐❡s ❞✉r❝❤ ✹✵✵✱ s♦ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❞✉r❝❤s❝❤♥✐tt❧✐❝❤❡ ❩❛❤❧ ✈♦♥ ❙t✉♥❞❡♥
❡✐♥❡s ❏❛❤r❡s

24 · 146 097
400

= 8765,82 ✭❙t✉♥❞❡♥ ♣r♦ ❏❛❤r✮.

❉❡r ❉❡③✐♠❛❧❜r✉❝❤ ✐st ❞❛❜❡✐ ❡①❛❦t✳ ❉✐❡ ✷✵✷✵✷✵✷✵✷✵ ❙t✉♥❞❡♥ ❡r❣❡❜❡♥ ❛❧s♦

2020202020 · 400

24 · 146 097 =
101010101000

438291
≈ 230 463,5528 ✭❏❛❤r❡✮.

◆❛❝❤ ❞✉r❝❤s❝❤♥✐tt❧✐❝❤ 1,5 ❏❛❤r❡♥ ✇✐r❞ ❡✐♥❡ ❙❝❤❛❧ts❡❦✉♥❞❡ ❡✐♥❣❡❢ü❣t✳ ❇❡✐ ❞✐❡s❡r
❆♥③❛❤❧ ✈♦♥ ❏❛❤r❡♥ s✐♥❞ ❞✐❡s

230 463,5528

1,5
≈ 153 642,3685 ✭❙❡❦✉♥❞❡♥✮.

❊s ✇❡r❞❡♥ ❛❧s♦ ✶✺✸ ✻✹✷ ❙❝❤❛❧ts❡❦✉♥❞❡♥ ❡✐♥❣❡❢ü❣t✳ ❉✐❡s s✐♥❞ ✶ ❚❛❣ ✭✽✻ ✹✵✵ ❙❡✲
❦✉♥❞❡♥✮✱ ✶✽ ❙t✉♥❞❡♥ ✭18 · 3 600 = 64 800✮✱ ✷✹ ▼✐♥✉t❡♥ ✭24 · 60 = 1 440✮ ✉♥❞
✷ ❙❡❦✉♥❞❡♥✳ ◆❛❝❤ ❞❡r ♦✛❡♥s✐❝❤t❧✐❝❤❡♥ ▲ös✉♥❣ ✇är❡ ❡s ♥❛❝❤ ❆❜❧❛✉❢ ❞❡r ✷✵✷✵✷✵✷✵✷✵
❙t✉♥❞❡♥ ✶✹✿✶✷ ❯❤r✳ ❲✐r ♠üss❡♥ ♥✉♥ ✶✽ ❙t✉♥❞❡♥ ✉♥❞ ✷✹ ▼✐♥✉t❡♥ ❢rü❤❡r ❛♥♥❡❤✲
♠❡♥✱ ❛❧s♦ ✶✾✿✹✽ ❯❤r✳

▼♦♥♦✐❞❛❧❡ ❑♥♦❜❡❧❡✐
✈♦♥ ❍❛rt✇✐❣ ❋✉❝❤s

▼✐t ❞❡♥ ❇✉❝❤st❛❜❡♥ M ✱ O✱ N ✱ I ✱ D s❡✐❡♥ ♣♦s✐t✐✈❡ r❡❡❧❧❡ ❩❛❤❧❡♥✱ ❞✐❡ ❛✉❝❤ ❣❧❡✐❝❤
s❡✐♥ ❞ür❢❡♥✱ ❜❡③❡✐❝❤♥❡t✳
❍❛t ❞❛♥♥ ❞✐❡ ●❧❡✐❝❤✉♥❣

M2 + O2 + N2 + O2 + I 2 + D2 = 2(M + O + N + O + I + D)− 6

❡✐♥❡ ▲ös✉♥❣❄

▲ös✉♥❣

❉✐❡ ●❧❡✐❝❤✉♥❣ ❧ässt s✐❝❤ ✉♠❢♦r♠❡♥ ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣

(M2 − 2M + 1) + 2(O2 − 2O + 1) + (N2 − 2N + 1)+

(I 2 − 2I + 1) + (D2 − 2D + 1) = 0

=⇒ (M − 1)2 + 2(O − 1)2 + (N − 1)2 + (I − 1)2 + (D − 1)2 = 0

=⇒ M = O = N = I = D = 1

✸✶ ▼❖◆❖■❉ ✶✹✺



▼❛t❤❡♠❛t✐s❝❤❡ ▲❡s❡✲❊❝❦❡
▲❡s❡t✐♣♣s ③✉r ▼❛t❤❡♠❛t✐❦

▼❛rt✐♥ ▼❛tt❤❡✐s

■❛♥ ❙t❡✇❛rt✿ ●röÿ❡♥ ❞❡r ▼❛t❤❡♠❛t✐❦
❏❡❞❡ ❲✐ss❡♥s❝❤❛❢t ❤❛t ■❤r❡ ❍❡❧❞❡♥✱ ❛✉❝❤ ❞✐❡ ▼❛t❤❡♠❛t✐❦✿ ❖❢t ❤ört ♠❛♥ ✐♥ ❞❡r
❙❝❤✉❧❡ ✈♦♥ ♠❛t❤❡♠❛t✐s❝❤❡♥ ■♥❤❛❧t❡♥✱ ❞✐❡ ♥❛❝❤ ❢rü❤❡r ❧❡❜❡♥❞❡♥ ▼❛t❤❡♠❛t✐❦❡r♥
❜❡♥❛♥♥t ✇✉r❞❡♥✿ ❊✉❦❧✐❞✐s❝❤❡r ❆❧❣♦r✐t❤♠✉s ✭❞❛ st❡❝❦❡♥ s♦❣❛r ③✇❡✐ ▼❛t❤❡♠❛t✐❦❡r
❞r✐♥✮✱ ❙❛t③ ❞❡s ❚❤❛❧❡s✱ P❛s❝❛❧✬s❝❤❡s ❉r❡✐❡❝❦✱ ●❛✉ÿ✲❱❡r❢❛❤r❡♥✱ ❙❛t③ ❞❡s P②t❤❛❣♦✲
r❛s✱ ◆❡✇t♦♥✲❱❡r❢❛❤r❡♥ ❡t❝✳ ▲❡✐❞❡r ❡r❢ä❤rt ♠❛♥ ❞❛❜❡✐ ❛❜❡r ✇❡♥✐❣ ♦❞❡r ❣❛r ♥✐❝❤ts
ü❜❡r ❞✐❡ ♥❛♠❡♥❣❡❜❡♥❞❡ P❡rs♦♥✳ ❙✐❡❤t ♠❛♥ ❞❛❣❡❣❡♥ ✐♥ ❤✐st♦r✐s❝❤❡ ▲❡①✐❦❛✱ s♦ ✜♥❞❡t
♠❛♥ ✈♦r ❛❧❧❡♠ ❡t✇❛s ü❜❡r ❞✐❡ ▲❡❜❡♥s❞❛t❡♥✱ ❛❜❡r ✇❡♥✐❣ ■♥❤❛❧t❧✐❝❤❡s ü❜❡r ❞✐❡ ✈♦♥
❞❡r P❡rs♦♥ ❡♥t✇✐❝❦❡❧t❡ ▼❛t❤❡♠❛t✐❦✳
■♥ s❡✐♥❡♠ ❇✉❝❤ ✒●röÿ❡♥ ❞❡r ▼❛t❤❡♠❛t✐❦✏ ❣❡❤t ❞❡r ❜r✐t✐s❝❤❡ ▼❛t❤❡♠❛t✐❦❡r ■❛♥
❙t❡✇❛rt ❡✐♥❡♥ ▼✐tt❡❧✇❡❣✿ ❡✐♥ ❜✐ss❝❤❡♥ ❜✐♦❣r❛♣❤✐s❝❤❡s ✉♥❞ ❡✐♥ ❜✐ss❝❤❡♥ ✈♦♥ ❞❡♥
♠❛t❤❡♠❛t✐s❝❤❡♥ ■❞❡❡♥✱ ♠✐t ❞❡r s✐❝❤ ❞✐❡ ❥❡✇❡✐❧✐❣❡ P❡rs♦♥ ❜❡s❝❤ä❢t✐❣t ❤❛t✳ ❇❡✐ ❞❡♠
✉♠❢❛♥❣r❡✐❝❤❡♥ ❙❝❤❛✛❡♥ ❞❡r ❛✉❢❣❡❢ü❤rt❡♥ ▼❛t❤❡♠❛t✐❦❡r✐♥♥❡♥ ✉♥❞ ▼❛t❤❡♠❛t✐❦❡r
❦❛♥♥ ❡s s✐❝❤ ❞❛❜❡✐ ♥❛tür❧✐❝❤ ♥✉r ✉♠ ❡✐♥❡♥ ❡rst❡♥ ❊✐♥st✐❡❣ ❤❛♥❞❡❧♥✳ ❚r♦t③❞❡♠ ✐st
❡s ❞❡♠ ❆✉t♦r ❣❡❧✉♥❣❡♥ ❡✐♥❡♥ ❊✐♥❞r✉❝❦ ③✉ ✈❡r♠✐tt❡❧♥✱ ✇♦♠✐t s✐❡ s✐❝❤ ♠❛t❤❡♠❛✲
t✐s❝❤ ❜❡s❝❤ä❢t✐❣t ❤❛❜❡♥✳ ❉❛❞✉r❝❤ ❡r❤ä❧t ♠❛♥ ❜❡✐♠ ▲❡s❡♥ ③✉sät③❧✐❝❤ ③✉ ●r✉♥❞✐♥❢♦r✲
♠❛t✐♦♥❡♥ ü❜❡r ❞✐❡ P❡rs♦♥❡♥ ❡✐♥❡♥ s❝❤ö♥❡♥ ❡rst❡♥ ❊✐♥❞r✉❝❦ ❞❡r ♠❛t❤❡♠❛t✐s❝❤❡♥
❋r❛❣❡st❡❧❧✉♥❣❡♥✱ ♠✐t ❞❡♥❡♥ ❞✐❡s❡ s✐❝❤ ❜❡s❝❤ä❢t✐❣t ❤❛❜❡♥✳
❉❡r ③❡✐t❧✐❝❤❡ ❇♦❣❡♥ ✕ ♥❛❝❤ ❞❡♠ ❞✐❡ ✉♥t❡rs✉❝❤t❡♥ P❡rs♦♥❡♥ ❛✉❝❤ ✐♠ ❇✉❝❤ ❛♥❣❡✲
♦r❞♥❡t s✐♥❞ ✕ r❡✐❝❤t ③✇❛r ✈♦♥ ❞❡r ❆♥t✐❦❡ ❜✐s ❤❡✉t❡✱ ❞❡r ❙❝❤✇❡r♣✉♥❦t ❧✐❡❣t ❥❡❞♦❝❤
✐♥ ❞❡♥ ❧❡t③t❡♥ ③✇❡✐❤✉♥❞❡rt ❏❛❤r❡♥✳
❯♥t❡r ❞✐❡ ▲✉♣❡ ❣❡♥♦♠♠❡♥ ✇❡r❞❡♥✿ ❆r❝❤✐♠❡❞❡s✱ ▲✐✉ ❍✉✐✱ ❆❧✲❈❤✇❛r✐s♠✐✱ ▼❛❞❤❛✈❛✱
❈❛r❞❛♥♦✱ ❋❡r♠❛t✱ ◆❡✇t♦♥✱ ❊✉❧❡r✱ ❋♦✉r✐❡r✱ ●❛✉ÿ✱ ▲♦❜❛ts❝❤❡✇s❦✐✱ ●❛❧♦✐s✱ ▲♦✈❡❧❛❝❡✱
❇♦♦❧❡✱ ❘✐❡♠❛♥♥✱ ❈❛♥t♦r✱ ❑♦✇❛❧❡✇s❦❛❥❛✱ P♦✐♥❝❛ré✱ ❍✐❧❜❡rt✱ ◆♦❡t❤❡r✱ ❘❛♠❛♥✉❥❛♥✱
●ö❞❡❧✱ ❚✉r✐♥❣✱ ▼❛♥❞❡❧❜r♦t ✉♥❞ ❚❤✉rst♦♥✳ ❊s ♠❛❝❤t ❣❛r ♥✐❝❤ts✱ ✇❡♥♥ ❉✉ ❞❛✈♦♥
✇❡♥✐❣❡ ✕ ♦❞❡r ♥✐❡♠❛♥❞❡♥ ✕ ❦❡♥♥st✱ ❞❡♥♥ ❣❡♥❛✉ ✉♠ ❞❛s ③✉ ä♥❞❡r♥ ✐st ❞❛s ❇✉❝❤
✒●röÿ❡♥ ❞❡r ▼❛t❤❡♠❛t✐❦✏ ❥❛ ❞❛✳
❲✉♥❞❡rt ♠❛♥ s✐❝❤✱ ✇❛r✉♠ s✐❝❤ ✉♥t❡r ❞❡♥ ✷✺ ❜❡s❝❤r✐❡❜❡♥❡♥ ❍❡❧❞❡♥ ❞❡r ▼❛t❤❡♠❛t✐❦
♥✉r ❞r❡✐ ❋r❛✉❡♥ ❜❡✜♥❞❡♥✱ s♦ ♠✉ss ♠❛♥ ✇✐ss❡♥✱ ❞❛ss ❋r❛✉❡♥ ❡s ♥♦❝❤ ✈♦r ✶✵✵ ❏❛❤r❡♥
s❡❤r s❝❤✇❡r ❤❛tt❡♥✱ ❡✐♥❡ ❞❡♥ ▼ä♥♥❡r♥ ❣❧❡✐❝❤✇❡rt✐❣❡ ❙❝❤✉❧❜✐❧❞✉♥❣ ③✉ ❡r❧❛♥❣❡♥ ✉♥❞
❞❛ss ❡s ✐❤♥❡♥ ❢❛st ✉♥♠ö❣❧✐❝❤ ✇❛r✱ ❡✐♥❡ Pr♦❢❡ss✉r ③✉ ❡r❧❛♥❣❡♥✳ ❋♦❧❣❡r✐❝❤t✐❣ ✐st
♠✐t ❙♦❢❥❛ ❑♦✇❛❧❡✇s❦❛❥❛ ❡✐♥❡s ❞❡r ❑❛♣✐t❡❧ ❞❡r ❡rst❡♥ Pr♦❢❡ss♦r✐♥ ❢ür ▼❛t❤❡♠❛t✐❦
✇❡❧t✇❡✐t ❣❡✇✐❞♠❡t✳
❉❡♥ ❆❜s❝❤❧✉ss ❞❡s ❇✉❝❤❡s ❜✐❧❞❡t ❡✐♥ ❦✉r③❡s ❑❛♣✐t❡❧ ✒▼❛t❤❡♠❛t✐❦❡r ✕ ❲❛s ♠❛❝❤t
s✐❡ s♦ ❜❡s♦♥❞❡rs❄✏✱ ✐♥ ❞❡♠ ❙t❡✇❛rt ❜❡✐ ❛❧❧❡♥ ❯♥t❡rs❝❤✐❡❞❡♥ ❞❡r ✈♦r❣❡st❡❧❧t❡♥ ❍❡❧❞❡♥
❞❡r ▼❛t❤❡♠❛t✐❦ t❛tsä❝❤❧✐❝❤ ❡✐♥❡ ❣r♦ÿ❡ ●❡♠❡✐♥s❛♠❦❡✐t ✜♥❞❡t✳ ❉✐❡s❡ ●❡♠❡✐♥s❛♠✲

▼❖◆❖■❉ ✶✹✺ ✸✷



❦❡✐t s♦❧❧ ❤✐❡r ♥❛tür❧✐❝❤ ♥✐❝❤t ✈❡rr❛t❡♥ ✇❡r❞❡♥✳
❋❛③✐t✿ ■❛♥ ❙t❡✇❛rt ✐st ✇✐❡❞❡r ❡✐♥♠❛❧ ❡✐♥ s♣❛♥♥❡♥❞❡s ♣♦♣✉❧är✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡s
❇✉❝❤ ③✉r ▼❛t❤❡♠❛t✐❦ ❣❡❧✉♥❣❡♥✳ ■♥s❜❡s♦♥❞❡r❡ ❤❛t ❡r ✕ ❛✉❝❤ ✇❡♥♥ ❞❡r ❙❝❤❡r♣✉♥❦t
❛✉❢ ❞❡r ❤✐st♦r✐s❝❤❡♥ P❡rsö♥❧✐❝❤❦❡✐t ❧✐❡❣t ✕ ❛✉s ❙✐❝❤t ❞❡s ❘❡③❡♥s❡♥t❡♥ tr♦t③❞❡♠ ❡✐♥❡
❣✉t❡ ❇❛❧❛♥❝❡ ③✇✐s❝❤❡♥ ▲❡❜❡♥s❣❡s❝❤✐❝❤t❡ ✉♥❞ ❡✐♥❡♠ ❡rst❡♥ ❊✐♥❜❧✐❝❦ ✐♥ ❞✐❡ ♠❛t❤❡✲
♠❛t✐s❝❤❡♥ ■♥❤❛❧t❡♥✱ ♠✐t ❞❡♥❡♥ s✐❝❤ ❞✐❡ ❜❡s❝❤r✐❡❜❡♥❡♥ P❡rs♦♥❡♥ ❜❡❢❛sst ❤❛tt❡♥✱
❣❡❢✉♥❞❡♥✳
●❡s❛♠t❜❡✉rt❡✐❧✉♥❣✿ s❡❤r ❣✉t ✱✱✱

❆♥❣❛❜❡♥ ③✉♠ ❇✉❝❤✿
❙t❡✇❛rt✱ ■❛♥✿ ●röÿ❡♥ ❞❡r ▼❛t❤❡♠❛t✐❦✳ ✷✺ ❉❡♥❦❡r✱ ❞✐❡ ●❡✲
s❝❤✐❝❤t❡ s❝❤r✐❡❜❡♥
r♦r♦r♦✱ ✷✵✶✽✱
■❙❇◆ ✾✼✽✲✸✲✹✾✾✲✻✸✸✾✹✲✷✱
✹✼✽ ❙❡✐t❡♥✳

❆rt ❞❡s ❇✉❝❤❡s✿ ❙❛❝❤❜✉❝❤ ③✉r ●❡s❝❤✐❝❤t❡ ❞❡r ▼❛t❤❡♠❛t✐❦
▼❛t❤❡♠❛t✐s❝❤❡s ◆✐✈❡❛✉✿ ✈❡rstä♥❞❧✐❝❤
❆❧t❡rs❡♠♣❢❡❤❧✉♥❣✿ ❛❜ ✶✹ ❏❛❤r❡♥

❇✉♥❞❡s✇❡tt❜❡✇❡r❜
▼❛t❤❡♠❛t✐❦ ✷✵✷✶

▲ös✉♥❣s✈♦rs❝❤❧ä❣❡ ③✉ ❞❡♥ ❆✉❢❣❛❜❡♥ ❞❡r ❡rst❡♥ ❘✉♥❞❡
✈♦♥ ❙t❡❢❛♥ ❑❡r♠❡r ✉♥❞ ❱♦❧❦❡r Pr✐❡❜❡

❆✉❢❣❛❜❡ ✶

❊✐♥ ❲ür❢❡❧ ♠✐t ❑❛♥t❡♥❧ä♥❣❡♥ ✶✵ ✇✐r❞ ❞✉r❝❤ ❡✐♥❡♥ ❡❜❡♥❡♥ ❙❝❤♥✐tt ✐♥ ③✇❡✐ ◗✉❛✲
❞❡r ♠✐t ❣❛♥③③❛❤❧✐❣❡♥ ❑❛♥t❡♥❧ä♥❣❡♥ ③❡r❧❡❣t✳ ❆♥s❝❤❧✐❡ÿ❡♥❞ ✇✐r❞ ❡✐♥❡r ❞✐❡s❡r ❜❡✐❞❡♥
◗✉❛❞❡r ❞✉r❝❤ ❡✐♥❡♥ ③✇❡✐t❡♥ ❡❜❡♥❡♥ ❙❝❤♥✐tt ✇❡✐t❡r ✐♥ ③✇❡✐ ◗✉❛❞❡r ♠✐t ❣❛♥③③❛❤❧✐✲
❣❡♥ ❑❛♥t❡♥❧ä♥❣❡♥ ③❡rt❡✐❧t✳
❲❡❧❝❤❡s ✐st ❞❛s ❦❧❡✐♥st♠ö❣❧✐❝❤❡ ❱♦❧✉♠❡♥ ❞❡s ❣röÿt❡♥ ❞❡r ❞r❡✐ ◗✉❛❞❡r❄
❆♥♠❡r❦✉♥❣✿ ❉✐❡ ❘✐❝❤t✐❣❦❡✐t ❞❡s ❊r❣❡❜♥✐ss❡s ✐st ③✉ ❜❡✇❡✐s❡♥✳

▲ös✉♥❣✿ ❉❡r ❣röÿt❡ ❞❡r ❞r❡✐ ◗✉❛❞❡r ❤❛t st❡ts ♠✐♥❞❡st❡♥s ❞❛s ❱♦❧✉♠❡♥ ✸✺✵✳
❇❡✇❡✐s✿ ❲✐r ♥❡♥♥❡♥ ❞✐❡ ❞r❡✐ ❑❛♥t❡♥r✐❝❤t✉♥❣❡♥ ❡✐♥❡s ◗✉❛❞❡rs ✭✉♥❞ ❞❛♠✐t ❛✉❝❤ ❞❡s
❲ür❢❡❧s✮ ❇r❡✐t❡✱ ❚✐❡❢❡ ✉♥❞ ❍ö❤❡❀ ❣❡♥❛✉ ✈✐❡r ❞❡r ③✇ö❧❢ ❑❛♥t❡♥ ❞❡s ◗✉❛❞❡rs s✐♥❞

✸✸ ▼❖◆❖■❉ ✶✹✺



❡✐♥❡r ❞❡r ❘✐❝❤t✉♥❣❡♥ ③✉❣❡♦r❞♥❡t✳ ❊✐♥ ❡❜❡♥❡r ❙❝❤♥✐tt✱ ❞❡r ❞❡♥ ❲ür❢❡❧ ✐♥ ③✇❡✐ ◗✉❛✲
❞❡r ♠✐t ❣❛♥③③❛❤❧✐❣❡♥ ❑❛♥t❡♥❧ä♥❣❡♥ ③❡rt❡✐❧t✱ s❝❤♥❡✐❞❡t ❛✉ss❝❤❧✐❡ÿ❧✐❝❤ ❑❛♥t❡♥ ❡✐♥❡r
❘✐❝❤t✉♥❣✱ ♦❤♥❡ ❊✐♥s❝❤rä♥❦✉♥❣ s❡✐ ❞✐❡s ❞✐❡ ❇r❡✐t❡✱ ✉♥❞ ❞❡r ❙❝❤♥✐tt ❧ässt ❞✐❡ ❑❛♥t❡♥
❞❡r ❜❡✐❞❡♥ ❛♥❞❡r❡♥ ❘✐❝❤t✉♥❣❡♥ ❚✐❡❢❡ ✉♥❞ ❍ö❤❡ ✉♥❜❡rü❤rt✳ ❉✐❡ ❑❛♥t❡♥ ❞❡r ❜❡✐❞❡♥
❘✐❝❤t✉♥❣❡♥ ❚✐❡❢❡ ✉♥❞ ❍ö❤❡ ❤❛❜❡♥ ❛❧s♦ ♥❛❝❤ ❞✐❡s❡♠ ❙❝❤♥✐tt ✇❡✐t❡r❤✐♥ ❞✐❡ ▲ä♥❣❡
✶✵✳ ❊❜❡♥s♦ s❝❤❧✐❡ÿt ♠❛♥✱ ❞❛ss ❞❡r ③✇❡✐t❡ ❡❜❡♥❡ ❙❝❤♥✐tt✱ ♠✐t ❞❡♠ ❡✐♥❡r ❞❡r ❜❡✐❞❡♥
◗✉❛❞❡r ✐♥ ③✇❡✐ ◗✉❛❞❡r ♠✐t ❣❛♥③③❛❤❧✐❣❡♥ ❑❛♥t❡♥❧ä♥❣❡♥ ③❡rt❡✐❧t ✇✐r❞✱ ❛✉ss❝❤❧✐❡ÿ❧✐❝❤
❞✐❡ ❑❛♥t❡♥ ❡✐♥❡r ❘✐❝❤t✉♥❣ s❝❤♥❡✐❞❡♥ ❦❛♥♥✳ ▼✐♥❞❡st❡♥s ❡✐♥❡ ❞❡r ❘✐❝❤t✉♥❣❡♥ ❚✐❡❢❡
♦❞❡r ❍ö❤❡ ✇✐r❞ ❛❧s♦ ❜❡✐ ❦❡✐♥❡♠ ❙❝❤♥✐tt ❜❡rü❤rt ✉♥❞ ❤❛t ❞❛❤❡r ❛✉❝❤ ♥❛❝❤ ❞❡♠
③✇❡✐t❡♥ ❙❝❤♥✐tt ❞✐❡ ▲ä♥❣❡ ✶✵✳ ❉❡s❤❛❧❜ ✐st ❞❛s ❱♦❧✉♠❡♥ ❥❡❞❡s ❞❡r ❞r❡✐ ❡♥tst❡❤❡♥❞❡♥
◗✉❛❞❡r✱ ❞✐❡ ❛❧❧❡ ❣❛♥③③❛❤❧✐❣❡ ❑❛♥t❡♥❧ä♥❣❡♥ ❤❛❜❡♥✱ ❡✐♥ ❣❛♥③③❛❤❧✐❣❡s ❱✐❡❧❢❛❝❤❡s ✈♦♥
✶✵✳

❉❡r ❆✉s❣❛♥❣s✲❲ür❢❡❧ ♠✐t ❑❛♥t❡♥❧ä♥❣❡ ✶✵ ❤❛t ❞❛s ❱♦❧✉♠❡♥ ✶✵✵✵✳ ◆❛❝❤ ❞❡♠
❙❝❤✉❜❢❛❝❤♣r✐♥③✐♣ ❤❛t ❞❡r ❣röÿt❡ ❞❡r ❞r❡✐ ◗✉❛❞❡r ❛❧s♦ ♠✐♥❞❡st❡♥s ❞❛s ❱♦❧✉♠❡♥
1
3 · 1000✱ ❛❧s♦ ♥❛❝❤ ❞❡r ✈♦r✐❣❡♥ ❇❡♦❜❛❝❤t✉♥❣ ♠✐♥❞❡st❡♥s ❞❛s ❱♦❧✉♠❡♥ ✸✹✵✱ ❞❛
❞✐❡s ❞❛s ❦❧❡✐♥st❡ ❣❛♥③③❛❤❧✐❣❡ ❱✐❡❧❢❛❝❤❡ ✈♦♥ ✶✵ ✐st✱ ❞❛s 1

3 · 1000 ü❜❡rst❡✐❣t✳ ❏❡❞♦❝❤
✐st ❞✐❡ Pr✐♠③❛❤❧③❡r❧❡❣✉♥❣ ✈♦♥ 34 = 2 · 17✱ ✉♥❞ ❡✐♥ ◗✉❛❞❡r ♠✐t ❑❛♥t❡♥❧ä♥❣❡ ✶✼
♦❞❡r ✸✹ ❦❛♥♥ ♥✐❝❤t ❛✉s ❩❡rt❡✐❧✉♥❣ ✈♦♥ ◗✉❛❞❡r♥ ♠✐t ❑❛♥t❡♥❧ä♥❣❡ ❤ö❝❤st❡♥s ✶✵
❡♥tst❡❤❡♥✳ ❆❧s♦ ✐st ❞❛s ❱♦❧✉♠❡♥ ✸✹✵ ❦❡✐♥❡ ♠ö❣❧✐❝❤❡ ▲ös✉♥❣✳

❉❛s ♥ä❝❤st❦❧❡✐♥❡r❡ ❱♦❧✉♠❡♥✱ ❞❛s ❡✐♥ ❣❛♥③③❛❤✲
❧✐❣❡s ❱✐❡❧❢❛❝❤❡s ✈♦♥ ✶✵ ✐st✱ ✐st ✸✺✵✳ ❯♥❞ t❛t✲
sä❝❤❧✐❝❤ ❡①✐st✐❡r❡♥ ③✇❡✐ ❙❝❤♥✐tt❡✱ ♥❛❝❤ ❞❡♥❡♥ ❞❡r
❣röÿt❡ ❞❡r ❞r❡✐ ◗✉❛❞❡r ❞❛s ❱♦❧✉♠❡♥ ✸✺✵ ❤❛t✱
♥ä♠❧✐❝❤ ❡✐♥❡ ❩❡r❧❡❣✉♥❣ ✐♥ ❞r❡✐ ◗✉❛❞❡r ♠✐t ❱♦✲
❧✉♠✐♥❛ ✸✺✵✱ ✸✺✵ ♦❞❡r ✸✵✵✱ ✇✐❡ ✐♥ ❞❡r ♥❡❜❡♥st❡✲
❤❡♥❞❡♥ ❙❦✐③③❡✳ ✭❉✐❡ ❙❝❤♥✐tt❡ ❤❛❜❡♥ ❡✐❣❡♥t❧✐❝❤
❞✐❡ ❉✐❝❦❡ ✵ ✉♥❞ s✐♥❞ ♥✉r ③✉r ❱❡r❞❡✉t❧✐❝❤✉♥❣ s♦
❣r♦ÿ ❡✐♥❣❡③❡✐❝❤♥❡t✳✮

❉❛s ❜❡✇❡✐st ❞✐❡ ✐♥ ❞❡r ▲ös✉♥❣ ❣❡❣❡❜❡♥❡ ❆♥t✇♦rt✳ ◗✳❡✳❞✳

❆✉❢❣❛❜❡ ✷

❉❡r ❇r✉❝❤ 3
10 ❦❛♥♥ ❛✉❢ ❣❡♥❛✉ ③✇❡✐ ❆rt❡♥ ❛❧s ❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡ ❞❛r❣❡✲

st❡❧❧t ✇❡r❞❡♥✿
3
10 =

1
5 +

1
10 =

1
4 +

1
20 .

❛✮ ❆✉❢ ✇✐❡ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥ ❦❛♥♥ 3
2021 ❛❧s ❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡

❞❛r❣❡st❡❧❧t ✇❡r❞❡♥❄

❜✮ ●✐❜t ❡s ❡✐♥❡ ♥✐❝❤t ❞✉r❝❤ ✸ t❡✐❧❜❛r❡ ♣♦s✐t✐✈❡ ❣❛♥③❡ ❩❛❤❧ n ♠✐t ❞❡r ❊✐❣❡♥s❝❤❛❢t✱
❞❛ss 3

n
❛✉❢ ❣❡♥❛✉ ✷✵✷✶ ❆rt❡♥ ❛❧s ❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡ ❞❛r❣❡st❡❧❧t ✇❡r✲

❞❡♥ ❦❛♥♥❄

▼❖◆❖■❉ ✶✹✺ ✸✹



❊r❧ä✉t❡r✉♥❣✿ ❊✐♥ ❙t❛♠♠❜r✉❝❤ ✐st ❡✐♥ ❇r✉❝❤ ❞❡r ❋♦r♠ 1
z
✱ ✇♦❜❡✐ z ❡✐♥❡ ♣♦s✐t✐✈❡

❣❛♥③❡ ❩❛❤❧ ✐st✳
❆♥♠❡r❦✉♥❣✿ ❉✐❡ ❘✐❝❤t✐❣❦❡✐t ❞❡s ❊r❣❡❜♥✐ss❡s ✐st ③✉ ❜❡✇❡✐s❡♥✳

❇❡✇❡✐s

❛✮ ❲✐r ❜❡❤❛✉♣t❡♥✿ ❉❡r ❇r✉❝❤ 3
2021 ❦❛♥♥ ❛✉❢ ❣❡♥❛✉ ❞r❡✐ ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥ ❛❧s

❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡ ❞❛r❣❡st❡❧❧t ✇❡r❞❡♥✳
❲❡❣❡♥ 3 · 673 = 2019 < 2021✱ ❛❧s♦ 3

2021 <
1
673 ✱ ❦❛♥♥ ❦❡✐♥ ❙t❛♠♠❜r✉❝❤ 1

z
♠✐t

1 ≤ z ≤ 673 ❚❡✐❧ ❡✐♥❡s ❉❛rst❡❧❧✉♥❣ ✈♦♥ 3
2021 ❛❧s ❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡

s❡✐♥✳ ▼❛♥ ✜♥❞❡t ❛❜❡r ❢ür z = 674 ✇❡❣❡♥ 3 · 674 = 2022✱ ❞❛ss

✭✷✳✶✮ 3
2021 =

1
674 +

1
674·2021 =

1
674 +

1
1362154 ✳

❆❧❧❣❡♠❡✐♥❡r ❛❧s ✐♥ ●❧❡✐❝❤✉♥❣ ✭✷✳✶✮ ❧ässt s✐❝❤ ❢ür ❣❛♥③❡ ❩❛❤❧❡♥ k ✱ ♠✐t k ≥ 0✱
❛♥s❡t③❡♥✱ ❞❛ss

✭✷✳✷✮ 3
43·47 =

3
2021 =

1
674+k

+ 1+3k
43·47·(674+k) ✱

✉♥❞ ❛✉s ●❧❡✐❝❤✉♥❣ ✭✷✳✷✮ ❡r❣✐❜t s✐❝❤ ❣❡♥❛✉ ❞❛♥♥ ❡✐♥❡ ✇❡✐t❡r❡ ❉❛rst❡❧❧✉♥❣ ✈♦♥
3

2021 ❛❧s ❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡✱ ✇❡♥♥ 1+3k ❞❡♥ ◆❡♥♥❡r 43 ·47 ·674+k

t❡✐❧t✳ ❲❡✐❧ 1 + 3k ❦❡✐♥ ❱✐❡❧❢❛❝❤❡s ✈♦♥ ✸ ✐st✱ t❡✐❧t 1 + 3k ❣❡♥❛✉ ❞❛♥♥ ❞✐❡s❡♥
◆❡♥♥❡r✱ ✇❡♥♥ 1 + 3k ❛✉❝❤

3 ·43 ·47 ·(674+k) = 43 ·47 ·(2021+1+3k) = 432 ·472+(1+3k) ·43 ·47
t❡✐❧t✱ ❛❧s♦ ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥ 1 + 3k ❞❛s Pr♦❞✉❦t 20212 = 432 · 472 ✈♦♥ ③✇❡✐
Pr✐♠③❛❤❧q✉❛❞r❛t❡♥ t❡✐❧t✳ ❉✐❡ ❚❡✐❧❡r ✈♦♥ 432 · 472 ✉♥t❡rs❝❤❡✐❞❡♥ s✐❝❤ ♠✐t ❇❧✐❝❦
❛✉❢ ✐❤r❡♥ ❘❡st ♠♦❞3 ❞✉r❝❤

✭✷✳✸✮ 1 ≡ 43 ≡ 432 ≡ 472 ≡ 43 · 472 ≡ 432 · 472 ≡ 1 mod 3 ✉♥❞

✭✷✳✹✮ 47 ≡ 43 · 47 ≡ 432 · 47 ≡ 2 mod 3✳

❲❡❣❡♥ 1 + 3k ≡ 1 mod 3 ❦❛♥♥ 1 + 3k ❣❡♥❛✉ ❞❡♥ ❚❡r♠❡♥ ✐♥ ✭✷✳✸✮ ❡♥ts♣r❡✲
❝❤❡♥✱ ✉♥❞ ❞✐❡s ❢ü❤rt ü❜❡r k ∈ {0, 14, 616, 736, 31662, 1361480} ③✉ ❞❡♥ ❞r❡✐
✈❡rs❝❤✐❡❞❡♥❡♥ ❉❛rst❡❧❧✉♥❣❡♥

3

2021
=

1

674
+

1

1362154
=

1

688
+

1

32336
=

1

1290
+

1

1410
,

❞❛s ✉♠❢❛sst ❛✉❝❤ ❞✐❡ ❩❡r❧❡❣✉♥❣ ❛✉s ●❧❡✐❝❤✉♥❣ ✭✷✳✶✮✳

❜✮ ❲✐r ❜❡❤❛✉♣t❡♥✿ ❋ür n = 24042 ❧ässt s✐❝❤ 3
n
❛✉❢ ❣❡♥❛✉ 2021 ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥

❛❧s ❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡ ❞❛rst❡❧❧❡♥✳
❲✐r ❜❡tr❛❝❤t❡♥ ③✉♥ä❝❤st ❞❡♥ ❛❧❧❣❡♠❡✐♥❡r❡♥ ❋❛❧❧ n = 2m✱ ♠✐t m ≥ 1❀ ❞✐❡ ❩❛❤❧ n
✐st ♥✐❝❤t ❞✉r❝❤ 3 t❡✐❧❜❛r✳ ❙✐♥❞ u✱ v ≥ 1 ✉♥❣❡r❛❞❡ ❣❛♥③❡ ❩❛❤❧❡♥ ✉♥❞ s✱ t ≥ 0
♥✐❝❤t♥❡❣❛t✐✈❡ ❣❛♥③❡ ❩❛❤❧❡♥✱ s♦ ❧ässt s✐❝❤ ❥❡❞❡ ❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡✱
❞✐❡ 3

2m ❡r❣✐❜t✱ ✐♥ ❞❡r ❋♦r♠

✭✷✳✺✮ 3
2m = 1

u·2s +
1

v ·2s+t =
v ·2t+u
u·v ·2s+t

s❝❤r❡✐❜❡♥✳ ■♠ ❱❡r❣❧❡✐❝❤ ❞❡r ❇rü❝❤❡ ❛✉❢ ❞❡r ❧✐♥❦❡♥ ✉♥❞ r❡❝❤t❡♥ ❙❡✐t❡ ✈♦♥ ✭✷✳✺✮

✸✺ ▼❖◆❖■❉ ✶✹✺



❡r❣✐❜t s✐❝❤✱ ❞❛ss s♦✇♦❤❧ u ❛❧s ❛✉❝❤ v ❚❡✐❧❡r ❞❡s ❩ä❤❧❡rs v · 2t + u s❡✐♥ ♠üss❡♥✳
❉❛♠✐t s✐♥❞ ❜❡✐❞❡ ❚❡r♠❡ ❛✉❢ ❞❡♥ r❡❝❤t❡♥ ❙❡✐t❡♥ ❞❡r ●❧❡✐❝❤✉♥❣❡♥ ✐♥

1
u
· (v · 2t + u) = v

u
· 2t + 1 ✉♥❞ 1

v
· (v · 2t + u) = 2t + u

v

❣❛♥③❡ ❩❛❤❧❡♥✱ ❛❧s♦ ♠✉ss u ❡✐♥ ❚❡✐❧❡r ✈♦♥ v ✭❞✐❡ ✉♥❣❡r❛❞❡ ❩❛❤❧ u ✐st t❡✐❧❡r❢r❡♠❞
③✉ 2t✮ ✉♥❞ v ❡✐♥ ❚❡✐❧❡r ✈♦♥ u s❡✐♥✱ ❛❧s♦ u = v ✱ ✉♥❞ ✭✷✳✺✮ ♥✐♠♠t ❞✐❡ ❋♦r♠
3
2m = 2t+1

u·2s+t ❛♥✳ ❉❛ 2t + 1 ✉♥❣❡r❛❞❡ ✐st✱ ♠üss❡♥ s + t = m ✉♥❞ 2t + 1 = 3u
❣❡❧t❡♥✳
❲❡❣❡♥ 2 ≡ 2 mod 3 ✐st 22k + 1 ≡ 2 mod 3 ✉♥❞ 22k+1 + 1 ≡ 0 mod 3 ❢ür
❛❧❧❡ k ≥ 0✳ ❉❡r ❚❡r♠ 1

3 · (22k+1 + 1) ♥✐♠♠t ❢ür k = 0 ❞❡♥ ❲❡rt ✶ ❛♥✱ ✐st ❛❧s♦
✉♥❣❡r❛❞❡✱ ✉♥❞ ✇❡❣❡♥ ❞❡r ❢ür ❛❧❧❡ k ≥ 1 ❣ü❧t✐❣❡♥ ❯♠❢♦r♠✉♥❣

✭✷✳✻✮ 22k+1+1
3 =

2·(4k−1)+3
4−1 = 2 · (1 + 4 + ... + 4k−1) + 1

✐st ❞❡r ❚❡r♠ 1
3 · (22k+1 + 1) ❢ür ❛❧❧❡ k ≥ 0 ✉♥❣❡r❛❞❡✳ ❆❧s♦ ❡r❣❡❜❡♥ s✐❝❤ ❣❡♥❛✉

❢ür ❞✐❡ ✉♥❣❡r❛❞❡♥ t ♠✐t 0 ≤ t ≤ m ❉❛rst❡❧❧✉♥❣❡♥ ✈♦♥ 3
2m ❛❧s ❙✉♠♠❡ ③✇❡✐❡r

❙t❛♠♠❜rü❝❤❡✱ ♥ä♠❧✐❝❤ ♠✐t ●❧❡✐❝❤✉♥❣ ✭✷✳✺✮ ❞✐❡ ❙✉♠♠❡♥

✭✷✳✼✮ 3
2m = 1

1
3 ·(2t+1)·2m−t +

1
1
3 ·(2t+1)·2m ✱ ✇♦❜❡✐ 0 ≤ t ≤ m, t ✉♥❣❡r❛❞❡✳

❉✐❡ ❉❛rst❡❧❧✉♥❣❡♥ s✐♥❞ ♣❛❛r✇❡✐s❡ ✈❡rs❝❤✐❡❞❡♥✱ ✇❡✐❧ ❞✐❡ Pr✐♠❢❛❦t♦r③❡r❧❡❣✉♥❣❡♥
❞❡r ❜❡✐❞❡♥ ◆❡♥♥❡r ❛✉❢ ❞❡r r❡❝❤t❡♥ ❙❡✐t❡ ❣❡♥❛✉ ❞✐❡ ❩✇❡✐❡r♣♦t❡♥③❡♥ 2m−t ✉♥❞
2m ❡♥t❤❛❧t❡♥✳
❲ä❤❧❡♥ ✇✐r m = 4042✱ ❞❛♥♥ ❤❛❜❡♥ ✇✐r ♠✐t t ∈ {1, 3, 5, ... , 4039, 4041}
❣❡♠äÿ ❞❡r ❙✉♠♠❡♥ ✭✷✳✼✮ ❣❡♥❛✉ ✷✵✷✶ ✈❡rs❝❤✐❡❞❡♥❡ ❆rt❡♥ ❣❡❢✉♥❞❡♥✱ 3

4042 ❛❧s
❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡ ❞❛r③✉st❡❧❧❡♥✳
❉❛s ❜❡✇❡✐st ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳ ◗✳❡✳❞✳

❇❡♠❡r❦✉♥❣❡♥✿ ❉✐❡ Ü❜❡r❧❡❣✉♥❣❡♥ ✐♠ ❇❡✇❡✐s ✈♦♥ ❚❡✐❧ ❛✮ ❧❛ss❡♥ s✐❝❤ ❛❧❧❣❡♠❡✐♥❡r
✇✐❡ ❢♦❧❣t ❜❡s❝❤r❡✐❜❡♥✿ ❙✐♥❞ n ❡✐♥❡ ♥✐❝❤t ❞✉r❝❤ ✸ t❡✐❧❜❛r❡ ❩❛❤❧ ✉♥❞ a✱ b ♣♦s✐t✐✈❡
❣❛♥③❡ ❩❛❤❧❡♥✱ s♦ ❣❡❧t❡♥ ❞✐❡ ➘q✉✐✈❛❧❡♥③❜❡③✐❡❤✉♥❣❡♥

✭✷✳✽✮ 3
n
= 1

a
+ 1

b
⇔ 3 · (3ab− na− nb) = 3 · 0 = 0 ⇔ (3a− n) · (3b− n) = n2✳

❆✉s ❞✐❡s❡r ❇❡♦❜❛❝❤t✉♥❣ ❢♦❧❣t✿ ❉✐❡ ❆♥③❛❤❧ ❞❡r ❉❛rst❡❧❧✉♥❣❡♥ ✈♦♥ 3
n
❛❧s ❙✉♠♠❡

③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡ ✇✐❡ ❛✉❢ ❞❡r ❧✐♥❦❡♥ ❙❡✐t❡ ✈♦♥ ✭✷✳✽✮ ♠✐t a ≤ b ❡♥ts♣r✐❝❤t
❣❡♥❛✉ ❞❡r ❆♥③❛❤❧ ❞❡r ♣♦s✐t✐✈❡♥ ❚❡✐❧❡r t ✈♦♥ n2✱ ❢ür ❞✐❡ t < n ✉♥❞ t ≡ −n mod 3
❣❡❧t❡♥✳ ❉❡♥♥ ❛✉❢ ❞❡r r❡❝❤t❡♥ ❙❡✐t❡ ✈♦♥ ✭✷✳✽✮ ✐st t = 3a − n ❡✐♥ s♦❧❝❤❡r ❚❡✐❧❡r✳
❯♥t❡r ❛♥❞❡r❡♠ ❢♦❧❣t ❤✐❡r❛✉s✿ ❋ür ❥❡❞❡ Pr✐♠③❛❤❧ q ≥ 2 ♠✐t q ≡ 2 mod 3✱ ❛❧s♦
❜❡✐s♣✐❡❧s✇❡✐s❡ ❛✉❝❤ q = 5 ♦❞❡r q = 47✱ ❦❛♥♥ 3

q4042
❛✉❢ ❣❡♥❛✉ 2021 ❆rt❡♥ ❛❧s

❙✉♠♠❡ ③✇❡✐❡r ❙t❛♠♠❜rü❝❤❡ ❞❛r❣❡st❡❧❧t ✇❡r❞❡♥ ❦❛♥♥✱ ♥ä♠❧✐❝❤
3

q4042
=

1
1
3 · (q4042 + q2m+1)

+
1

1
3 · (q4042 + q8084−2m−1)

❢ür 0 ≤ m ≤ 2020.

▼❖◆❖■❉ ✶✹✺ ✸✻



❆✉❢❣❛❜❡ ✸

■♥ ❡✐♥❡♠ ❉r❡✐❡❝❦ △ABC s❡✐ ∢ACB = 120◦✱ ✉♥❞ ❞✐❡ ■♥♥❡♥✇✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥
❞✉r❝❤ A✱ B ✉♥❞ C s❝❤♥❡✐❞❡♥ ❞✐❡ ❥❡✇❡✐❧s ❣❡❣❡♥ü❜❡r❧✐❡❣❡♥❞❡♥ ❙❡✐t❡♥ ✐♥ A′ ❜③✇✳ B ′

❜③✇✳ C ′✳
❲✐❡ ❣r♦ÿ ✐st ❞❡r ❲✐♥❦❡❧ ∢A′C ′B ′❄
❆♥♠❡r❦✉♥❣✿ ❉✐❡ ❘✐❝❤t✐❣❦❡✐t ❞❡s ❊r❣❡❜♥✐ss❡s ✐st ③✉ ❜❡✇❡✐s❡♥

▲ös✉♥❣✿ ❉❡r ❲✐♥❦❡❧ ∢A′C ′B ′ ✐st ❡✐♥ r❡❝❤t❡r ❲✐♥❦❡❧✱ ❛❧s♦ ∢A′C ′B ′ = 90◦✳

❊rst❡r ❇❡✇❡✐s✿ ❙❦✐③③❡ ✸✳✶ ③❡✐❣t ❧✐♥❦s ❞✐❡ ❙✐t✉❛t✐♦♥ ❞❡r ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣✳ ❉❛❜❡✐
❜❡③❡✐❝❤♥❡ Y ❞❡♥ ❋✉ÿ♣✉♥❦t ❞❡s ▲♦ts ✈♦♥ A′ ❛✉❢ ❞✐❡ ●❡r❛❞❡ (AC )❀ ❞❡r P✉♥❦t C
❧✐❡❣t ❞❛♥♥ ✇❡❣❡♥ ∢ACA′ = ∢ACB = 120◦ ❡❝❤t ③✇✐s❝❤❡♥ A ✉♥❞ Y ✳

❉✐❡ ❱♦r❛✉ss❡t③✉♥❣ ∢ACB = 120◦ ❣❡❤t ❡❧❡♠❡♥t❛r ✐♥ ❞✐❡s❡♥ ❇❡✇❡✐s ❡✐♥✿ ❲❡✐❧
∢ACY = 180◦ ✉♥❞ ♥❛❝❤ ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣ ∢ACC ′ = ∢C ′CB = 60◦✱ ❢♦❧❣t s♦❢♦rt

∢BCY = ∢ACY − ∢ACB = 60◦ = ∢C ′CB ,

❛❧s♦ ❤❛❧❜✐❡rt ❞✐❡ ●❡r❛❞❡ (CB) ❞❡♥ ❲✐♥❦❡❧ ∢C ′CY = 120◦✱ ❞❡♥ ❆✉ÿ❡♥✇✐♥❦❡❧ ❜❡✐
P✉♥❦t C ✐♠ ❉r❡✐❡❝❦ △AC ′C ✳ ❉✐❡ ●❡r❛❞❡ (CB) s❝❤♥❡✐❞❡t s✐❝❤ ♥❛❝❤ ❑♦♥str✉❦t✐♦♥
♠✐t ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥ (AA′) ✈♦♥ ∢C ′AC = ∢BAC ✐♠ P✉♥❦t A′✳ ❉❡✜♥✐❡r❡♥
✇✐r ❛✉❝❤ ❞✐❡ P✉♥❦t❡ X ❜③✇✳ Z ❛❧s ❋✉ÿ♣✉♥❦t❡ ❞❡r ▲♦t❡ ✈♦♥ A′ ❛✉❢ ❞✐❡ ●❡r❛✲
❞❡♥ (CC ′) ❜③✇✳ (AB)✱ s♦ ❣✐❧t ❛✉❢❣r✉♥❞ ❞❡r ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥
(CB) ✈♦♥ ∢C ′CY ❜③✇✳ (AA′) ✈♦♥ ∢C ′AC ✱ ❞❛ss

A′X = A′Y = A′Z ,

✇♦r❛✉s s✐❝❤ ❞✐r❡❦t ❡r❣✐❜t✱ ❞❛ss ❞✐❡ ❉r❡✐❡❝❦❡ △C ′A′X ✉♥❞ △A′C ′Z ❦♦♥❣r✉❡♥t ③✉✲
❡✐♥❛♥❞❡r s✐♥❞ ✭♥❛❝❤ ss✇✮✱ ❞✐❡ ●❡r❛❞❡ (C ′A′) ❛❧s♦ ❞❡♥ ❲✐♥❦❡❧ ∢BC ′C ❤❛❧❜✐❡rt✿

✭✸✳✶✮ ∢BC ′A′ = ∢A′C ′C = 1
2 · ∢BC ′C ✳

❉❛s ✐st ❢ür ❞❛s ❉r❡✐❡❝❦ △AC ′C ❡✐♥❡ ❆♥✇❡♥❞✉♥❣ ❞❡s ❛❧❧❣❡♠❡✐♥❡r❡♥ ❙❛t③❡s✱ ❞❛ss
s✐❝❤ ❞✐❡ ❍❛❧❜✐❡r❡♥❞❡ ❡✐♥❡s ■♥♥❡♥✇✐♥❦❡❧s✱ ❤✐❡r ∢C ′AC ♠✐t ❙❝❤❡✐t❡❧ A✱ ✉♥❞ ❞✐❡
❍❛❧❜✐❡r❡♥❞❡♥ ❞❡r ❆✉ÿ❡♥✇✐♥❦❡❧✱ ❤✐❡r ∢BC ′C ❜❡✐ C ′ ❜③✇✳ ∢C ′CY ❜❡✐ C ✱ ❞❡r❡♥
❙❝❤❡✐t❡❧ ③✉ ❞❡♥ ❜❡✐❞❡♥ ❛♥❞❡r❡♥ ❊❝❦❡♥ ❞❡s ❉r❡✐❡❝❦s ❣❡❤ör❡♥✱ st❡ts ✐♥ ❡✐♥❡♠ P✉♥❦t
s❝❤♥❡✐❞❡♥✱ ❤✐❡r ✐♠ P✉♥❦t A′✳

✸✼ ▼❖◆❖■❉ ✶✹✺



❊❜❡♥s♦ ✇✐❡ ✭✸✳✶✮ ❦ö♥♥❡♥ ✇✐r ❤❡r❧❡✐t❡♥✱ ❞❛ss (C ′B ′) ❞❡♥ ❲✐♥❦❡❧ ∢CC ′A ❜❡✐ C ′

❤❛❧❜✐❡rt✱ ❛❧s♦

✭✸✳✷✮ ∢CC ′B ′ = ∢B ′C ′A = 1
2 · ∢CC ′A.

❉❛♠✐t s❝❤❧✐❡ÿ❡♥ ✇✐r ♠✐t ❞❡♥ ●❧❡✐❝❤✉♥❣❡♥ (3.1) ✉♥❞ (3.2)✱ ❞❛ss

2∢A′C ′B ′ = 2∢A′C ′C + 2∢CC ′B ′ = ∢BC ′C +∢CC ′A = ∢BC ′A = 180◦,

❛❧s♦ ∢A′B ′C ′ = 90◦✳ ◗✳❡✳❞✳

❉✐❡ ❢♦❧❣❡♥❞❡♥ ❇❡✇❡✐s❡ ❞❡r ❇❡❤❛✉♣t✉♥❣ ♥✉t③❡♥ ❛✉❢ ❞✐❡ ❡✐♥❡ ♦❞❡r ❛♥❞❡r❡ ❲❡✐s❡✱ ✇❛s
✇✐r ü❜❡r ❞✐❡ ❱❡r❤ä❧t♥✐ss❡ ✇✐ss❡♥✱ ✐♥ ❞❡♥❡♥ ❞✐❡ ❋✉ÿ♣✉♥❦t❡ ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥
❞✐❡ ❥❡✇❡✐❧✐❣❡♥ ❉r❡✐❡❝❦ss❡✐t❡♥ t❡✐❧❡♥✳ ❲✐r ❢❛ss❡♥ ❞❛s ❤✐❡r ③✉s❛♠♠❡♥✱ ♥♦❝❤ ♦❤♥❡ ❞✐❡
s♣❡③✐❡❧❧❡ ❱♦r❛✉ss❡t③✉♥❣ ∢ACB = 120◦ ❞❡r ❆✉❢❣❛❜❡ ③✉ ♥✉t③❡♥✳
❍✐❧❢ss❛t③ ✶ ✭❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥s❛t③✮✿ ■♥ ❡✐♥❡♠ ❜❡❧✐❡❜✐❣❡♥ ❉r❡✐❡❝❦△ABC s❡✐ D ❡✐♥
P✉♥❦t ❛✉❢ ❞❡r ❙tr❡❝❦❡ AB ✳ ❉✐❡ ●❡r❛❞❡ (CD) ✐st ❣❡♥❛✉ ❞❛♥♥ ❞✐❡ ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡
✈♦♥ ∢ACB ✱ ✇❡♥♥

✭✸✳✸✮ AD

BD
= AC

BC
❜③✇✳ AD

AC
· BC

BD
= 1✳

❇❡✇❡✐s ✈♦♥ ❍✐❧❢ss❛t③ ✶✿ ❉✐❡s ❧ässt s✐❝❤ ❡❧❡♠❡♥t❛r ❞✉r❝❤ ❇❡tr❛❝❤t✉♥❣ ä❤♥❧✐❝❤❡r
❉r❡✐❡❝❦❡ ❜❡✇❡✐s❡♥✱ ✇✐r ✈❡r✇❡♥❞❡♥ ❤✐❡r ✭❦ür③❡r✮ ❞❡♥ ❙✐♥✉ss❛t③✱ ❛✉s ❞❡♠ ♠✐t ❞❡♥
❇❡③❡✐❝❤♥✉♥❣❡♥ ✈♦♥ ❙❦✐③③❡ ✸✳✷ ❧✐♥❦s ❞✐❡ ❇❡③✐❡❤✉♥❣❡♥

✭✸✳✹✮ sin γ1
AD

= sin δ
AC

✉♥❞ sin γ2
BD

= sin(180◦−δ)

BC
= sin δ

BC
✱ ❛❧s♦ AD

AC
· BC
BD

= sin γ1
sin γ2

❢♦❧❣❡♥✳ ❲❡❣❡♥ 0◦ < γ1 + γ2 < 180◦ ✐st ❞❡r ◗✉♦t✐❡♥t ❣❛♥③ r❡❝❤ts ✐♥ ✭✸✳✹✮ ❣❡♥❛✉
❞❛♥♥ ❣❧❡✐❝❤ ✶✱ ✇❡♥♥ γ1 = γ2✳

■♥ ❡✐♥❡♠ ❜❡❧✐❡❜✐❣❡♥ ❉r❡✐❡❝❦△ABC ♠✐t ❙❡✐t❡♥❧ä♥❣❡♥ a := BC ✱ b := AC ✉♥❞ c :=
AB s❡✐ D ❡✐♥ P✉♥❦t ❛✉❢ AB s♦✱ ❞❛ss ❞✐❡ ●❡r❛❞❡ (CD) ❞❡♥ ❲✐♥❦❡❧ ∢ACB ❤❛❧❜✐❡rt❀
✈❡r❣❧❡✐❝❤❡ ❙❦✐③③❡ ✸✳✷ r❡❝❤ts✳ ❆✉s ❞❡♠ ❍✐❧❢ss❛t③ ✶ ❢♦❧❣t ♥✉♥ c

BD
= AB+BD

BD
=

AD

BD
+ 1 = b

a
+ 1 = a+b

a
✱ ❛❧s♦

▼❖◆❖■❉ ✶✹✺ ✸✽



✭✸✳✺✮ BD = ac
a+b

✉♥❞ AD = c − BD = bc
a+b

✳

▼✐t ❛♥❛❧♦❣❡r ❆r❣✉♠❡♥t❛t✐♦♥ ❦❡♥♥❡♥ ✇✐r ❛❧❧❡ ❱❡r❤ä❧t♥✐ss❡✱ ✐♥ ❞❡♥❡♥ ❞✐❡ ❋✉ÿ♣✉♥❦t❡
❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥ ❞✐❡ ❥❡✇❡✐❧✐❣❡♥ ❉r❡✐❡❝❦ss❡✐t❡♥ t❡✐❧❡♥✱ s♦✇✐❡ ❞✐❡ ▲ä♥❣❡♥ ❞❡r
❥❡✇❡✐❧✐❣❡♥ ❚❡✐❧str❡❝❦❡♥✳

❍✐❧❢ss❛t③ ✷ ✭▲ä♥❣❡ ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥✮✿ ■♥ ❡✐♥❡♠ ❜❡❧✐❡❜✐❣❡♥ ❉r❡✐❡❝❦ △ABC

♠✐t ❙❡✐t❡♥❧ä♥❣❡♥ a := BC ✱ b := AC ✉♥❞ c := AB s❡✐ D ❡✐♥ P✉♥❦t ❛✉❢ AB
s♦✱ ❞❛ss ❞✐❡ ●❡r❛❞❡ (CD) ❞❡♥ ❲✐♥❦❡❧ γ := ∢ACB ❤❛❧❜✐❡rt❀ ✈❡r❣❧❡✐❝❤❡ ❙❦✐③③❡ ✸✳✷
✭r❡❝❤ts✮✳ ❉❛♥♥ ✐st

✭✸✳✻✮ w := CD = 2ab
a+b

· cos(γ2)✳
❇❡✇❡✐s ✈♦♥ ❍✐❧❢ss❛t③ ✷✿ ❊s s❡✐ S ❞❡r ❙❝❤♥✐tt♣✉♥❦t ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥ (CD)
♠✐t ❞❡♠ ❯♠❦r❡✐s ❞❡s ❉r❡✐❡❝❦s △ABC ✱ ❞❡r ✈♦♥ C ❞✉r❝❤ (AB) ❣❡tr❡♥♥t ✐st✳ ◆❛❝❤
❞❡♠ ❙❛t③ ✈♦♠ ❯♠❢❛♥❣s✲ ✉♥❞ ▼✐tt❡❧♣✉♥❦ts✇✐♥❦❡❧ s✐♥❞

✭✸✳✼✮ ∢ACS = ∢ABS = γ
2 = ∢SCB = ∢SAB .

❆✉s ✭✸✳✼✮ ✐st ❛✉❝❤ ❡r❦❡♥♥❜❛r✱ ❞❛ss ❞❛s ❉r❡✐❡❝❦ △BAS ❣❧❡✐❝❤s❡✐t✐❣ ♠✐t ❙❝❤❡✐t❡❧ S
✉♥❞ ❇❛s✐s AB ✐st❀ ✇❡❣❡♥ ∢BSA = 180◦ − γ ❣✐❧t ❞❛❜❡✐

✭✸✳✽✮ AS = BS = c

2·sin(90◦−γ

2 )
= c

2·cos(γ

2 )
✳

❲❡❣❡♥ ∢BDC = ∢ADS ✭❙❝❤❡✐t❡❧✇✐♥❦❡❧✮ s✐♥❞ ❞✐❡ ❉r❡✐❡❝❦❡ △BCD ✉♥❞ △SDA

ä❤♥❧✐❝❤✱ s♦❞❛ss ♠✐t ✭✸✳✺✮ ✉♥❞ ✭✸✳✽✮ ❣❡s❝❤❧♦ss❡♥ ✇❡r❞❡♥ ❦❛♥♥✱ ❞❛ss

✭✸✳✾✮ w
a
= CD

BC
= AD

AS
= 2b

a+b
· cos

(
γ
2

)
❀

❞❛s ❜❡✇❡✐st ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ✭✸✳✻✮✳
❇❡♠❡r❦✉♥❣✿ ■st ✐♠ ❉r❡✐❡❝❦ △ABC ❞❡r ❲✐♥❦❡❧ γ = ∢ACB = 120◦✱ ❣✐❧t ❛❧s♦
cos(γ2) =

1
2 ✱ s♦ ❧ässt s✐❝❤ CC ′ = ab

a+b
❛✉❝❤ ❞✐r❡❦t❡r ❛❧s ü❜❡r ❞✐❡ ❆♥✇❡♥❞✉♥❣ ✈♦♥

✭✸✳✻✮ ❤❡r❧❡✐t❡♥❀ ✈❡r❣❧❡✐❝❤❡ ❞✐❡ ❢♦❧❣❡♥❞❡ ❍❡r❧❡✐t✉♥❣❡♥ ✈♦♥ ✭✸✳✶✶✮✳

❩✇❡✐t❡r ❇❡✇❡✐s ✭ä❤♥❧✐❝❤❡ ❉r❡✐❡❝❦❡✮✿ ■♠ ❉r❡✐❡❝❦△ABC ❞❡r ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣ s❡✐❡♥
❞✐❡ ❙❡✐t❡♥❧ä♥❣❡♥ ♠✐t a := BC ✱ b := AC ✉♥❞ c := AB ❜❡③❡✐❝❤♥❡t✳ ◆❡❜❡♥ ❞❡♥

✸✾ ▼❖◆❖■❉ ✶✹✺



P✉♥❦t❡♥ ✐♥ ❞❡r ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣ s❡✐ I ❞❡r ❙❝❤♥✐tt♣✉♥❦t ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥
✐♠ ❉r❡✐❡❝❦ △ABC ✳

❲❡❣❡♥ 2 · cos(∢ACB) = 2 · cos(120◦) = −1 ♥✐♠♠t ❞❡r ❑♦s✐♥✉ss❛t③ ✐♠ ❉r❡✐❡❝❦
△ABC ❞✐❡ ❋♦r♠

✭✸✳✶✵✮ c2 = a2+b2+ab = (a+b)2+c ·(a+b)−c ·(a+b)−ab ⇔ a+b+c
a+c

= b+c
a+b

❛♥✳ ❆✉s ❞❡♠ ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥s❛t③ ✭❍✐❧❢ss❛t③ ✶✮ ✉♥❞ ✇✐❡ ✐♥ ❙❦✐③③❡ ✸✳✸ s❝❤❧✐❡ÿ❡♥
✇✐r ❛✉❢ ❞✐❡ ❚❡✐❧str❡❝❦❡♥ ❞❡r ❙❡✐t❡♥ ✈♦♥ △ABC ✱ ✇✐❡ s✐❡ ❞✉r❝❤ ❞✐❡ P✉♥❦t❡ A′✱ B ′✱
C ′ ❣❡♥❡r✐❡rt ✇❡r❞❡♥✳
❉❡r P✉♥❦t F ❜❡③❡✐❝❤♥❡ ✇✐❡ ✐♥ ❙❦✐③③❡ ✸✳✹ ❞❡♥ ❙❝❤♥✐tt♣✉♥❦t ❞❡r ❙tr❡❝❦❡ BC ♠✐t
❞❡♠ ❑r❡✐s ✉♠ C ′ ♠✐t ❘❛❞✐✉s CC ′ ❥❡♥s❡✐ts ❞❡s P✉♥❦t❡s C ✳ ■♠ ♥❛❝❤ ❑♦♥str✉❦t✐♦♥
❣❧❡✐❝❤s❝❤❡♥❦❧✐❣❡♥ ❉r❡✐❡❝❦ △FCC ′ ♠✐t ❙❝❤❡✐t❡❧ C ′ s✐♥❞ ❞✐❡ ❜❡✐❞❡♥ ❇❛s✐s✇✐♥❦❡❧
∢CFC ′ = ∢C ′CF = 60◦ ✉♥❞ ❞❛♠✐t ❛✉❝❤ ∢FCC ′ = 60◦❀ ❞❛s ❉r❡✐❡❝❦ ✐st ❛❧s♦
❣❧❡✐❝❤s❡✐t✐❣ ♠✐t ❙❡✐t❡♥❧ä♥❣❡ CC ′ = C ′F ✳ ❲❡❣❡♥ ∢C ′FB = 180◦−∢CFC ′ = 120◦

✐st ❞❛s ❉r❡✐❡❝❦ △C ′BF ä❤♥❧✐❝❤ ③✉♠ ❉r❡✐❡❝❦ △ABC ✉♥❞ s♦♠✐t ❣✐❧t

✭✸✳✶✶✮ CC ′ = C ′F = CA · C ′B

AB
= b

c
· ac
a+b

= ab
a+b

✳

❉❛ BI ❛✉❝❤ ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡ ✐♠ ❉r❡✐❡❝❦ △CC ′B ✐st✱ ❢♦❧❣t ♠✐t ❍✐❧❢ss❛t③ ✶ ❛♥❛❧♦❣
③✉ ✭✸✳✺✮ ❛✉❝❤

CC ′

CI
= 1 +

IC ′

CI
= 1 +

C ′B

CB
= 1 +

1

a
· ac

a + b
=

a + b + c

a + b
,

❛❧s♦ ③✉s❛♠♠❡♥ ♠✐t ✭✸✳✶✶✮ s❝❤❧✐❡ÿ❧✐❝❤

✭✸✳✶✷✮ CI = a+b
a+b+c

· CC ′ = ab
a+b+c

.

❲✐r ♥✉t③❡♥ ♥✉♥ ❞✐❡ ❤❡r❣❡❧❡✐t❡t❡♥ ❱❡r❤ä❧t♥✐ss❡✱ ✉♠ ❞✐❡ ➘❤♥❧✐❝❤❦❡✐t ❞❡r ❜❡✐❞❡♥ ❉r❡✐✲
❡❝❦❡ △CB ′I ✉♥❞ △CC ′A′ ♥❛❝❤③✉✇❡✐s❡♥✿ ❲❡❣❡♥ ∢B ′CI = 60◦ = ∢C ′CA′ ✉♥❞

CB ′

CI
=

a + b + c

a + c
=

b + c

a + b
=

CC ′

CA′

♥❛❝❤ ✭✸✳✶✵✮ ❢♦❧❣t ❞✐❡s ❛✉s ❞❡♠ s✇s✲➘❤♥❧✐❝❤❦❡✐tss❛t③✳ ❉❛♠✐t ❣✐❧t ✐♥s❜❡s♦♥❞❡r❡

▼❖◆❖■❉ ✶✹✺ ✹✵



✭✸✳✶✸✮ ∢A′C ′C = ∢IB ′C ✳

❊❜❡♥s♦ ✇❡✐s❡♥ ✇✐r ü❜❡r ❞✐❡ ➘❤♥❧✐❝❤❦❡✐t ❞❡r ❉r❡✐❡❝❦❡ △A′CI ✉♥❞ △C ′CB ′ ♥❛❝❤✱
❞❛ss ❞✐❡ ❜❡✐❞❡♥ ✐♥ ❙❦✐③③❡ ✸✳✹ ♠❛r❦✐❡rt❡♥ ❲✐♥❦❡❧ ü❜❡r❡✐♥st✐♠♠❡♥✱

✭✸✳✶✹✮ ∢CA′I = ∢CC ′B ′✳

■♠ ❉r❡✐❡❝❦ △ABC ✐st ♥❛❝❤ ❱♦r❛✉ss❡t③✉♥❣ ∢BAC+∢CBA = 180◦−120◦ = 60◦✱
❛❧s♦ s✐♥❞ ✐♠ ❱✐❡r❡❝❦ �B ′IA′C ′ ❞✐❡ ❲✐♥❦❡❧ ∢A′IB ′ = 180◦− 1

2 ·(∢BAC+∢CBA) =
150◦ ✭❙❝❤❡✐t❡❧✇✐♥❦❡❧✮ ✉♥❞

✭✸✳✶✺✮ ∢IB ′C+∢CA′I = 360◦−∢B ′CA′−∢A′IB ′ = 360◦−120◦−150◦ = 90◦.

❉❛♠✐t ❜❡st✐♠♠t s✐❝❤ ❞❡r ❣❡s✉❝❤t❡ ❲✐♥❦❡❧∢A′C ′B ′ ✐♥ ❞❡r ❑♦♠❜✐♥❛t✐♦♥ ✈♦♥ ✭✸✳✶✺✮✱
✭✸✳✶✸✮ ✉♥❞ ✭✸✳✶✹✮ ③✉

∢A′C ′B ′ = ∢A′C ′C + ∢CC ′B = ∢IB ′C + ∢CA′I = 90◦,

❡r ✐st ❛❧s♦ ❡✐♥ r❡❝❤t❡r ❲✐♥❦❡❧✳ ◗✳❡✳❞✳

❉r✐tt❡r ❇❡✇❡✐s ✭❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥s❛t③✮✿ ❉✐❡ ❇❡③❡✐❝❤♥✉♥❣❡♥ s❡✐❡♥ ✇✐❡ ✐♥ ❞❡r ❆✉❢✲
❣❛❜❡♥st❡❧❧✉♥❣ ❣❡✇ä❤❧t❀ s✐❡❤❡ ❙❦✐③③❡ ✸✳✶ ✭❧✐♥❦s✮✳ ❉✐❡ ❱♦r❛✉ss❡t③✉♥❣ ∢ACB = 120◦

❣❡❤t ✐♥ ❞✐❡s❡♥ ❇❡✇❡✐s ü❜❡r cos (60◦) = − cos (120◦) = 1
2 ❡✐♥✳ ❲✐r ✇❡✐s❡♥ ♥❛❝❤✱

❞❛ss ❞✐❡ ●❡r❛❞❡ (C ′A′) ❞❡♥ ❲✐♥❦❡❧ ∢BC ′C ❤❛❧❜✐❡rt✱ ✇❛s ✐♠ ❉r❡✐❡❝❦ △BCC ′ ♥❛❝❤
❍✐❧❢ss❛t③ ✶ äq✉✐✈❛❧❡♥t ✐st ③✉

✭✸✳✶✻✮ BA′

CA′
= BC ′

CC ′
⇔ CC ′ = CA′·BC ′

BA′
.

❉✐❡ ❚❡r♠❡ ✐♥ ✭✸✳✶✻✮ r❡❝❤ts ❧❛ss❡♥ s✐❝❤ ✐♠ ❉r❡✐❡❝❦ △ABC ✱ ✐♥ ❞❡♠ ❞✐❡ P✉♥❦t❡ A′

✉♥❞ C ′ ❙❝❤♥✐tt♣✉♥❦t❡ ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥ ♠✐t ❞❡♥ ❣❡❣❡♥ü❜❡r❧✐❡❣❡♥❞❡♥ ❉r❡✐✲
❡❝❦ss❡✐t❡♥ s✐♥❞✱ ♥❛❝❤ ❙❦✐③③❡ ✸✳✸ ❡r♠✐tt❡❧♥✱ ❛❧s♦

CA′ · BC ′

BA′ =
ba

b + c
· ac

a + b
· b + c

ca
=

ab

a + b
= CC ′,

✇♦❜❡✐ ✇✐r ❢ür ❞✐❡ ❧❡t③t❡ ●❧❡✐❝❤✉♥❣ ❍✐❧❢ss❛t③ ✷ ♠✐t γ = ∢ACB = 120◦ ❣❡♥✉t③t
❤❛❜❡♥✳ ❉❛s ❜❡✇❡✐st ✭✸✳✶✻✮✳ ❊❜❡♥s♦ r❡❝❤♥❡♥ ✇✐r ♥❛❝❤✱ ❞❛ss ❞✐❡ ●❡r❛❞❡ (C ′B ′) ❞❡♥
❲✐♥❦❡❧ ∢CC ′A ❤❛❧❜✐❡rt✳ ❉❛♠✐t ❢♦❧❣t

2∢A′C ′B ′ = 2∢A′C ′C + 2∢CC ′B ′ = ∢BC ′C +∢CC ′A = ∢BC ′A = 180◦,

❛❧s♦ ∢A′C ′B ′ = 90◦✳ ◗✳❡✳❞✳

❱✐❡rt❡r ❇❡✇❡✐s ✭❯♠❦❡❤r✉♥❣ ❞❡s ❙❛t③❡s ✈♦♥ P②t❤❛❣♦r❛s ✐♠ ❉r❡✐❡❝❦ △A′B ′C ′✮ ✕
❇❡✇❡✐ss❦✐③③❡✿ ■♠ ❉r❡✐❡❝❦ △ABC ❞❡r ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣ s❡✐❡♥ ❞✐❡ ❙❡✐t❡♥❧ä♥❣❡♥ ♠✐t
a := BC ✱ b := AC ✉♥❞ c := AB ❜❡③❡✐❝❤♥❡t✳ ❆✉s ❞❡♠ ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥s❛t③
✭❍✐❧❢ss❛t③ ✶✮ ✉♥❞ ❙❦✐③③❡ ✸✳✸ s❝❤❧✐❡ÿ❡♥ ✇✐r ❛✉❢ ❞✐❡ ❚❡✐❧str❡❝❦❡♥ ❞❡r ❙❡✐t❡♥ ✈♦♥
△ABC ✱ ✇✐❡ s✐❡ ❞✉r❝❤ ❞✐❡ P✉♥❦t❡ A′✱ B ′✱ C ′ ❣❡♥❡r✐❡rt ✇❡r❞❡♥✳
◆❛❝❤ ❞❡♠ ❙❛t③ ❞❡s P②t❤❛❣♦r❛s ✭✉♥❞ s❡✐♥❡r ❯♠❦❡❤r✉♥❣✮ ✐st ❞❛s ❉r❡✐❡❝❦ △A′B ′C ′

❣❡♥❛✉ ❞❛♥♥ r❡❝❤t✇✐♥❦❧✐❣ ♠✐t ❍②♣♦t❡♥✉s❡ A′B ′✱ ✇❡♥♥

✹✶ ▼❖◆❖■❉ ✶✹✺



✭✸✳✶✼✮ 0 = B ′C ′2 + A′C ′2 − A′B ′2✳

❆✉s ❞❡r ♠❡❤r❢❛❝❤❡♥ ❆♥✇❡♥❞✉♥❣ ❞❡s ❑♦s✐♥✉ss❛t③❡s ✐♥ ❞❡♥ ❉r❡✐❡❝❦❡♥ △B ′C ′C ✱
△C ′A′C ✉♥❞ △B ′A′C ❢♦❧❣❡♥ ♠✐t cos (60◦) = − cos (120◦) = 1

2 s❝❤❧✐❡ÿ❧✐❝❤ ❚❡r♠❡

❢ür B ′C ′2✱ C ′A′2 ✉♥❞ A′B ′2✱ ♥ä♠❧✐❝❤

✭✸✳✶✽✮ B ′C ′2 = B ′C
2
+ CC ′2 − B ′C · CC ′✱ C ′A′2 = A′C

2
+ CC ′2 − A′C · CC ′

✭✸✳✶✾✮ s♦✇✐❡ A′B ′2 = B ′C
2
+ A′C

2
+ B ′C · A′C .

❍✐❡r❛✉s s❝❤❧✐❡ÿ❡♥ ✇✐r ✭♠✐t ❡t✇❛s ❛✉❢✇ä♥❞✐❣❡r❡♥ ❯♠❢♦r♠✉♥❣❡♥✮

B ′C ′2 + A′C ′2 − A′B ′2 = CC ′ · (2 · CC ′ − B ′C − A′C )− B ′C · A′C

=
ab

a + b
· ab · (a + b)

(b + c) · (c + a)
− a2b2

(b + c) · (c + a)

= 0.

❉❛❤❡r ✐st ∢A′C ′B ′ ❡✐♥ r❡❝❤t❡r ❲✐♥❦❡❧✳∗ ◗✳❡✳❞✳

❆✉❢❣❛❜❡ ✹

❉✐❡ ●r✉♥❞✢ä❝❤❡ ❡✐♥❡r P②r❛♠✐❞❡ ✐st ❡✐♥ r❡❣❡❧♠äÿ✐❣❡s n✲❊❝❦✳ ❏❡❞❡ ❱❡r❜✐♥❞✉♥❣sstr❡✲
❝❦❡ ③✇❡✐❡r ❊❝❦❡♥ ❞❡r P②r❛♠✐❞❡ ♠✐t ❞❡r ❆✉s♥❛❤♠❡ ❞❡r ❙❡✐t❡♥ ❞❡r ●r✉♥❞✢ä❝❤❡ ✇✐r❞
❡♥t✇❡❞❡r r♦t ♦❞❡r ❜❧❛✉ ❣❡❢är❜t✳
❇❡✇❡✐s❡✿ ❋ür n = 9 ❣✐❜t ❡s ❜❡✐ ❥❡❞❡r s♦❧❝❤❡♥ ❋är❜✉♥❣ ❞r❡✐ ❊❝❦❡♥ ❞❡r P②r❛♠✐❞❡✱
❞✐❡ ❞✉r❝❤ ❞r❡✐ ❣❧❡✐❝❤❢❛r❜✐❣❡ ❙tr❡❝❦❡♥ ✈❡r❜✉♥❞❡♥ s✐♥❞✱ ✉♥❞ ❢ür n = 8 ❣✐❧t ❞✐❡s ♥✐❝❤t
✐♥ ❥❡❞❡♠ ❋❛❧❧✳

❇❡✇❡✐s✿ ❲✐r ♥❡♥♥❡♥ ✭❛❧❧❣❡♠❡✐♥✮ ③✇❡✐ ❊❝❦❡♥ ❜❡♥❛❝❤❜❛rt✱ ✇❡♥♥ s✐❡ ❞✉r❝❤ ❡✐♥❡
❙❡✐t❡ ❞❡r ●r✉♥❞✢ä❝❤❡ ♠✐t❡✐♥❛♥❞❡r ✈❡r❜✉♥❞❡♥ s✐♥❞✳ ❏❡❞❡ ❑♦♠❜✐♥❛t✐♦♥ ✈♦♥ ❞r❡✐
❊❝❦❡♥ ❞❡r P②r❛♠✐❞❡ ♥❡♥♥❡♥ ✇✐r ✭❡t✇❛s ❦ür③❡r✮ ❉r❡✐❡❝❦❀ s✐♥❞ ❞✐❡ ❞r❡✐ ❊❝❦❡♥ ❞✉r❝❤
❣❧❡✐❝❤❢❛r❜✐❣❡ ❙tr❡❝❦❡♥ ✈❡r❜✉♥❞❡♥✱ s♦ s♣r❡❝❤❡♥ ✇✐r ✈♦♥ ❡✐♥❡♠ ❡✐♥❢❛r❜✐❣❡♥ ✭❜❧❛✉❡♥
❜③✇✳ r♦t❡♥✮ ❉r❡✐❡❝❦✳ ❊✐♥❡ ❊❝❦❡ ❞❡r ●r✉♥❞✢ä❝❤❡ ❤❡✐ÿ❡ ❜❧❛✉ ❜③✇✳ r♦t✱ ✇❡♥♥ ❞✐❡
❱❡r❜✐♥❞✉♥❣sstr❡❝❦❡ ❞✐❡s❡r ❊❝❦❡ ③✉r ❙♣✐t③❡ ❞❡r P②r❛♠✐❞❡ ❜❧❛✉ ❜③✇✳ r♦t ❣❡❢är❜t ✐st✳
❲✐r ❜❡tr❛❝❤t❡♥ ③✉♥ä❝❤st ❞❡♥ ❋❛❧❧ n = 9 ✉♥❞ st❡❧❧❡♥ ❞✐❡ P②r❛♠✐❞❡ ✇✐❡ ✐♥ ❙❦✐③③❡ ✹✳✶
❧✐♥❦s ❣r❛♣❤✐s❝❤ ❞❛r✿ ❆❧❧❡ P✉♥❦t❡ ❛✉❢ ❞❡♠ ✉♠s❝❤❧✐❡ÿ❡♥❞❡♥ ❑r❡✐s s✐♥❞ ❡✐♥❡ ✐❞❡♥t✐s❝❤❡
❊❝❦❡✱ ♥ä♠❧✐❝❤ ❞✐❡ ❙♣✐t③❡ ❞❡r P②r❛♠✐❞❡✳ ❆❧❧❡ ❡✐♥❣❡③❡✐❝❤♥❡t❡♥ ❑❛♥t❡♥ ❜✐s ❛✉❢ ❞✐❡
❙❡✐t❡♥ ❞❡r ●r✉♥❞✢ä❝❤❡ ✇❡r❞❡♥ ♥❛❝❤ ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣ ❡♥t✇❡❞❡r r♦t ♦❞❡r ❜❧❛✉
❣❡❢är❜t✳

∗ ❉❛s ❉r❡✐❡❝❦ △A′B ′C ′ ✐st ❡✐♥ ❙♣❡③✐❛❧❢❛❧❧ ❡✐♥❡s ❉r❡✐❡❝❦s✱ ❞❛s ❞✉r❝❤ ❞✐❡ ❋✉ÿ♣✉♥❦t❡ ✈♦♥ ❊❝❦tr❛♥s✈❡rs❛❧❡♥
✭❈❡✈❛♥❡♥✮ ❣❡❜✐❧❞❡t ✇✐r❞✳ ❋ür s♦❧❝❤❡ ❉r❡✐❡❝❦❡ s✐♥❞ ❋♦r♠❡❧♥ ❢ür ❙❡✐t❡♥❧ä♥❣❡♥ ✉♥❞ ❋❧ä❝❤❡♥✐♥❤❛❧t❡ ❜❡❦❛♥♥t❀
s✐❡❤❡ ❊r✐❝ ❲✳ ❲❡✐sst❡✐♥✱ ❈❡✈✐❛♥ ❚r✐❛♥❣❧❡❀ ❤tt♣s✿✴✴♠❛t❤✇♦r❧❞✳✇♦❧❢r❛♠✳❝♦♠✴❈❡✈✐❛♥❚r✐❛♥❣❧❡✳❤t♠❧

✭❛❜❣❡r✉❢❡♥ ❛♠ ✽✳ ▼är③ ✷✵✷✶✮✳ ❲❡✐sst❡✐♥ ❜❡❤❛♥❞❡❧t ❛✉❝❤ ❞❡♥ ❋❛❧❧✱ ❞❛ss ❞✐❡ P✉♥❦t❡ A′✱
B ′✱ C ′ ❋✉ÿ♣✉♥❦t❡ ❞❡r ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥ s✐♥❞❀ s✐❡❤❡ ❊r✐❝ ❲✳ ❲❡✐sst❡✐♥✱ ■♥❝❡♥tr❛❧ ❚r✐❛♥❣❧❡❀
❤tt♣s✿✴✴♠❛t❤✇♦r❧❞✳✇♦❧❢r❛♠✳❝♦♠✴■♥❝❡♥tr❛❧❚r✐❛♥❣❧❡✳❤t♠❧ ✭❛❜❣❡r✉❢❡♥ ❛♠ ✸✳ ▼är③ ✷✵✷✶✮

▼❖◆❖■❉ ✶✹✺ ✹✷



❆✉❢❣r✉♥❞ ❞❡s ❙❝❤✉❜❢❛❝❤♣r✐♥③✐♣s ❣✐❜t ❡s ✐♠ ❋❛❧❧ n = 9 ♠✐♥❞❡st❡♥s ❢ü♥❢ ❊❝❦❡♥ ❞❡r
●r✉♥❞✢ä❝❤❡✱ ❞✐❡ ❞✐❡s❡❧❜❡ ❋❛r❜❡ ❤❛❜❡♥✱ ♦❤♥❡ ❊✐♥s❝❤rä♥❦✉♥❣ s❡✐❡♥ ❡s ❜❧❛✉❡ ❊❝❦❡♥✳
❙✐♥❞ ③✇❡✐ ❞✐❡s❡r ❜❧❛✉❡♥ ❊❝❦❡♥ ♥✐❝❤t ❜❡♥❛❝❤❜❛rt✱ s♦ ✐st ✐❤r❡ ❱❡r❜✐♥❞✉♥❣sstr❡❝❦❡
❣❡❢är❜t✿ ■st s✐❡ ❜❧❛✉ ❣❡❢är❜t✱ s♦ ❤❛❜❡♥ ✇✐r ❡✐♥ ❜❧❛✉❡s ❉r❡✐❡❝❦ ❣❡❢✉♥❞❡♥✱ ✉♥❞ ❞✐❡
❆✉❢❣❛❜❡ ✐st ❣❡❧öst✳ ❲✐r ❜❡tr❛❝❤t❡♥ ♥✉♥ ❞✐❡ ❑♦♥st❡❧❧❛t✐♦♥✱ ❞❛ss ❛❧❧❡ ♥✐❝❤t ❜❡♥❛❝❤✲
❜❛rt❡♥ ❞✐❡s❡r ❜❧❛✉❡♥ ❊❝❦❡♥ ❞✉r❝❤ r♦t❡ ❙tr❡❝❦❡♥ ✈❡r❜✉♥❞❡♥ s✐♥❞✿ ❲✐r ✇ä❤❧❡♥ ❣❡♥❛✉
❢ü♥❢ ❜❧❛✉❡ ❊❝❦❡♥ E1✱ E2✱ ✳ ✳ ✳ ✱ E5 ❛✉s✳ ◆✐❝❤t ❛❧❧❡ ❊❝❦❡♥ ❦ö♥♥❡♥ ❜❡♥❛❝❤❜❛rt s❡✐♥✱
✉♥❞ E1 s❡✐ ♦❤♥❡ ❊✐♥s❝❤rä♥❦✉♥❣ s♦ ❣❡✇ä❤❧t✱ ❞❛ss s✐❡ ♥✐❝❤t ③✉ E2 ❜❡♥❛❝❤❜❛rt ✐st✳
■st ❞✐❡s❡ ❇❡❞✐♥❣✉♥❣ ❡r❢ü❧❧t✱ s♦ ❜✐❧❞❡♥ ❞✐❡ ❊❝❦❡♥ E1,E2,E4 st❡ts ❡✐♥ r♦t❡s ❉r❡✐❡❝❦
✉♥❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ❣❡♥❛✉❡♥ ▲❛❣❡ ❞❡r ❊❝❦❡♥ E1✱ E2✱ ✳ ✳ ✳ ✱ E5 ③✉❡✐♥❛♥❞❡r✳
❋ür n = 8 ✇ä❤❧❡♥ ✇✐r ❞✐❡s❡❧❜❡ ❣r❛♣❤✐s❝❤❡ ❉❛rst❡❧❧✉♥❣ ✉♥❞ ✇❡✐s❡♥ ♥❛❝❤✱ ❞❛ss ❢ür
❞✐❡ ❢♦❧❣❡♥❞❡ ❋är❜✉♥❣ ❦❡✐♥❡ ❞r❡✐ ❊❝❦❡♥ ❞❡r P②r❛♠✐❞❡ ❞✉r❝❤ ❣❧❡✐❝❤❢❛r❜✐❣❡ ❙tr❡❝❦❡♥
✈❡r❜✉♥❞❡♥ s✐♥❞✿

✹✸ ▼❖◆❖■❉ ✶✹✺



❏❡ ✈✐❡r ❞❡r ❛❝❤t ❊❝❦❡♥ ❞❡r ●r✉♥❞✢ä❝❤❡ s❡✐❡♥ ✇✐❡ ✐♥ ❙❦✐③③❡ ✹✳✷ r♦t ❜③✇✳ ❜❧❛✉✱ ❞❛s
❤❡✐ÿt✱ ❞✐❡ ❱❡r❜✐♥❞✉♥❣sstr❡❝❦❡ ③✇✐s❝❤❡♥ ❞❡r ❊❝❦❡ ✉♥❞ ❞❡r ❙♣✐t③❡ ❞❡r P②r❛♠✐❞❡ ✐st
r♦t ❜③✇✳ ❜❧❛✉ ❣❡❢är❜t✳ ■♥ ❙❦✐③③❡ ✹✳✷ ❧ässt s✐❝❤ ❢ür ❞✐❡ ✐♥s❣❡s❛♠t

(
9
3

)
= 9·8·7

1·2·3 = 84
❉r❡✐❡❝❦❡ ✐♥ ❞❡r P②r❛♠✐❞❡ ü❜❡r♣rü❢❡♥✿

✭✹✳✶✮ ❆❝❤t ❉r❡✐❡❝❦❡ ❡♥t❤❛❧t❡♥ ❣❡♥❛✉ ③✇❡✐ ❙❡✐t❡♥ ❞❡r ●r✉♥❞✢ä❝❤❡ ❛❧s ❙tr❡❝❦❡♥ ✉♥❞
8 · (6 − 2 + 1) = 40 ❉r❡✐❡❝❦❡ ❡♥t❤❛❧t❡♥ ❣❡♥❛✉ ❡✐♥❡ ❙❡✐t❡ ❞❡r ●r✉♥❞✢ä❝❤❡
❛❧s ❙tr❡❝❦❡❀ ❞✐❡s❡ 8+40 = 48 ❉r❡✐❡❝❦❡ s✐♥❞ ♥❛❝❤ ❉❡✜♥✐t✐♦♥ ♥✐❝❤t ❡✐♥❢❛r❜✐❣✳

✭✹✳✷✮ ❉✐❡ ❱❡r❜✐♥❞✉♥❣sstr❡❝❦❡ ③✇✐s❝❤❡♥ ③✇❡✐ ❣❧❡✐❝❤❢❛r❜✐❣❡♥ ❊❝❦❡♥ ❞❡r ●r✉♥❞✢ä✲
❝❤❡ s❡✐ ❥❡✇❡✐❧s ✐♥ ❞❡r ❛♥❞❡r❡♥ ❋❛r❜❡ ❡✐♥❣❡❢är❜t✳ ❙♦❧❝❤❡ ❱❡r❜✐♥❞✉♥❣sstr❡❝❦❡♥
s✐♥❞ ✐♥ ❙❦✐③③❡ ✹✳✷ ❢❡tt ❡✐♥❣❡③❡✐❝❤♥❡t✳ ❉❛♠✐t ❦❛♥♥ ❦❡✐♥❡s ❞❡r

(
8
2

)
− 8 = 20

❉r❡✐❡❝❦❡✱ ❞❡r❡♥ ❡✐♥❡ ❊❝❦❡ ❞✐❡ ❙♣✐t③❡ ❞❡r P②r❛♠✐❞❡ ✐st ✉♥❞ ❞❛s ♥✉r ❣❡❢är❜t❡
❙tr❡❝❦❡♥ ❡♥t❤ä❧t✱ ♥✉r ❣❧❡✐❝❤❢❛r❜✐❣❡ ❙tr❡❝❦❡♥ ❜❡s✐t③❡♥✳

✭✹✳✸✮ ❏❡❞❡s ❞❡r ❉r❡✐❡❝❦❡ ♠✐t ❊❝❦❡♥ ♥✉r ✐♥ ❞❡r ●r✉♥❞✢ä❝❤❡✱ ❞❛s ❦❡✐♥❡ ❙❡✐t❡ ❞❡r
●r✉♥❞✢ä❝❤❡ ❛❧s ❙tr❡❝❦❡ ❜❡s✐t③t✱ ❜❡st❡❤t ❛✉s ❊❝❦❡♥✱ ❞✐❡ ♥✐❝❤t ❜❡♥❛❝❤❜❛rt
s✐♥❞✱ ③✇✐s❝❤❡♥ ❞❡♥❡♥ ❛❧s♦ k1 ❜③✇✳ k2 ❜③✇✳ k3 ❜❡♥❛❝❤❜❛rt❡♥ ❊❝❦❡♥✱ ❞❡r
●r✉♥❞✢ä❝❤❡ ❧✐❡❣❡♥✱ k1, k2, k3 ≥ 1✳ ❊s ❣✐❧t k1 + k2 + k3 = 8 − 3 = 5✱
❛❧s♦ ✐st ✭♦❤♥❡ ❊✐♥s❝❤rä♥❦✉♥❣✮ ❡♥t✇❡❞❡r k1 = 3 ✉♥❞ k2 = k3 = 1 ✭❞❛s s✐♥❞
❞✐❡ ❉r❡✐❡❝❦❡ ü❜❡r ❞❡♥ ❉✐❛❣♦♥❛❧❡♥ ❞❡s ✽✲❊❝❦s✮ ♦❞❡r k1 = 1 ✉♥❞ k2 = k3 = 2✳
❋ür ❞✐❡s❡ ❥❡✇❡✐❧s ❛❝❤t ❉r❡✐❡❝❦❡✱ ❛❧s♦ ❢ür ✐♥s❣❡s❛♠t ✶✻ ❉r❡✐❡❝❦❡✱ ❧ässt s✐❝❤
✐♥ ❞❡r ❙❦✐③③❡ ✹✳✷ ❧❡✐❝❤t ü❜❡r♣rü❢❡♥✱ ❞❛ss ✐♥ ❞❡r ❛♥❣❡❣❡❜❡♥❡♥ ❋är❜✉♥❣ ❦❡✐♥❡s
✈♦♥ ✐❤♥❡♥ ❣❧❡✐❝❤❢❛r❜✐❣❡ ❙tr❡❝❦❡♥ ❜❡s✐t③t✳

❉❛♠✐t ✐st ❛✉❝❤ ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ❞✐❡s❡s ❚❡✐❧s ❞❡r ❆✉❢❣❛❜❡ ❜❡✇✐❡s❡♥✳ ◗✳❡✳❞✳

❲✐r ❞❛♥❦❡♥ ❍❡rr♥ ❙t❉ ❛✳❉✳ ❋❡❣❡rt ✉♥❞ ❍❡rr♥ ❖❙t❘ ❉r✳ ❙tr✐❝❤ ❢ür ✐❤r❡ ❆♥♠❡r✲
❦✉♥❣❡♥ ③✉♠ ❆rt✐❦❡❧✳

❘✉❜r✐❦ ❞❡r ▲ös❡r ✉♥❞ ▲ös❡r✐♥♥❡♥
❙t❛♥❞ ♥❛❝❤ ❍❡❢t ✶✹✸

❆❧③❡②✱ ❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠ ✭❇❡tr✳ ▲❡❤r❡r✐♥✿ ❋r❛✉ ▲ü♥✐♥❣✮✿
❑❧✳ ✻✿ ❏✐❧❧ ▼❛r✐❡ ❙✐♠♦♥ ✺❀
❑❧✳ ✽✿ ❖s❝❛r ❙✉ ✸✼❀
❑❧✳ ✶✶✿ ▲✉❦❛s ❇♦r♥ ✶✶✳

❊s♣❡❧❦❛♠♣✱ ❙ö❞❡r❜❧♦♠✲●②♠♥❛s✐✉♠✿
❑❧✳ ✻✿ ▲✐♥✉s ❙❛❧❧♦❝❤ ✾✱ ▼✐❦❛ ❙❝❤ä❢❡r ✽❀
❑❧✳ ✶✷✿ ▼❛r✈✐♥ ❲❡♥③❡❧ ✷✶✳

❋r✐❡❞❜❡r❣✱ ❆✉❣✉st✐♥❡rs❝❤✉❧❡✿
❑❧✳ ✽✿ ❑♦♥st❛♥t✐♥ ❍❡r❜st ✶✽❀
❑❧✳ ✶✶✿ ❆❧❡❦s❛♥❞r❛ ❍❡r❜st ✶✷✳

▼❖◆❖■❉ ✶✹✺ ✹✹



●❡✐s❡♥❤❡✐♠✱ ■♥t❡r♥❛tss❝❤✉❧❡ ❙❝❤❧♦ss ❍❛♥s❡♥❜❡r❣✿
❑❧✳ ✶✵✿ ▲❛ss❡ ❇❧✉♠ ✷✶✳

❍❛❞❛♠❛r✱ ❋ürst✲❏♦❤❛♥♥✲▲✉❞✇✐❣✲❙❝❤✉❧❡✿
❑❧✳ ✺✿ ❏✉❧✐❛ ❍❛♥s ✸❀ ❑❧✳ ✶✵✿ ❚❤❡r❡s❛ ❍♦rst❦ött❡r ✻✳

■♥❣♦❧st❛❞t✱ ❈❤r✐st♦♣❤✲❙❝❤❡✐♥❡r✲●②♠♥❛s✐✉♠✿
❑❧✳ ✺✿ ❚❡❥❛s ❙❤✐✈❛❦✉♥❛r ✼✳

▲✐♥③✱ ▼❛rt✐♥✉s✲●②♠♥❛s✐✉♠✿
❑❧✳ ✶✵✿ ❙✐♠♦♥ ❲❛❧❞❡❦ ✺✳

▼❛✐♥③✱ ❚❤❡r❡s✐❛♥✉♠✿
❑❧✳ ✶✷✿ ❈❧❡♠❡♥s ❩❛❜❡❧ ✶✻✳

◆❡✉✇✐❡❞✱ ❲❡♠❡r✲❍❡✐s❡♥❜❡r❣✲●②♠♥❛s✐✉♠✿
❑❧✳ ✽✿ ❏♦♥❛ ❘✐❝❤❛rt③ ✸✳

◆ürt✐♥❣❡♥✱ ❆❧❜❡rt✲❙❝❤ä✤❡✲❙❝❤✉❧❡✿
❑❧✳ ✶✸✿ ❏♦❤❛♥♥❡s ❑❡❤r❜❡r❣❡r ✶✵✳

❖❜❡r✉rs❡❧✱ ●②♠♥❛s✐✉♠✿
❑❧✳ ✻✿ ❏❛s♠✐♥ ❇♦rr♠❛♥♥ ✾❀ ❑❧✳ ✼✿ ▲♦✉✐s❛ ▲✉❦♦✇✐❛❦ ✼❀
❑❧✳ ✽✿ ❊♠✐❧✐❡ ❇♦rr♠❛♥♥ ✽❀
❑❧✳ ✶✶✿ ❑❛t❤r✐♥ ❇♦rr♠❛♥♥ ✶✵✱ ❏♦s❡✜♥❡ ❑❛ÿ♥❡r ✶✹✳

❙❝❤♦r♥❞♦r❢✱ ❇✉r❣✲●②♠♥❛s✐✉♠✿
❑❧✳ ✶✷✿ ❈❤r✐st✐❛♥ ❈❛r❞❛ ✶✶✳

❙❝❤r♦❜❡♥❤❛✉s❡♥✱ ●②♠♥❛s✐✉♠
❑❧✳ ✼✿ ▲✉❝❛ ❙✐♥❞❡❧ ✼✳

❙✐♠❜❛❝❤ ❛♠ ■♥♥✱ ❚❛ss✐❧♦✲●②♠♥❛s✐✉♠✿
❑❧✳ ✼✿ ❱✐♥❝❡♥t ❑❡♣♣❡❧ ✶✻✳

❚❛♥❣❡r♠ü♥❞❡✱ ❉✐❡st❡r✇❡❣❣②♠❛♥✐s✉♠✿
❑❧✳ ✻✿ ▼❛✐ ▲✐♥❤ ❉❛♥❣ ✶✶❀
❑❧✳ ✾✿ ❚✉ ❙❛♠ ❉❛♥❣ ✷✶✱✺❀
❑❧✳ ✶✶✿ ▼✐r✐❛♠ ❇ütt♥❡r ✶✽✳

❚r✐❡r✱ ❋r✐❡❞r✐❝❤✲❲✐❧❤❡❧♠✲●②♠♥❛s✐✉♠✿
❑❧✳ ✾✿ P❤✐❧✐♣♣ ▲ör❝❦s ✷✻✱✺✳

❲✐♥♥✇❡✐❧❡r✱ ❲✐❧❤❡❧♠✲❊r❜✲●②♠♥❛s✐✉♠✿
❑❧✳ ✺✿ ▲✐❧✐t❤ ●♦r❡❝❦✐ ✸✱✺✳

❲✐tt❧✐❝❤✱ ❈✉s❛♥✉s✲●②♠♥❛s✐✉♠✿
❑❧✳ ✾✿ ▼❛r❡✐❦❡ ❇ü❤❧❡r ✾✳

❲♦r♠s✱ ●❛✉ÿ✲●②♠♥❛s✐✉♠✿
❑❧✳ ✼✿ ❏❛♥ ❲✐❝❦❡♥❤❡✐s❡r ✶✵❀ ❑❧✳ ✽✿ ❆❧❡①❛♥❞❡r ❍❛✉♥ ✶✸❀
❑❧✳ ✶✵✿ ▲✉❦❛s ❊♠♠❡❧ ✼✱ ▼❛r❝♦ ❑❧❡✐♥ ✶✷✳

✹✺ ▼❖◆❖■❉ ✶✹✺



▼♦♥♦✐❞✲▼❛t❤❡③✐r❦❡❧ ▼❛✐♥③

❲❛s ✐st ❞❡r ▼♦♥♦✐❞✲▼❛t❤❡③✐r❦❡❧ ▼❛✐♥③❄
❉❡r ▼♦♥♦✐❞✲▼❛t❤❡③✐r❦❡❧ ▼❛✐♥③ r✐❝❤t❡t s✐❝❤ ❛♥ ❛❧❧❡ ❛♥ ▼❛t❤❡♠❛t✐❦ ✐♥t❡r❡ss✐❡rt❡♥
❙❝❤ü❧❡r✐♥♥❡♥ ✉♥❞ ❙❝❤ü❧❡r✱ ❞✐❡ ❣❡r♥❡ ♠✐t ●❧❡✐❝❤❣❡s✐♥♥t❡♥ ❡✐♥❡♥ ❊✐♥❜❧✐❝❦ ✐♥ ❤ö❤❡r❡
▼❛t❤❡♠❛t✐❦ ❜❡❦♦♠♠❡♥ ✇♦❧❧❡♥ ✉♥❞ ▲✉st ❞❛r❛✉❢ ❤❛❜❡♥✱ ③✉♠✐♥❞❡st ✈✐rt✉❡❧❧❡ ❯♥✐✲
▲✉❢t ③✉ s❝❤♥✉♣♣❡r♥✳ ❲✐r tr❡✛❡♥ ✉♥s ✐♥ ❝✐r❝❛ ❡✐♥♠♦♥❛t✐❣❡♠ ❆❜st❛♥❞ ❞✐❡♥st❛❣s
✶✻✿✸✵✕✶✽✿✵✵ ❯❤r ♣❡r ❱✐❞❡♦❦♦♥❢❡r❡♥③ ♠✐t ❊✉❝❤ ✉♥❞ ❜❡❛r❜❡✐t❡♥ ❚❤❡♠❡♥ ✈♦♥ ❆ ✇✐❡
❆❧❣❡❜r❛ ✉♥❞ ❆♥❛❧②s✐s ❜✐s ❩ ✇✐❡ ❩❛❤❧❡♥t❤❡♦r✐❡✳ ❉✉r❝❤ ❞❛s ♥❡✉❡ ✉♥❞ ❡①♣❡r✐♠❡♥t❡❧❧❡
❋♦r♠❛t ✇♦❧❧❡♥ ✇✐r ❛✉❝❤ ❙❝❤ü❧❡r✐♥♥❡♥ ✉♥❞ ❙❝❤ü❧❡r ❛✉ÿ❡r❤❛❧❜ ✈♦♥ ▼❛✐♥③ ❛♥s♣r❡✲
❝❤❡♥✳ ❉✐❡ ❚r❡✛❡♥ ✇❡r❞❡♥ ❣❡❧❡✐t❡t ✈♦♥ Pr♦❢❡ss♦r✐♥♥❡♥ ✉♥❞ Pr♦❢❡ss♦r❡♥ ❞❡s ■♥st✐t✉ts
❢ür ▼❛t❤❡♠❛t✐❦ ❞❡r ❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣✲❯♥✐✈❡rs✐tät ▼❛✐♥③✳

❉✐❡ ❆✉❢t❛❦t✈❡r❛♥st❛❧t✉♥❣ ③✉♠ ▼♦♥♦✐❞✲▼❛t❤❡③✐r❦❡❧ ▼❛✐♥③ ✜♥❞❡t ❛♠ ❉✐❡♥st❛❣✱
❞❡♠ ✹✳ ▼❛✐ ✷✵✷✶✱ ✶✻✿✸✵✕✶✽✿✵✵ ❯❤r✱ st❛tt✳

❚❡✐❧♥❛❤♠❡❜❡❞✐♥❣✉♥❣❡♥

• ■♥t❡r❡ss❡ ✉♥❞ ❙♣❛ÿ ❛♥ ▼❛t❤❡♠❛t✐❦

• ▼✐♥❞❡st❛❧t❡r ✶✺ ❏❛❤r❡

• ❈♦♠♣✉t❡r ✭❢ür ❱✐❞❡♦❦♦♥❢❡r❡♥③✮✱ ♠ö❣❧✐❝❤st ❑❛♠❡r❛ ✉♥❞ ●r❛♣❤✐❦t❛❜❧❡t

❱♦r❛✉ss✐❝❤t❧✐❝❤❡ ❚❡r♠✐♥❡ ✐♠ ❙♦♠♠❡rs❡♠❡st❡r ✷✵✷✶
✹✳✺✳✷✵✷✶✱ ✶✳✻✳✷✵✷✶ ✉♥❞ ✷✾✳✻✳✷✵✷✶

❘❡❣✐str✐❡r✉♥❣

❇✐tt❡ s❡♥❞❡t ❡✐♥❡ ▼❛✐❧ ♠✐t ❆♥❣❛❜❡ ❊✉r❡s ◆❛♠❡♥s✱ ❞❡r ❙❝❤✉❧❡ ✉♥❞ ❞❡r ❑❧❛ss❡♥st✉❢❡
❛♥✿

• ❆❦❛❞✳ ❘❛t ❉r✳ ❈②♥t❤✐❛ ❍♦❣✲❆♥❣❡❧♦♥✐✱ ❤♦❣❛♥❣❡❧❅✉♥✐✲♠❛✐♥③✳❞❡ ✉♥❞

• Pr♦❢✳ ❉r✳ ▼❛♥❢r❡❞ ▲❡❤♥✱ ♠❧❡❤♥❅✉♥✐✲♠❛✐♥③✳❞❡✳

❉❛♥♥ ❡r❤❛❧t❡t ■❤r ❛❧❧❡ ✇❡✐t❡r❡♥ ■♥❢♦r♠❛t✐♦♥❡♥✱ ❛✉❝❤ ③✉ t❡❝❤♥✐s❝❤❡♥ ❉❡t❛✐❧s✱ ✉♥❞
❞❡♥ ❩✉❣❛♥❣s✲▲✐♥❦✳

❆❦t✉❡❧❧❡ ■♥❢♦r♠❛t✐♦♥❡♥ ✜♥❞❡t ■❤r ③✉ ❣❡❣❡❜❡♥❡r ❩❡✐t ❛✉❢ ❞❡♥ ❙❡✐t❡♥ ❞❡s ▼❛t❤❡♠❛✲
t✐s❝❤❡♥ ■♥st✐t✉ts ❞❡r ❯♥✐✈❡rs✐tät ▼❛✐♥③

❤tt♣s✿✴✴✇✇✇✳♠❛t❤❡♠❛t✐❦✳✉♥✐✲♠❛✐♥③✳❞❡✴s❝❤✉❧❡✴✳

▼❖◆❖■❉ ✶✹✺ ✹✻



▼✐tt❡✐❧✉♥❣❡♥

• ❱✐❡❧❡♥ ❉❛♥❦✱ ❍❡❧♠✉t ❘❛♠s❡r✿ ❩✉♠ ❊♥❞❡s ❞❡s ✈❡r❣❛♥❣❡♥❡♥ ❏❛❤r❡s ✐st
❍❡❧♠✉t ❘❛♠s❡r ♥❛❝❤ ❱♦❧❧❡♥❞✉♥❣ ❞❡s ❍❡❢t❡s ✶✹✹ ❛✉s ❞❡r ▼❖◆❖■❉✲❘❡❞❛❦t✐♦♥
❛✉s❣❡st✐❡❣❡♥✳ ❍❡rr ❘❛♠s❡r ✇❛r ▲❡❤r❡r ❛♠ ❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠✱
❛♥ ❞❡♠ ▼❖◆❖■❉ ❧❛♥❣❡ ❤❡r❛✉s❣❡❣❡❜❡♥ ✇✉r❞❡✱ ✉♥❞ s♦ st✐❡ÿ ❡r ♠✐t ❍❡❢t ✹✹✱
✇❡❧❝❤❡s ✐♠ ❉❡③❡♠❜❡r ✶✾✾✺ ❡rs❝❤✐❡♥✱ ③✉r ❘❡❞❛❦t✐♦♥✳ ❆✉❝❤ ❛❧s P❡♥s✐♦♥är ❜❧✐❡❜
❡r ▼❖◆❖■❉ tr❡✉ ✉♥❞ ❜r❛❝❤t❡ s✐❝❤ ✇❡✐t❡r❤✐♥ ✐♥ ❞✐❡ ❘❡❞❛❦t✐♦♥s❛r❜❡✐t ❡✐♥✳ ❉♦❝❤
♥✉♥✱ ❣❡♥❛✉ ✷✺ ❏❛❤r❡ ✉♥❞ ❣❡♥❛✉ ✶✵✶ r❡❣✉❧är❡ ❍❡❢t❡ s♣ät❡r✱ ✈❡r❛❜s❝❤✐❡❞❡t ❡r
s✐❝❤ ❛✉s ❞❡r ❛❦t✐✈❡♥ ❘❡❞❛❦t✐♦♥❛r❜❡✐t✳ ❍❡rr ❘❛♠s❡r ❜r❛❝❤t❡ s✐❝❤ ③✉❧❡t③t ❜❡✲
s♦♥❞❡rs ❜❡✐ ❞❡r ❆✉s✇❛❤❧ ❞❡r ❆✉❢❣❛❜❡♥ ❢ür ✉♥s❡r❡♥ ❲❡tt❜❡✇❡r❜ ❡✐♥✱ ✐♥❞❡♠ ❡r
❛✉s ❞❡♠ ❆✉❢❣❛❜❡♥❢✉♥❞✉s ❞✐❡ s❝❤ö♥st❡♥ ❤❡r❛✉ss✉❝❤t❡ ✉♥❞ ❞✐❡s❡ ❛❦r✐❜✐s❝❤ ❛✉❢
❋❡❤❧❡r ❦♦♥tr♦❧❧✐❡rt❡✳ ❍✐❡r ❧✐❡❢❡rt❡ ❡r ✇✐❝❤t✐❣❡ ❆r❜❡✐t✳ ▲✐❡❜❡r ❍❡rr ❘❛♠s❡r✱ ❢ür
❞❛s ❱✐❡rt❡❧❥❛❤r❤✉♥❞❡rt ❡❤r❡♥❛♠t❧✐❝❤❡♥ ❊♥❣❛❣❡♠❡♥ts ❜❡❞❛♥❦❡♥ ✇✐r ✉♥s ❣❛♥③
❤❡r③❧✐❝❤ ✉♥❞ ✇ü♥s❝❤❡♥ ■❤♥❡♥ ❛❧❧❡s ❡r❞❡♥❦❧✐❝❤ ●✉t❡✱ ❜❡s♦♥❞❡rs ✈✐❡❧ ●❡s✉♥❞❤❡✐t✳

• ❱✐❡❧❡♥ ❉❛♥❦✱ ❧✐❡❜❡ ❙♣❡♥❞❡r✿ ❊♥❞❡ ❧❡t③t❡♥ ✉♥❞ ❆♥❢❛♥❣ ❞✐❡s❡♥ ❏❛❤r❡s ❤❛❜❡♥
✇✐r ❣r♦ÿ③ü❣✐❣❡ ❙♣❡♥❞❡♥ ❡r❤❛❧t❡♥✳ ❆✉❝❤ ❞❛❢ür ✈✐❡❧❡♥ ❉❛♥❦ ❛♥ ❛❧❧❡ ❙♣❡♥❞❡r✦

• ❆❜♦✲❇❡✐tr❛❣✿ ❇✐tt❡ ❞❡♥❦t ❞❛r❛♥✱ ❞❡♥ ❆❜♦✲❇❡✐tr❛❣ ✐♥ ❍ö❤❡ ✈♦♥ ✶✺◆ ❢ür
❞❛s ❑❛❧❡♥❞❡r❥❛❤r ✷✵✷✶ ❛✉❢ ❞❛s ▼❖◆❖■❉✲❑♦♥t♦✱ ◆✉♠♠❡r ✺✵✺ ✾✹✽ ✵✶✽ ❜❡✐ ❞❡r
▼❛✐♥③❡r ❱♦❧❦s❜❛♥❦ ✭❇▲❩ ✺✺✶ ✾✵✵ ✵✵✮ ③✉ ü❜❡r✇❡✐s❡♥ ✭❆♥❣❛❜❡ ❞❡s ❆❜♦♥♥❡♥t❡♥
♥✐❝❤t ✈❡r❣❡ss❡♥✦✮✳
❊✐♥❡ ❣ü♥st✐❣❡ ❋♦r♠✱ ❞❡♥ ❆❜♦✲❇❡✐tr❛❣ ③✉ ü❜❡r✇❡✐s❡♥✱ ✐st ❞❡r ❉❛✉❡r❛✉❢tr❛❣✱ ❞❛
♠❛♥ ❞❛♥♥ ❞✐❡ Ü❜❡r✇❡✐s✉♥❣ ♥✐❝❤t ♠❡❤r ✈❡r❣✐sst ✉♥❞ ❞❛s ❆❜♦♥♥❡♠❡♥t ♦❤♥❡
❯♥t❡r❜r❡❝❤✉♥❣ ✇❡✐t❡r❧ä✉❢t✳

❉✐❡ ❘❡❞❛❦t✐♦♥

▲❡✐t✉♥❣✿ ❉r✳ ❈②♥t❤✐❛ ❍♦❣✲❆♥❣❡❧♦♥✐ ✭❱✳✐✳❙✳❞✳P✳✮✱ ▼❛r❝❡❧ ●r✉♥❡r
▼✐t❣❧✐❡❞❡r✿ ❆♥❣❡❧✐❦❛ ❇❡✐t❧✐❝❤✱ ▲❛✉r❛ ❇✐r♦t❤✱ Pr♦❢✳ ❲♦❧❢❣❛♥❣ ❏✳ ❇ü❤❧❡r P❤✳ ❉✳✱
❈❤r✐st❛ ❊❧③❡✱ Pr♦❢✳ ❉r✳ ❋✐s❝❤❡r✱ Pr♦❢✳ ❉r✳ ❙t❡✛❡♥ ❋rö❤❧✐❝❤✱ ❉r✳ ❍❛rt✇✐❣ ❋✉❝❤s✱ ❲✐❧❧②
●❡♠♠❡r✱ ❉r✳ ❑❧❛✉s ●♦r♥✐❦✱ ❏❛s♠✐♥ ❍❛❛❣✱ Pr♦❢✳ ❉r✳ ❆❝❤✐♠ ❑❧❡♥❦❡✱ ❆rt❤✉r ❑ö♣♣s✱
P❉ ❉r✳ ▼❛r❣❛r✐t❛ ❑r❛✉s✱ ❉r✳ ❊❦❦❡❤❛r❞ ❑r♦❧❧✱ ❙✉s❛♥♥❡ ▲ü♥✐♥❣✱ ▼❛rt✐♥ ▼❛tt❤❡✐s✱
❉r✳ ▼❛①✐♠✐❧✐❛♥ Pr❡✐s✐♥❣❡r✱ ❋r❛♥❦ ❘❡❤♠✱ ❙✐❧❦❡ ❙❝❤♥❡✐❞❡r✱ Pr♦❢✳ ❉r✳ ❍❛♥s✲❏ür❣❡♥
❙❝❤✉❤✱ Pr♦❢✳ ❉r✳ ❉✉❝♦ ✈❛♥ ❙tr❛t❡♥✱ ❉r✳ ❙✐❡❣❢r✐❡❞ ❲❡❜❡r
❲❡✐t❡r❡ ▼✐t❛r❜❡✐t❡r✿ Pr♦❢✳ ❉r✳ ❱❛❧❡♥t✐♥ ❇❧♦♠❡r✱ ❉r✳ ❱♦❧❦❡r Pr✐❡❜❡✱ ❉r✳ ❙t❡❢❛♥
❑❡r♠❡r
❩✉s❛♠♠❡♥st❡❧❧✉♥❣ ✉♥❞ ❙❛t③✿ ❱❡r❛ ❍♦❢♠❛♥♥
■♥t❡r♥❡t ✉♥❞ ❑♦rr❡❦t✉r ❞❡r ❡✐♥❣❡s❛♥❞t❡♥ ▲ös✉♥❣❡♥✿ ❋r❛♥③✐s❦❛ ●❡✐s
❇❡tr❡✉✉♥❣ ❞❡r ❆❜♦♥♥❡♠❡♥ts ✉♥❞ ❱❡rs❛♥❞✿ ❑❛t❤❡r✐♥❡ P✐❧❧❛✉
❚✐t❡❧❧❛②♦✉t✿ ❑❛rst❡♥ ▼ü❧❧❡r✱ ❇ür♦ ❙❝❤✇❛r③s❝❤✐❧❞ ❲✐❡s❜❛❞❡♥

✹✼ ▼❖◆❖■❉ ✶✹✺



❏❛❤r❣❛♥❣ ✹✶ ❍❡❢t ✶✹✺ ▼är③ ✷✵✷✶

■♥❤❛❧t

■✳ ❆❧❜❡r❣ ✉♥❞ ▲✳ ❋❡✐①✿ ❚❡✐❧❜❛r❦❡✐t ✐♠ P❛s❝❛❧s❝❤❡♥ ❉r❡✐❡❝❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
❋✳ ❘❡❤♠✿ ❲❛♥♥ st✐♠♠❡♥ ❙✉♠♠❡ ✉♥❞ Pr♦❞✉❦t ✈♦♥ ❣❛♥③❡♥ ❩❛❤❧❡♥ ü❜❡r❡✐♥❄ ✳ ✳ ✳ ✹
▼✳ ▼❛tt❤❡✐s✿ ❩✉ ❇❡s✉❝❤ ❜❡✐ ❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
❲❛s ✉♥s ü❜❡r ❞❡♥ ❲❡❣ ❣❡❧❛✉❢❡♥ ✐st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
❉✐❡ ❆✉❢❣❛❜❡ ❢ür ❞❡♥ ❈♦♠♣✉t❡r✲❋❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
❍✳ ❙❡✇❡r✐♥✿ ❉❛s ❉❡♥❦❡r❝❤❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
▼❛t❤❡♠❛t✐s❝❤❡ ❊♥t❞❡❝❦✉♥❣❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
❋❛s③✐♥✐❡r❡♥❞❡ ●❧❡✐❝❤✉♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
▲ös✉♥❣❡♥ ❞❡r ▼❛t❤❡s♣✐❡❧❡r❡✐❡♥ ❛✉s ▼❖◆❖■❉ ✶✹✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
◆❡✉❡ ▼❛t❤❡s♣✐❡❧❡r❡✐❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
◆❡✉❡ ❆✉❢❣❛❜❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
●❡❧öst❡ ❆✉❢❣❛❜❡♥ ❛✉s ▼❖◆❖■❉ ✶✹✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
❍❛rt✇✐❣ ❋✉❝❤s✿ ▼♦♥♦✐❞❛❧❡ ❑♥♦❜❡❧❡✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
▼✳ ▼❛tt❤❡✐s✿ ▼❛t❤❡♠❛t✐s❝❤❡ ▲❡s❡✲❊❝❦❡ ✕ ▲❡s❡t✐♣♣s ③✉r ▼❛t❤❡♠❛t✐❦ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
❇✉♥❞❡s✇❡tt❜❡✇❡r❜ ▼❛t❤❡♠❛t✐❦ ✷✵✷✶✱ ❘✉♥❞❡ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
❘✉❜r✐❦ ❞❡r ▲ös❡r ✉♥❞ ▲ös❡r✐♥♥❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
▼✐tt❡✐❧✉♥❣❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
■♠♣r❡ss✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

❆❜♦♥♥❡♠❡♥t❜❡st❡❧❧✉♥❣❡♥ ♣❡r P♦st ♦❞❡r ü❜❡r ❞✐❡ ❍♦♠❡♣❛❣❡✳
❋ür ❡✐♥ ❏❛❤r❡s❛❜♦ ❡r❤❡❜❡♥ ✇✐r ❡✐♥❡♥ ❑♦st❡♥❜❡✐tr❛❣ ✈♦♥ ✶✵ ◆ ✭✹ ❆✉s❣❛❜❡♥✴❏❛❤r ✐♥❦❧✳
P♦rt♦✮✱ ✐♠ ❱♦r❛✉s ❛✉❢ ❞❛s ❑♦♥t♦ ■❇❆◆✿ ❉❊✷✽ ✺✺✶✾ ✵✵✵✵ ✵✺✵✺ ✾✹✽✵ ✶✽ ✉♥❞ ❇■❈✿
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