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Herrn Prof. Dr. Georg Krausch

vertreten durch den Präsidenten

Johannes Gutenberg-Universität zu Mainz

herausgegeben von der

1981 erstes Heft durch Martin Mettler

für Schüler(innen) und Lehrer(innen)

Eine mathematische Zeitschrift 
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❉✐❡ ♥❡✉❡♥ ❆✉❢❣❛❜❡♥ ✇❛rt❡♥ ❛✉❢ ▲ös✉♥❣❡♥✳ ◆✉r ▼✉t✱ ❛✉❝❤ ✇❡♥♥ ❉✉ ✐♥ ▼❛t❤❡ ❦❡✐♥❡ ✒❊✐♥s✏ ❤❛st✦
❉✐❡ ❆✉❢❣❛❜❡♥ s✐♥❞ s♦ ❣❡st❛❧t❡t✱ ❞❛ss ❉✉ ③✉r ▲ös✉♥❣ ♥✐❝❤t ✉♥❜❡❞✐♥❣t ❞❡♥ ▼❛t❤❡✲❙t♦✛ ❞❡r ❙❝❤✉❧❡
❜r❛✉❝❤st✳ ❱✐❡❧♠❡❤r ✇✐rst ❉✉ ✈✐❡❧ ♠❛t❤❡♠❛t✐s❝❤❡ ❋❛♥t❛s✐❡ ✉♥❞ s❡❧❜ststä♥❞✐❣❡s ❉❡♥❦❡♥ ❜r❛✉❝❤❡♥✱
❛❜❡r ❛✉❝❤ ❩ä❤✐❣❦❡✐t✱ ❲✐❧❧❡♥ ✉♥❞ ❆✉s❞❛✉❡r✳

❲✐❝❤t✐❣✿ ❆✉❝❤ ✇❡r ♥✉r ❡✐♥❡ ❆✉❢❣❛❜❡ ♦❞❡r ❚❡✐❧❡ ❡✐♥③❡❧♥❡r ❆✉❢❣❛❜❡♥ ❧ös❡♥ ❦❛♥♥✱ s♦❧❧t❡ t❡✐❧♥❡❤✲
♠❡♥❀ ❞❡♥♥ ❛✉❝❤ ❞❛❢ür ❦❛♥♥ ❡s s❝❤♦♥ P✉♥❦t❡ ❣❡❜❡♥✱ ✇❛s ❞✐❡ ❈❤❛♥❝❡♥ ❛✉❢ ❞❡♥ ●❡✇✐♥♥ ❡✐♥❡s
Pr❡✐s❡s ✈❡r❜❡ss❡r♥ ❦❛♥♥✳ ❉❡♥❦t ❜❡✐ ❊✉r❡♥ ▲ös✉♥❣❡♥ ❞❛r❛♥✱ ❛✉❝❤ ❞❡♥ ▲ös✉♥❣s✇❡❣ ❛♥③✉❣❡❜❡♥✦

❋ür ❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡♥ ✺✕✽ s✐♥❞ ✐♥ ❡rst❡r ▲✐♥✐❡ ❞✐❡▼❛t❤❡s♣✐❡❧❡r❡✐❡♥ ✈♦r❣❡s❡❤❡♥❀ ❛✉❝❤
❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡ ✾ ❞ür❢❡♥ ❤✐❡r ♠✐t♠❛❝❤❡♥✱ ❛❜❡r ♥✉r ❛✉❢ ❞❡r ❇❛s✐s ❞❡r ❤❛❧❜❡♥ P✉♥❦t③❛❤❧✳
❆❧❧❡ ❙❝❤ü❧❡r✱ ✐♥s❜❡s♦♥❞❡r❡ ❛❜❡r ❥❡♥❡ ❞❡r ❑❧❛ss❡♥ ✾✕✶✸✱ ❦ö♥♥❡♥ ▲ös✉♥❣❡♥ ✭♠✐t ▲ös✉♥❣s✇❡❣✦✮
③✉ ❞❡♥ ◆❡✉❡♥ ❆✉❢❣❛❜❡♥ ❛❜❣❡❜❡♥✳ P✉♥❦t❡ ❛✉s ❞❡♥ ❘✉❜r✐❦❡♥ ❈♦♠♣✉t❡r✲❋❛♥✱ ▼❛t❤❡♠❛t✐s❝❤❡
❊♥t❞❡❝❦✉♥❣❡♥ ✉♥❞ ✒❉❡♥❦❡r❝❤❡♥✏ ✇❡r❞❡♥ ❜❡✐ ❞❡r ❱❡r❣❛❜❡ ❞❡s ❋♦rs❝❤❡r♣r❡✐s❡s ③✉❣r✉♥❞❡ ❣❡❧❡❣t✳
✭❇❡✐trä❣❡ ③✉ ✈❡rs❝❤✐❡❞❡♥❡♥ ❘✉❜r✐❦❡♥ ❜✐tt❡ ❛✉❢ ✈❡rs❝❤✐❡❞❡♥❡♥ ❇❧ätt❡r♥✳✮

❊✐♥s❡♥❞❡✲✭❆❜❣❛❜❡✲✮❚❡r♠✐♥ ❢ür ▲ös✉♥❣❡♥ ✐st ❞❡r ✶✺✳ ◆♦✈❡♠❜❡r ✷✵✷✶✳
❩✉s❝❤r✐❢t❡♥ ❜✐tt❡ ❛♥ ❢♦❧❣❡♥❞❡ ❆♥s❝❤r✐❢t✿

❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣✲❯♥✐✈❡rs✐tät
■♥st✐t✉t ❢ür ▼❛t❤❡♠❛t✐❦
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❊✲▼❛✐❧✿ ♠♦♥♦✐❞❅♠❛t❤❡♠❛t✐❦✳✉♥✐✲♠❛✐♥③✳❞❡
❲✐r ✈❡rö✛❡♥t❧✐❝❤❡♥ ✐♠ ❍❡❢t ✉♥❞ ❛✉❢ ✉♥s❡r❡r ■♥t❡r♥❡ts❡✐t❡ ✈♦♥ ❛❧❧❡♥ ▲ös❡r✐♥♥❡♥ ✉♥❞ ▲ös❡r♥ ❞✐❡
◆❛♠❡♥✱ ❙❝❤✉❧❡✱ ❑❧❛ss❡♥st✉❢❡ ✉♥❞ P✉♥❦t③❛❤❧✳ ❲✐r ❣❡❤❡♥ ❞❛✈♦♥ ❛✉s✱ ❞❛ss ■❤r ❞❛♠✐t ❡✐♥✈❡rst❛♥❞❡♥
s❡✐❞✱ ✇❡♥♥ ■❤r ▲ös✉♥❣❡♥ ❡✐♥r❡✐❝❤t✳ ❙♦❧❧t❡t ■❤r ♥✐❝❤t ❡✐♥✈❡rst❛♥❞❡♥ s❡✐♥✱ ❞❛♥♥ ♥♦t✐❡rt ❞✐❡s ❜✐tt❡
❞❡✉t❧✐❝❤ ❛✉❢ ❊✉r❡♥ ❊✐♥s❡♥❞✉♥❣❡♥✳ ❙♣ät❡st❡♥s ♥❛❝❤ ❞❡♥ ▼❖◆❖■❉✲❋❡✐❡r♥ ✇❡r❞❡♥ ❊✉r❡ ❊✐♥s❡♥❞✉♥✲
❣❡♥ ✈❡r♥✐❝❤t❡t✳

❆♥ ❢♦❧❣❡♥❞❡♥ ❙❝❤✉❧❡♥ ❣✐❜t ❡s ❜❡tr❡✉❡♥❞❡ ▲❡❤r❡r✱ ❜❡✐ ❞❡♥❡♥ ■❤r ❊✉r❡ ▲ös✉♥❣❡♥ ❛❜❣❡❜❡♥ ❦ö♥♥t✿
❛♠ ❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠ ❆❧③❡② ❜❡✐ ❋r❛✉ ❙✉s❛♥♥❡ ▲ü♥✐♥❣✱ ❛♠ ▲✐♥❛✲❍✐❧❣❡r✲
●②♠♥❛s✐✉♠ ❇❛❞ ❑r❡✉③♥❛❝❤ ❜❡✐ ❋r❛✉ ❏✉❧✐❛ ●✉t③❧❡r✱ ❛♠ ❑❛r♦❧✐♥❡♥✲●②♠♥❛s✐✉♠ ❋r❛♥❦❡♥✲
t❤❛❧ ❜❡✐ ❋r❛✉ ❏❛s♠✐♥ ❍❛❛❣✱ ❛♥ ❞❡r ❋✲❏✲▲✲●❡s❛♠ts❝❤✉❧❡ ❍❛❞❛♠❛r ❜❡✐ ❍❡rr♥ ▼❛tt❤✐❛s ●r❛s✲
s❡✱ ❛♠ ❋r❛✉❡♥❧♦❜✲●②♠♥❛s✐✉♠ ▼❛✐♥③ ❜❡✐ ❍❡rr♥ ▼❛rt✐♥ ▼❛tt❤❡✐s✱ ❛♠ ❏♦❤❛♥♥❛✲●❡✐ss♠❛r✲
●②♠♥❛s✐✉♠ ✐♥ ▼❛♥♥❤❡✐♠ ❜❡✐ ❍❡rr♥ ❯❧r✐❝❤ ❲✐tt❡❦✐♥❞t✱ ❛♠ ❘❤❡✐♥✲❲✐❡❞✲●②♠♥❛s✐✉♠ ◆❡✉✲
✇✐❡❞ ❜❡✐ ❍❡rr♥ ▼❛r❝❡❧ ●r✉♥❡r✱ ✉♥❞ ❛♠ ●②♠♥❛s✐✉♠ ◆♦♥♥❡♥✇❡rt❤ ✐♥ ❘❡♠❛❣❡♥ ❜❡✐ ❍❡rr♥
❍❡❧♠✉t ▼❡✐①♥❡r✳

❲✐r ❜✐tt❡♥ ❛✉❝❤ ✉♠ ♥❡✉❡ ❆✉❢❣❛❜❡♥✱ ❞✐❡ ❉✉ s❡❧❜st ❡rst❡❧❧t ❤❛st✱ ✉♠ s✐❡ ③✉ ✈❡rö✛❡♥t❧✐❝❤❡♥✳ ❉✐❡s❡
❆✉❢❣❛❜❡♥ s♦❧❧❡♥ ❛❜❡r ♥✐❝❤t ❛✉s ❇ü❝❤❡r♥ ♦❞❡r ❆✉❢❣❛❜❡♥s❛♠♠❧✉♥❣❡♥ ❡♥t♥♦♠♠❡♥ s❡✐♥✱ s♦♥❞❡r♥
❉❡✐♥❡r ❡✐❣❡♥❡♥ ❋❛♥t❛s✐❡ ❡♥ts♣r✐♥❣❡♥✳ ❲ür❞❡ ❡s ❉✐❝❤ ♥✐❝❤t ❡✐♥♠❛❧ r❡✐③❡♥✱ ❡✐♥❡ ❆✉❢❣❛❜❡ ③✉ st❡❧❧❡♥✱
❞❡r❡♥ ▲ös✉♥❣ ✈♦r❡rst ♥✉r ❉✉ ❦❡♥♥st❄

❏❡❞❡s ❏❛❤r ✜♥❞❡t ❣❡❣❡♥ ❊♥❞❡ ◆♦✈❡♠❜❡r ❜③✇✳ ❆♥❢❛♥❣ ❉❡③❡♠❜❡r ❡✐♥❡ ▼❖◆❖■❉✲❋❡✐❡r st❛tt✱ ✐♥ ❞❡r❡♥
❘❛❤♠❡♥ r✉♥❞ ❢ü♥❢③✐❣ Pr❡✐s❡ ❛♥ ❞✐❡ ❡r❢♦❧❣r❡✐❝❤st❡♥ ❙❝❤ü❧❡r ✉♥❞ ❙❝❤ü❧❡r✐♥♥❡♥ ✈❡r❣❡❜❡♥ ✇❡r❞❡♥✳
❆❧s ❜❡s♦♥❞❡r❡ Pr❡✐s❡ ❣✐❜ ❡s s❝❤♦♥ s❡✐t ✶✾✾✷ ❞❛s ✒●♦❧❞❡♥❡ ▼✏ ✉♥❞ s❡✐t ✷✵✶✺ ❞❡♥ ✒▼❖◆❖■❉✲❋✉❝❤s✏✱
❥❡✇❡✐❧s ✈❡r❜✉♥❞❡♥ ♠✐t ❡✐♥❡♠ ❜❡❛❝❤t❧✐❝❤❡♥ ●❡❧❞❜❡tr❛❣✳

❯♥❞ ♥✉♥ ✇ü♥s❝❤❡♥ ✇✐r ❊✉❝❤ ✈✐❡❧ ❊r❢♦❧❣ ❜❡✐ ❊✉r❡r ▼✐t❛r✲
❜❡✐t✦
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❉❛s ❊✐ ❞❡s ❉r❛❝❤❡♥
✈♦♥ ▼❛♥✉❡❧ ❑r✉♠♠❡❝❦✱ ❚❛♠❛r❛ ◆✉t③ ✉♥❞ ❑✐♠ ❱♦s❡♥

❉✐❡ ♥❡❜❡♥st❡❤❡♥❞❡ ●r❛✜❦ st❡❧❧t ❞❡♥
✒❇❛✉♠ ❞❡s P②t❤❛❣♦r❛s✏ ❞❛r✱ ❞❡r ③✉
❞❡♥ ❋r❛❦t❛❧❡♥ ③ä❤❧t✳ ❉❡♥ ❯rs♣r✉♥❣
❞❡r ❋✐❣✉r ❜✐❧❞❡t ❞✐❡ ❜❡❦❛♥♥t❡ ❉❛rst❡❧✲
❧✉♥❣ ③✉♠ ❙❛t③ ❞❡s P②t❤❛❣♦r❛s✱ ❞✐❡
❛✉s ❡✐♥❡♠ r❡❝❤t✇✐♥❦❧✐❣❡♥ ❉r❡✐❡❝❦ ✉♥❞
❞❡♥ ❛♥ ❞❡♥ ❙❡✐t❡♥ ❛♥❧✐❡❣❡♥❞❡♥ ◗✉❛✲
❞r❛t❡♥ ♠✐t ❡♥ts♣r❡❝❤❡♥❞❡r ❙❡✐t❡♥❧ä♥✲
❣❡ ❜❡st❡❤t✳
❉❡r ✒❇❛✉♠✏ ❡♥tst❡❤t ♥✉♥ ❛✉s ❞❡♠ ❍ä✉s❝❤❡♥ ♠✐t ❉❛❝❤ ✭❞❛s ✉♥t❡r❡ ◗✉❛❞r❛t ♠✐t
❞❡♠ r❡❝❤t✇✐♥❦❧✐❣❡♥ ❉r❡✐❡❝❦ ❛❧s ❉❛❝❤✮✱ ✐♥❞❡♠ ♠❛♥ ❛✉❢ ❞✐❡ ❉❛❝❤s❡✐t❡♥ ❞❛s ❍ä✉s✲
❝❤❡♥ ❡♥ts♣r❡❝❤❡♥❞ ✈❡r❦❧❡✐♥❡rt ✐♠♠❡r ✇✐❡❞❡r ❛✉❢s❡t③t✳ ◆❛❝❤ ③❡❤♥ ❲✐❡❞❡r❤♦❧✉♥❣❡♥
❞✐❡s❡s Pr♦③❡ss❡s ❡♥tst❡❤t ❞✐❡ ❞❛r❣❡st❡❧❧t❡ ❋✐❣✉r✳

❱❛r✐✐❡rt ♠❛♥ ❞✐❡s❡♥ Pr♦③❡ss ❡✐♥ ✇❡♥✐❣✱ ✐♥❞❡♠ ♠❛♥ ❛✉❢
❞❡r r❡❝❤t❡♥ ❉❛❝❤s❡✐t❡ ❞❛s ❍ä✉s❝❤❡♥ ✇✐❡ ü❜❧✐❝❤ ❛✉❢s❡t③t✱
❛✉❢ ❞❡r ❧✐♥❦❡♥ ❉❛❝❤s❡✐t❡ ❞❛s ❍ä✉s❝❤❡♥ ❛❜❡r ✉♠ 90◦ ♥❛❝❤
❧✐♥❦s ❣❡❞r❡❤t ❛✉❢❣❡s❡t③t✱ s♦ ❡r❤ä❧t ♠❛♥ ♥❛❝❤ ✶✺ ❲✐❡❞❡r✲
❤♦❧✉♥❣❡♥ ❡✐♥❡ ❋✐❣✉r✱ ✈♦♥ ❞❡r ❡✐♥ ❆✉ss❝❤♥✐tt ❛✉❢ ❞❡♠
❯♠s❝❤❧❛❣ ❞❡s ❛❦t✉❡❧❧❡♥ ▼❖◆❖■❉✲❍❡❢t❡s ③✉ s❡❤❡♥ ✐st✳

❉✐❡ ❞❛❜❡✐ ❡♥tst❡❤❡♥❞❡ ❘❛♥❞❦✉r✈❡ ✇✐r❞ ✐♥t❡r❡ss❛♥t❡r✇❡✐s❡ ✇✐❡❞❡r✉♠ ❞✉r❝❤ ❡✐♥ ❛♥✲
❞❡r❡s ❋r❛❦t❛❧ ❛♥❣❡♥ä❤❡rt✱ ❞❡♥ s♦❣❡♥❛♥♥t❡♥ ✒❩✇✐❧❧✐♥❣s❞r❛❝❤❡♥✏✳ ❉✐❡s❡r ❡♥tst❡❤t ❛✉s
❡✐♥❡r ❉♦♣♣❧✉♥❣ ❞❡r ✒❉r❛❝❤❡♥❦✉r✈❡✏ ✉♥❞ ✐st ✐♥ ❞❡r ❦❧❡✐♥❡♥ ●r❛✜❦ ❞❛r❣❡st❡❧❧t✳ ❉✐❡
❉r❛❝❤❡♥❦✉r✈❡ s❡❧❜st ✐st ❡✐♥❡ r❛✉♠❢ü❧❧❡♥❞❡ ❑✉r✈❡ ✉♥❞ ❜✐❧❞❡t s✐❝❤ ü❜❡r ❞❡♥ ✉♥t❡♥
❛❜❣❡❜✐❧❞❡t❡♥ Pr♦③❡ss✳

❉✐❡s❡ ❉r❛❝❤❡♥❦✉r✈❡ ❦❛♥♥ ♠❛♥ ❛✉❝❤ ❞✉r❝❤ P❛♣✐❡r❢❛❧t❡♥ ❡r❤❛❧t❡♥✱ ✐♥❞❡♠ ♠❛♥ ❡✐♥❡♥
❧❛♥❣❡♥ ❞ü♥♥❡♥ ❙tr❡✐❢❡♥ P❛♣✐❡r ✇✐❡❞❡r❤♦❧t ✐♥ ❞❡r ▼✐tt❡ ❢❛❧t❡t ✉♥❞ ❞❛♥❛❝❤ ✇✐❡❞❡r
s♦ ❛✉✛❛❧t❡t✱ ❞❛ss ❞✐❡ ❋❛❧③❡ ❡✐♥❡♥ r❡❝❤t❡♥ ❲✐♥❦❡❧ ❜✐❧❞❡♥✳ ❆✉s♣r♦❜✐❡r❡♥ ✉♥❞ ❉r❛✲
❝❤❡♥❦✉r✈❡ ❡♥t❞❡❝❦❡♥✦

✸ ▼❖◆❖■❉ ✶✹✼



✾✾ ▲ü❣♥❡r
✈♦♥ ❍❛rt✇✐❣ ❋✉❝❤s

Pr♦❢❡ss♦r ◗✉❛♦❛r ❜❡s✉❝❤t ❡✐♥ ❉ör❢❝❤❡♥✱ ✈♦♥ ❞❡♠ ♠❛♥ ✐❤♠ ❜❡r✐❝❤t❡t ❤❛t✱ ❞❛ss
s❡✐♥❡ ✶✾✽ ❊✐♥✇♦❤♥❡r E1,E2, ...,E198 ❞❡♥ ●r✉♥❞s❛t③ ❜❡❢♦❧❣❡♥✿

❊✐♥ ❉ör✢❡r s❛❣t st❡ts ❞✐❡ ❲❛❤r❤❡✐t ♦❞❡r st❡ts ❞✐❡ ❯♥✇❛❤r❤❡✐t

◆❡✉❣✐❡r✐❣ ❢r❛❣t Pr♦❢❡ss♦r ◗✉❛♦❛r ❥❡❞❡♥ ❡✐♥③❡❧♥❡♥ ❊✐♥✇♦❤♥❡r✿ ✒❲✐❡ ✈✐❡❧❡ ▲❡✉t❡ ✐♠
❉♦r❢ s✐♥❞ ▲ü❣♥❡r❄✏ ❊r ❡r❤ä❧t ❛❧s ❆♥t✇♦rt❡♥ ❢❛st ♥✉r ✉♥❜❡st✐♠♠t❡ ❆✉s❦ü♥❢t❡✳

✭✶✮ E1✿ ❊s ❣✐❜t ♠✐♥❞❡st❡♥s ❡✐♥❡♥ ▲ü❣♥❡r✳

✭✷✮ E2✿ ❊s ❣✐❜t ♠✐♥❞❡st❡♥s ③✇❡✐ ▲ü❣♥❡r✳
...

✭✶✾✼✮ E197✿ ❊s ❣✐❜t ♠✐♥❞❡st❡♥s ✶✾✼ ▲ü❣♥❡r✳

✭✶✾✽✮ E198✿ ❊s ❣✐❜t ✶✾✽ ▲ü❣♥❡r✳

Pr♦❢❡ss♦r ◗✉❛♦❛r ❡r✇✐❞❡rt ♥❛❝❤ ❡✐♥✐❣❡r ❩❡✐t ❞❡s ◆❛❝❤❞❡♥❦❡♥s✿ ✒■♥ ❡✉r❡♠ ❉♦r❢
❣✐❜t ❡s ❣❡♥❛✉ ✾✾ ▲ü❣♥❡r✳✏ ❉✐❡ ❉ör✢❡r ❢r❛❣❡♥ ✈❡r✇✉♥❞❡rt ✉♥❞ ❜❡✇✉♥❞❡r♥❞✿ ✒❲✐❡
❤❛❜❡♥ ❙✐❡ ❞❛s ❤❡r❛✉s❣❡❢✉♥❞❡♥❄✏ Pr♦❢❡ss♦r ◗✉❛♦❛r ❡r❧ä✉t❡rt ✐❤♥❡♥ ❣❡r♥❡✱ ✇✐❡ ❡r
s❡✐♥ ❊r❣❡❜♥✐s ❣❡❢✉♥❞❡♥ ❤❛t✿
❩✉♥ä❝❤st ❣✐❧t✿ ❲❡♥♥ E198 ❞✐❡ ❲❛❤r❤❡✐t s❛❣t✱ s♦ ✐st s❡✐♥❡ ❆✉ss❛❣❡ (198) ❣❡❧♦❣❡♥
✕ ❡✐♥ ❲✐❞❡rs♣r✉❝❤✳ ❙♦♠✐t✿

✭✶✾✽✬✮ E198 ✐st ❡✐♥ ▲ü❣♥❡r✳

❉❛r❛✉s ❢♦❧❣t ✉♥♠✐tt❡❧❜❛r

✭✶✬✮ E1 s❛❣t ❞✐❡ ❲❛❤r❤❡✐t✳

❲är❡ ♥✉♥ E2 ❡✐♥ ▲ü❣♥❡r✱ ❞❛♥♥ ❣ä❜❡ ❡s ❤ö❝❤st❡♥s ❡✐♥❡♥ ▲ü❣♥❡r✳ ❉❛♥♥ ❛❜❡r ✇är❡♥
❞✐❡ ❆✉ss❛❣❡♥ (2), (3), ..., (198) ❣❡❧♦❣❡♥ ✕ ❡✐♥ ❲✐❞❡rs♣r✉❝❤✳ ❆❧s♦ ❣✐❧t✿

✭✷✬✮ E2 s❛❣t ❞✐❡ ❲❛❤r❤❡✐t✳
...

●❛♥③ ❡❜❡♥s♦ ❡r❣✐❜t s✐❝❤✱ ❞❛ss E3✱ E4✱ ✳✳✳✱ E98 ❞✐❡ ❲❛❤r❤❡✐t s❛❣❡♥✳

✭✾✾✬✮ E99 s❛❣t ❞✐❡ ❲❛❤r❤❡✐t✳ ❉❡♥♥ ❤ätt❡ E99 ❣❡❧♦❣❡♥✱ s♦ ❣ä❜❡ ❡s ❤ö❝❤st❡♥s ✾✽
▲ü❣♥❡r ✉♥❞ ❞❛♥♥ ❤ätt❡♥ E99,E100, ...,E198 ✉♥❞ ♠✐t❤✐♥ ✾✾ P❡rs♦♥❡♥ ❣❡❧♦✲
❣❡♥ ✕ ❡✐♥ ❲✐❞❡rs♣r✉❝❤✳

❲❡❣❡♥ (99′) s✐♥❞ ❛❧❧❡ ✾✾ ❆✉ss❛❣❡♥ (100) ❜✐s (198) ❣❡❧♦❣❡♥✳ ❉❡s❤❛❧❜ ❣✐❜t ❡s ✐♠
❉♦r❢ ❣❡♥❛✉ ✾✾ ▲ü❣♥❡r✳
❩✉❢r✐❡❞❡♥ ♠✐t s❡✐♥❡r ❇❡✇❡✐s❢ü❤r✉♥❣ ❧ässt s✐❝❤ Pr♦❢❡ss♦r ◗✉❛♦❛r ✈♦♥ ❞❡♥ ❉ör✢❡r♥✱
❞✐❡ ü❜❡r s❡✐♥❡ ❧♦❣✐s❝❤❡ ❑♦♠♣❡t❡♥③ st❛✉♥❡♥✱ ③✉ ❡✐♥❡♠ ❯♠tr✉♥❦ ❡✐♥❧❛❞❡♥✳

▼❖◆❖■❉ ✶✹✼ ✹



❲❛s ✉♥s ü❜❡r ❞❡♥ ❲❡❣ ❣❡❧❛✉❢❡♥ ✐st
❯♥❡r✇❛rt❡t❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ❣❡r❛❞❡♥

P♦t❡♥③❡♥ ✈♦♥ ✸
✈♦♥ ❍❛rt✇✐❣ ❋✉❝❤s

30 =1

↓ +30

32 =2 + 3 + 4

↓ +31

34 =5 + 6 + 7 + ... + 13

↓ +32

36 =14 + 15 + 16 + 17 + ... + 40

... ↓ +33

A(30) =30

A(32) =31

A(34) =32

A(36) =33

...

A(...) = ❆♥③❛❤❧ ❞❡r ❙✉♠♠❛♥❞❡♥

✒❉❛s ❉❡♥❦❡r❝❤❡♥✏
✈♦♥ ❍♦rst ❙❡✇❡r✐♥

◆❛❝❤ ❞❡♥ ❙♦♠♠❡r❢❡r✐❡♥ ♠ö❝❤t❡♥ P❡t❡r ✉♥❞ P❛✉❧ ❡♥❞❧✐❝❤ ✇✐❡❞❡r ❣❡♠❡✐♥s❛♠ ✐♥s
❑✐♥♦ ❣❡❤❡♥✳ ❉✐❡s♠❛❧ s❝❤❧ä❣t P❛✉❧ ❡✐♥❡ ❲❡tt❡ ✈♦r✱ ❞❡r ❱❡r❧✐❡r❡r ♠✉ss ❞❛♥♥ ❢ür
❜❡✐❞❡ ❞❡♥ ❊✐♥tr✐tt ③❛❤❧❡♥✳ P❛✉❧ ❤❛t ❛✉❢ ❞✐❡ ❘ü❝❦s❡✐t❡ ❡✐♥❡s ❋✐❧♠♣❧❛❦❛ts ❞✐❡ ❩❛❤❧❡♥
✈♦♥ ✶ ❜✐s ✷✷✶ ❣❡s❝❤r✐❡❜❡♥✳ ❊s ✐st ♥♦❝❤ ✈✐❡❧ ❧❡❡r❡r P❧❛t③ ❛✉❢ ❞❡♠ P❧❛❦❛t✳
✒❊✐❣❡♥t❧✐❝❤ ✇♦❧❧t❡ ✐❝❤ ❥❛ ❞✐❡ ❩❛❤❧❡♥ ✈♦♥ ✶ ❜✐s ✷✵✷✶ ❛✉❢s❝❤r❡✐❜❡♥✏✱ ❡r❦❧ärt ❡r P❡t❡r✱
✒❛❜❡r ❞✐❡ ❲❡tt❡ ❢✉♥❦t✐♦♥✐❡rt ❛✉❝❤ s♦✳ ❲✐r str❡✐❝❤❡♥ ❛❜✇❡❝❤s❡❧♥❞ ③✇❡✐ ❜❡❧✐❡❜✐❣❡
❩❛❤❧❡♥ ❛✉❢ ❞❡♠ P❧❛❦❛t ✉♥❞ s❝❤r❡✐❜❡♥ ❞❛❢ür ❞✐❡ ❙✉♠♠❡ ♦❞❡r ❞✐❡ ❉✐✛❡r❡♥③ ❞❡r
❜❡✐❞❡♥ ❣❡str✐❝❤❡♥❡♥ ❩❛❤❧❡♥ ❤✐♥✳ ❲❡♥♥ ❛♠ ❙❝❤❧✉ss ❞❡✐♥❡ ▲✐❡❜❧✐♥❣s③❛❤❧ ✷✽ st❡❤❡♥
❜❧❡✐❜t✱ ❧❛❞❡ ✐❝❤ ❞✐❝❤ ❡✐♥ ✕ s♦♥st ❧ä❞st ❞✉ ♠✐❝❤ ❡✐♥✳✏
P❡t❡r ❡♥t❣❡❣♥❡t✿ ✒❉❛ ❤❛st ❞✉ ♠✐r ❜✐s ③✉♠ ❊♥❞❡ ③✉ ✈✐❡❧ ❑♦♥tr♦❧❧❡✱ ✉♠ ❞✐❡ ✷✽ ③✉
✈❡r❤✐♥❞❡r♥✳ ▲❛ss ♠✐❝❤ ❞✐❡ ❧❡t③t❡♥ ✺✵ ❙tr❡✐❝❤✉♥❣❡♥ ❛❧❧❡✐♥❡ ♠❛❝❤❡♥ ✉♥❞ ✐❝❤ ❜✐♥
❞❛❜❡✐✳✏
P❛✉❧ st✐♠♠t ♥❛❝❤ ❦✉r③❡♠ Ü❜❡r❧❡❣❡♥ ③✉ ✉♥❞ ❡r❧❛✉❜t P❡t❡r✱ ♠✐t ❞❡♠ ❡rst❡♥ P❛❛r
③✉ ❜❡❣✐♥♥❡♥✳ ❲❡r ❦❛♥♥ ❞✐❡ ❲❡tt❡ ❣❡✇✐♥♥❡♥ ✉♥❞ ✇✐❡ ♠✉ss ❡r s♣✐❡❧❡♥❄

❍✐♥✇❡✐s✿ ■❤r ❦ö♥♥t ❊✉r❡ ▲ös✉♥❣❡♥ ❜✐s ③✉♠ ✶✺✳ ◆♦✈❡♠❜❡r ✷✵✷✶ ❡✐♥s❝❤✐❝❦❡♥❀ ❞❡♥♥ ❛✉❝❤ ❤✐❡r ❣✐❜t

❡s P✉♥❦t❡ ③✉ ❡r❣❛tt❡r♥✱ ❞✐❡ ❜❡✐ ❞❡r ❱❡r❣❛❜❡ ❞❡s ❋♦rs❝❤❡r♣r❡✐s❡s ❡✐♥❣❡❤❡♥✳

✺ ▼❖◆❖■❉ ✶✹✼



▲ös✉♥❣ ❞❡r ❆✉❢❣❛❜❡ ❛✉s ❍❡❢t ✶✹✺

■♥ ❍❡❢t ✶✹✺ st❡❧❧t❡♥ ✇✐r ❊✉❝❤ ❢♦❧❣❡♥❞❡ ❆✉❢❣❛❜❡✿

■♥ ❞✐❡ ❊❝❦♣✉♥❦t❡ ❞❡r ❉r❡✐❡❝❦s✜❣✉r s♦❧❧ ❥❡❞❡ ❞❡r ❩❛❤❧❡♥
✈♦♥ ✵ ❜✐s ✾ ❣❡♥❛✉ ❡✐♥♠❛❧ ❡✐♥❣❡tr❛❣❡♥ ✇❡r❞❡♥✳ ❉❛❜❡✐
s♦❧❧ ❛❜❡r ❞✐❡ ❙✉♠♠❡ ❞❡r ❩❛❤❧❡♥ ✐♥ ❞❡♥ ❊❝❦❡♥ ❥❡❞❡s ❞❡r
s❝❤r❛✣❡rt❡♥ ❉r❡✐❡❝❦❡ ❞❡♥s❡❧❜❡♥ ❲❡rt ❤❛❜❡♥✳

■st ❞❛s ♠ö❣❧✐❝❤✱ s♦ ❣✐❜ ❡✐♥ ❇❡✐s♣✐❡❧ ❛♥✳ ■st ❞❛s ♥✐❝❤t ♠ö❣❧✐❝❤✱ s♦ ✐st ❞❛❢ür ❡✐♥❡
❇❡❣rü♥❞✉♥❣ ❡r❢♦r❞❡r❧✐❝❤✳

▲ös✉♥❣

❲✐r ❜❡③❡✐❝❤♥❡♥ ❞✐❡ ❩❛❤❧❡♥ ✐♥ ❞❡♥ ❊❝❦❡♥ ✇✐❡ r❡❝❤ts ❛❜✲
❣❡❜✐❧❞❡t ♠✐t a✱ b✱ c ✱ d ✱ e✱ f ✱ g ✱ h✱ i ✱ k ✳ ❆✉s ❞❡r ❆✉❢❣❛✲
❜❡♥st❡❧❧✉♥❣ ❢♦❧❣t ❞❛♥♥

✭✶✮ b+ d + e = c + e + f = e + h+ i ✱ ❛❧s♦ b+ d =
c + f = h + i ✳

❲❡✐t❡r ❣✐❧t

✭✷✮ (a+b+c)+(d+g+h)+(f + i+k) = (b+d+e)+(e+h+ i)+(c+e+f )✱
❛❧s♦ a + g + k = 3e

▼✐t ❞❡r ●❧❡✐❝❤✉♥❣ ✭✷✮ ❣✐❧t ❢ür ❞✐❡ ❙✉♠♠❡ ❛❧❧❡r ❊❝❦❡♥③❛❤❧❡♥✿ b+ d + c + f + h+
i +4e = 45✱ ✉♥❞ ♠✐t ●❧❡✐❝❤✉♥❣ ✭✶✮ ❢♦❧❣t ❞❛r❛✉s 3(b+d)+4e = 45✳ ❲❡✐❧ s♦✇♦❤❧
3(b + d) ❛❧s ❛✉❝❤ 45 ❞✉r❝❤ 3 t❡✐❧❜❛r s✐♥❞✱ ♠✉ss 4e ✉♥❞ ❞❛♠✐t ❛✉❝❤ e ❡❜❡♥❢❛❧❧s
❞✉r❝❤ 3 t❡✐❧❜❛r s❡✐♥✳ ❋ür ❞✐❡ ❩❛❤❧ ✐♥ ❞❡r ♠✐tt❧❡r❡♥ ❊❝❦❡ ❦♦♠♠❡♥ ❛❧s♦ ♥✉r 0✱ 3✱ 6
♦❞❡r 9 ✐♥ ❋r❛❣❡✳
❉✐❡s❡ ❋ä❧❧❡ e = 0 ✉♥❞ e = 9 s✐♥❞ ❛❜❡r ✇❡❣❡♥ ❞❡r ●❧❡✐❝❤✉♥❣ ✭✷✮ ✉♥♠ö❣❧✐❝❤✱ ❞❡♥♥
❞❛♥♥ ✇är❡ a = g = k = 0 ❜❡③✐❡❤✉♥❣s✇❡✐s❡ a = g = k = 9✳

❊✐♥❡ ▲ös✉♥❣ ❢ür e = 3 ✐st r❡❝❤ts ❛❜❣❡❜✐❧❞❡t❀ s✐❡ ❡r③❡✉❣t
✐♥s❣❡s❛♠t s❡❝❤s ▲ös✉♥❣❡♥ ❞✉r❝❤ ❉r❡❤❡♥ ❜❡③✐❡❤✉♥❣s✇❡✐✲
s❡ ❙♣✐❡❣❡❧♥✳ ❲❡♥♥ ♠❛♥ ✐♥ ❥❡❞❡r ❞✐❡s❡r ▲ös✉♥❣❡♥ ❛❧❧❡
❩❛❤❧❡♥ x ❞✉r❝❤ 9− x ❡rs❡t③t✱ ❡r❤ä❧t ♠❛♥ ✇❡✐t❡r❡ s❡❝❤s
▲ös✉♥❣❡♥ ♠✐t e = 6✳ ❉✐❡s s✐♥❞ ❛❧❧❡ ▼ö❣❧✐❝❤❦❡✐t❡♥✳

❘✐❝❤t✐❣❡ ▲ös✉♥❣❡♥ ❤❛❜❡♥ ❡✐♥❣❡s❛♥❞t✿ ▲❛ss❡ ❇❧✉♠✱ ❏♦s❡✜♥❡ ❑❛ÿ♥❡r✱ ❆❧❡①❛♥❞❡r ❑♦✲
❜❧❜❛✉❡r✱ P❤✐❧✐♣♣ ▲ör❝❦s✱ ▲✉❝❛ ❙✐♥❞❡❧✱ ❖s❝❛r ❙✉ ✉♥❞ ❈❧❡♠❡♥s ❩❛❜❡❧✳

▼❛♥ ❦ö♥♥t❡ ♥♦❝❤ ❡✐♥❡ ❘❡✐❤❡ ✈♦♥ ✈✐❡r ❉r❡✐❡❝❦❡♥ ✉♥t❡♥ ❛♥s❡t③❡♥ ✉♥❞ ❞❛❢ür ❞✐❡
❩❛❤❧❡♥ ❜✐s ✶✹ ❥❡ ❡✐♥♠❛❧ ✈❡r✇❡♥❞❡♥ ✕ ✇❡♥♥ ❞❛s ❣❡❤t✳ ❆❜❡r ❞❛s ✐st ❢❛st s❝❤♦♥
✇✐❡❞❡r ❡✐♥❡ ♥❡✉❡ ❆✉❢❣❛❜❡✳

▼❖◆❖■❉ ✶✹✼ ✻



▼❛t❤❡♠❛t✐s❝❤❡ ❊♥t❞❡❝❦✉♥❣❡♥

❇❡s♦♥❞❡r❡ ❉r❡✐❡❝❦s③❛❤❧❡♥

❊✐♥❡ ❉r❡✐❡❝❦s③❛❤❧ ❡r❤ä❧t ♠❛♥ ❣❡♦♠❡tr✐s❝❤ s♦✿

♦❞❡r ❛❧❣❡❜r❛✐s❝❤ ❞✉r❝❤ △n = 1 + 2 + ... + (n − 1) + n✳
❯♥t❡rs✉❝❤❡ ❞✐❡ ❩❛❤❧❡♥❢♦❧❣❡ △11✱ △111✱ △1111✱ ✳✳✳ ✭❈❍❆✮

❍✐♥✇❡✐s✿ ❊✉r❡ ♠❛t❤❡♠❛t✐s❝❤❡♥ ❊♥t❞❡❝❦✉♥❣❡♥ ❦ö♥♥t ■❤r ❜✐s ③✉♠ ✶✺✳ ◆♦✈❡♠❜❡r ✷✵✷✶ ❛♥ ❞✐❡

▼❖◆❖■❉✲❘❡❞❛❦t✐♦♥ ❡✐♥s❡♥❞❡♥✱ ❞❡♥♥ ❛✉❝❤ ❤✐❡r❜❡✐ ❣✐❜t ❡s P✉♥❦t❡ ③✉ ❡r❣❛tt❡r♥✳ ❊✉r❡ ❊r❣❡❜♥✐ss❡

✇❡r❞❡♥ ❥❡✇❡✐❧s ✐♠ ü❜❡r♥ä❝❤st❡♥ ❍❡❢t ❡rs❝❤❡✐♥❡♥✳

▲ös✉♥❣ ❞❡r ❆✉❢❣❛❜❡ ❛✉s ❍❡❢t ✶✹✺

■♥ ❍❡❢t ✶✹✺ st❡❧❧t❡♥ ✇✐r ❊✉❝❤ ❢♦❧❣❡♥❞❡ ❆✉❢❣❛❜❡✿

❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡s ❑❡♥♥❡♥❧❡r♥s♣✐❡❧s ❛✉s ▼❖◆❖■❉ ✶✹✸

❉✐❡ n ❙t✉❞❡♥t❡♥ ❡✐♥❡r ❱♦r❧❡s✉♥❣ tr❡✛❡♥ s✐❝❤ ❥❡❞❡♥ ▼♦♥t❛❣ ③✉♠ ❣❡♠❡✐♥s❛♠❡♥
❊ss❡♥❀ s✐❡ t❡✐❧❡♥ s✐❝❤ ❛✉❢ ❚✐s❝❤❡ ♠✐t ❥❡✇❡✐❧s ❣❡♥❛✉ m P❡rs♦♥❡♥ ❛✉❢✳ ❉✐❡ ❱❡rt❡✐❧✉♥❣
❛✉❢ ❞✐❡ ❚✐s❝❤❡ s♦❧❧ s♦ s❡✐♥✱ ❞❛ss ❥❡❞❡r ❞❡r n ❙t✉❞❡♥t❡♥ ❥❡❞❡♥ ❛♥❞❡r❡♥ ✐♠ ▲❛✉❢❡ ❞❡r
❩❡✐t ❣❡♥❛✉ ❡✐♥♠❛❧ tr✐✛t✳

❛✮ ❲✐❡ ✈✐❡❧❡ ❲♦❝❤❡♥ ❞❛✉❡rt ❞❛s ❙♣✐❡❧❄

❜✮ ❲❡❧❝❤❡ ❇❡❞✐♥❣✉♥❣❡♥ ✜♥❞❡t ■❤r ❛♥ (n,m)✱ ❞❛♠✐t ❡✐♥❡ s♦❧❝❤❡ ❆✉❢t❡✐❧✉♥❣ ❡①✐s✲
t✐❡r❡♥ ❦❛♥♥❄

❝✮ ●❡♥ü❣❡♥ ✉♠❣❡❦❡❤rt ❞✐❡ ✐♥ ❜ ❣❡❢✉♥❞❡♥❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ (n,m)✱ ❞❛♠✐t ❡✐♥❡
s♦❧❝❤❡ ❆✉❢t❡✐❧✉♥❣ ❡①✐st✐❡rt❄

❯♥t❡rs✉❝❤t ✈♦r ❛❧❧❡♠ ❞✐❡ ❜❡✐❞❡♥ ❋ä❧❧❡ m = 2 ✉♥❞ m = 3✳

❊r❣❡❜♥✐ss❡

▼✐t ❞✐❡s❡r ❆✉❢❣❛❜❡ ❤❛❜❡♥ s✐❝❤ ❑❛t❤r✐♥ ❇♦rr♠❛♥♥ ✭❑❧❛ss❡ ✶✷✱ ●②♠♥❛s✐✉♠ ❖❜❡r✲
✉rs❡❧✮✱ ❏♦s❡✜♥❡ ❑❛ÿ♥❡r ✭❑❧❛ss❡ ✶✷✱ ●②♠♥❛s✐✉♠ ❖❜❡r✉rs❡❧✮✱ ❖s❝❛r ❙✉ ✭❑❧❛ss❡ ✾✱
❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠✱ ❆❧③❡②✮✱ ❈❧❡♠❡♥s ❩❛❜❡❧ ✭❑❧❛ss❡ ✶✶✱ ❚❤❡r❡s✐❛✲
♥✉♠✱ ▼❛✐♥③✮ ❜❡s❝❤ä❢t✐❣t✳
❆❧❧❡ ❢❛♥❞❡♥ ③✉ ❆✉❢❣❛❜❡♥t❡✐❧ ❛ ✉♥❞ ❜ ❤❡r❛✉s✿

✼ ▼❖◆❖■❉ ✶✹✼



❛✮ ❉❛s ❙♣✐❡❧ ❞❛✉❡rt n−1
m−1 ❲♦❝❤❡♥✱ ❞❡♥♥ ♠❛♥ ❧❡r♥t ❥❡❞❡ ❲♦❝❤❡ m − 1 ❙t✉❞❡♥t❡♥

✉♥❞ ✐♥s❣❡s❛♠t n − 1 ❙t✉❞❡♥t❡♥ ❦❡♥♥❡♥✳

❜✮ n ♠✉ss ❞✉r❝❤ m t❡✐❧❜❛r s❡✐♥✱ ❞❛ s♦♥st ❦❡✐♥❡ ❣❧❡✐❝❤♠äÿ✐❣❡ ❚✐s❝❤✈❡rt❡✐❧✉♥❣ ♠ö❣✲
❧✐❝❤ ✐st✳ ◆❛❝❤ a) ♠✉ss ❛✉ÿ❡r❞❡♠ n − 1 ❞✉r❝❤ m − 1 t❡✐❧❜❛r s❡✐♥✳ ❩✉s❛♠♠❡♥✲
❢❛ss❡♥❞ ❣✐❧t✱ ❞❛ss n ❜❡✐ ❚❡✐❧✉♥❣ ❞✉r❝❤ m · (m − 1) ❘❡st m ❤❛t✳ ❙♣❡③✐❡❧❧ ✐st n
❢ür m = 2 ❣❡r❛❞❡ ✉♥❞ ❢ür m = 3 ✐st n ❡✐♥ ✉♥❣❡r❛❞❡s ❱✐❡❧❢❛❝❤❡s ✈♦♥ ✸✳

❖s❝❛r ✈❡r♠✉t❡t ❛✉❢❣r✉♥❞ ❞❡ss❡♥✱ ❞❛ss ✉♠❣❡❦❡❤rt ❢ür n = m mod (m · (m − 1))
st❡ts ❡✐♥❡ ▲ös✉♥❣ ❡①✐st✐❡rt ✭❆✉❢❣❛❜❡♥t❡✐❧ ❝✮✳
❋ür m = 2 ✉♥❞ n ❣❡r❛❞❡ ❣✐❜t ❏♦s❡✜♥❡ ❡✐♥ ❱❡r❢❛❤r❡♥ ❢ür ❡✐♥❡ ❆✉❢t❡✐❧✉♥❣ ❛♥✿ ▼❛♥
st❡❧❧t ❞✐❡ n ❙t✉❞❡♥t❡♥ ❛♥ ❡✐♥❡♥ ❡♥ts♣r❡❝❤❡♥❞ ❧❛♥❣❡♥ ❚✐s❝❤✳

❊✐♥❛♥❞❡r ❣❡❣❡♥ü❜❡rst❡❤❡♥❞❡ ❙t✉❞❡♥t❡♥ tr❡✛❡♥ ❡✐♥❛♥❞❡r✳ ❩✉r ③✇❡✐t❡♥ ❲♦❝❤❡ rü❝❦❡♥
❙t✉❞❡♥t❡♥ 2 ❜✐s n ❥❡✇❡✐❧s ❡✐♥❡♥ P❧❛t③ ✇❡✐t❡r✱ ✇ä❤r❡♥❞ ❙t✉❞❡♥t ✶ ❛♥ s❡✐♥❡♠ P❧❛t③
❜❧❡✐❜t ✭❞❛s ❤❡✐ÿt ✐♥s❜❡s♦♥❞❡r❡✱ ❞❛ss ❙t✉❞❡♥t n ❞❡♥ ❢r❡✐✇❡r❞❡♥❞❡♥ P❧❛t③ ✈♦♥ ❙t✉✲
❞❡♥t 2 ❡✐♥♥✐♠♠t✳✮ ❙♦ tr✐✛t ❥❡❞❡r ❞❡r n ❙t✉❞❡♥t❡♥ ❥❡❞❡♥ ❛♥❞❡r❡♥ ❣❡♥❛✉ ❡✐♥♠❛❧✳
❆✉❝❤ ❢ür m ♣r✐♠ ✭✇✐r s❝❤r❡✐❜❡♥ p = m✮ ✉♥❞ n = pk ❡✐♥❡ P♦t❡♥③ ✈♦♥ p ❦♦♥str✉✐❡rt
❏♦s❡✜♥❡ ❡✐♥❡ ▲ös✉♥❣✿
❙✐❡ st❡❧❧t ❞✐❡ ❙t✉❞❡♥t❡♥ ♥✉♥ ✐♥ p ❘❡✐❤❡♥ ❛ pk−1 ❙t✉❞❡♥t❡♥ ❛✉❢ ✭✐❧❧✉str✐❡rt ❛♠
❇❡✐s♣✐❡❧ p = k = 3✮✿

❘❡✐❤❡ ❭P❧❛t③ ✵ ✶ ✷ ✳✳✳ ✽
✵ ✵✵ ✵✶ ✵✷ ✳✳✳ ✵✽
✶ ✶✵ ✶✶ ✶✷ ✳✳✳ ✶✽
✷ ✷✵ ✷✶ ✷✷ ✳✳✳ ✷✽

❉✐❡ ❙♣❛❧t❡♥ ❜✐❧❞❡♥ ❞✐❡ ❆✉❢t❡✐❧✉♥❣ ❞❡r ❡rst❡♥ ❲♦❝❤❡✳ ◆✉♥ rü❝❦❡♥ ❞✐❡ ❙t✉❞❡♥t❡♥
❞❡r ❧✲t❡♥ ❘❡✐❤❡ ✉♠ ❧ P❧ät③❡ ♥❛❝❤ ❧✐♥❦s ✉♥❞ t❡✐❧❡♥ s✐❝❤ ✇✐❡❞❡r ♥❛❝❤ ❙♣❛❧t❡♥ ❛✉❢✿

❘❡✐❤❡ ❭P❧❛t③ ✵ ✶ ✷ ✳✳✳ ✽
✵ ✵✵ ✵✶ ✵✷ ✳✳✳ ✵✽
✶ ✶✶ ✶✷ ✶✸ ✳✳✳ ✶✵
✷ ✷✷ ✷✸ ✷✹ ✳✳✳ ✷✶

❉✐❡ ♥ä❝❤st❡ ❆♥♦r❞♥✉♥❣✿

▼❖◆❖■❉ ✶✹✼ ✽



❘❡✐❤❡ ❭P❧❛t③ ✵ ✶ ✷ ✳✳✳ ✽
✵ ✵✵ ✵✶ ✵✷ ✳✳✳ ✵✽
✶ ✶✷ ✶✸ ✶✹ ✳✳✳ ✶✶
✷ ✷✹ ✷✺ ✷✻ ✳✳✳ ✷✸

❉❛ p ♣r✐♠ ✐st✱ ✇✐r❞ ♥✐❡♠❛♥❞ s✐❝❤ ❞♦♣♣❡❧t s❡❤❡♥✳ ❙❝❤❧✐❡ÿ❧✐❝❤ ❤❛t ❥❡❞❡r ❛✉s ❘❡✐❤❡ 0
❥❡❞❡♥ ❛✉s ❞❡♥ ❛♥❞❡r❡♥ ❘❡✐❤❡♥ ❦❡♥♥❡♥ ❣❡❧❡r♥t ✉♥❞ ❦❡✐♥❡♥ ❛✉s ❞❡r ❡✐❣❡♥❡♥✳ ■♥❞✉❦t✐✈
♥❡❤♠❡♥ ✇✐r ❛♥✱ ❞❛ss ❢ür ❞✐❡ pk−1 ❙t✉❞❡♥t❡♥ ❡✐♥❡r ❘❡✐❤❡ ❡✐♥❡ ③✉❧äss✐❣❡ ❆✉❢t❡✐❧✉♥❣
❡①✐st✐❡rt✱ ❞❛ss ❛❧s♦ ③✉ ❣✉t❡r ▲❡t③t ❥❡❞❡r ❥❡❞❡♥ ❣❡♥❛✉ ❡✐♥♠❛❧ ❣❡tr♦✛❡♥ ❤❛t✳
❆✉s❜❧✐❝❦✿ ❲❡♥♥ ♠❛♥ ③❡✐t❣❡♥öss✐s❝❤❡ ♠❛t❤❡♠❛t✐s❝❤❡ ❋❛❝❤❧✐t❡r❛t✉r ❧✐❡st✱ ✜♥❞❡t
♠❛♥✱ ❞❛ss

• ❞✐❡ ❱❡r♠✉t✉♥❣ st✐♠♠t ❢ür n ≤ 50 ♠✐t ❞❡r ❡✐♥③✐❣❡♥ ❆✉s♥❛❤♠❡ n = 36 ✉♥❞
m = 6✳

• ❡s ❣✐❜t (n,m)✱ ③✉♠ ❇❡✐s♣✐❡❧ n = 66 ✉♥❞ m = 6 ❢ür ❞✐❡ ❞✐❡ ❱❡r♠✉t✉♥❣ ♦✛❡♥
✐st✱ ❡s ❛❧s♦ ♥♦❝❤ ♥✐❝❤t ❜❡❦❛♥♥t ✐st✱ ♦❜ ❡s ❡✐♥❡ ▲ös✉♥❣ ❣✐❜t✳

❉✐❡ ❆✉❢❣❛❜❡ ❢ür ❞❡♥ ❈♦♠♣✉t❡r✲❋❛♥

❯♥t❡rs✉❝❤✉♥❣ ❡✐♥❡s ❑❛rt❡♥s♣✐❡❧s

❱❡rs❝❤✐❡❞❡♥❡ ❙❊❚➤✲❑❛rt❡♥✱➞ ❆▼■●❖ ❙♣✐❡❧ ✰ ❋r❡✐③❡✐t ●♠❜❍

❇❡✐♠ ❙♣✐❡❧ ❙❊❚➤ ❣✐❜t ❡s ✽✶ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ❙♣✐❡❧❦❛rt❡♥✳ ❆✉❢ ❡✐♥❡r ❙♣✐❡❧❦❛rt❡
✐st ❥❡✇❡✐❧s ❡✐♥❡s ✈♦♥ ❞r❡✐ ❙②♠❜♦❧❡♥ ✭❘❛✉t❡✱ ❲❡❧❧❡✱ ❖✈❛❧✮ ❛❜❣❡❜✐❧❞❡t✱ ✉♥❞ ③✇❛r
❡♥t✇❡❞❡r ❡✐♥ ▼❛❧✱ ③✇❡✐ ▼❛❧ ♦❞❡r ❞r❡✐ ▼❛❧✳ ❆❧❧❡ ❙②♠❜♦❧❡ ❡✐♥❡r ❑❛rt❡ ❤❛❜❡♥ ❞✐❡s❡❧❜❡
❋❛r❜❡ ✭❱✐♦❧❡tt✱ ●rü♥ ♦❞❡r ❘♦t✮ ✉♥❞ ❞✐❡s❡❧❜❡ ❋ü❧❧✉♥❣ ✭✉♥❣❡❢ü❧❧t✱ s❝❤r❛✣❡rt ♦❞❡r
♠❛ss✐✈ ❣❡❢ü❧❧t✮✳ ❲❡r❞❡♥ ❞r❡✐ ❞✐❡s❡r ❑❛rt❡♥ ❛✉s❣❡✇ä❤❧t✱ s♦ ❜✐❧❞❡♥ s✐❡ ❡✐♥ ③✉❧äss✐❣❡s
❙❊❚✱ ❢❛❧❧s s✐❡ ✐♥ ❥❡❞❡r ❞❡r ✈✐❡r ❊✐❣❡♥s❝❤❛❢t❡♥ ❡♥t✇❡❞❡r ü❜❡r❡✐♥st✐♠♠❡♥ ♦❞❡r ❛❧❧❡
✉♥t❡rs❝❤✐❡❞❧✐❝❤ s✐♥❞✳ ❉❛❜❡✐ ❦ö♥♥❡♥ s✐❡ ③✉♠ ❇❡✐s♣✐❡❧ ✐♥ ❞❡r ❋❛r❜❡ ✭r♦t✮ ✉♥❞ ❞❡r
❋♦r♠ ✭❲❡❧❧❡✮ ü❜❡r❡✐♥st✐♠♠❡♥✱ ✐♥ ❞❡r ❆♥③❛❤❧ ❥❡❞♦❝❤ ♥✐❝❤t ✭❡s tr❡t❡♥ ❡✐♥✱ ③✇❡✐ ✉♥❞
❞r❡✐ ❙②♠❜♦❧❡ ❛✉❢✮ ✉♥❞ ❛✉❝❤ ✐♥ ❞❡r ❋ü❧❧✉♥❣ ♥✐❝❤t ✭❡s tr❡t❡♥ ❣❡❢ü❧❧t❡✱ s❝❤r❛✣❡rt❡
✉♥❞ ✉♥❣❡❢ü❧❧t❡ ❙②♠❜♦❧❡ ❛✉❢✮✳ ❉✐❡ ❞r❡✐ r❡❝❤t❡♥ ❑❛rt❡♥ ✐♥ ❞❡r ♦❜✐❣❡♥ ❆✉s❧❛❣❡ ❜✐❧❞❡♥
s♦❧❝❤ ❡✐♥ ③✉❧äss✐❣❡s ❙❊❚✳

✾ ▼❖◆❖■❉ ✶✹✼



❉✐❡ ❙♣✐❡❧r❡❣❡❧♥ s✐♥❞ ❡✐♥❢❛❝❤✿ ❊s ✇❡r❞❡♥ ③✇ö❧❢ ❑❛rt❡♥ ♦✛❡♥ ❛✉s❣❡❧❡❣t✳ ❲❡r ③✉❡rst
❡✐♥ ❙❊❚ ✜♥❞❡t✱ ❡r❤ä❧t ❞✐❡s❡ ❞r❡✐ ❑❛rt❡♥ ✉♥❞ ❞✐❡ ❆✉s❧❛❣❡ ✇✐r❞ ❡r❣ä♥③t✳ ❲✐r❞ ❦❡✐♥
❙❊❚ ❣❡❢✉♥❞❡♥✱ ✇❡r❞❡♥ ✇❡✐t❡r❡ ❑❛rt❡♥ ❛✉s❣❡❧❡❣t✱ ❜✐s ❡✐♥ ❙❊❚ ❣❡❢✉♥❞❡♥ ✇✐r❞✳ ❉✐❡
❙♣✐❡❧❡r✐♥ ♦❞❡r ❞❡r ❙♣✐❡❧❡r ♠✐t ❞❡♥ ♠❡✐st❡♥ ❣❡✇♦♥♥❡♥❡♥ ❑❛rt❡♥ ❣❡✇✐♥♥t✳
▼✐t ✇❡❧❝❤❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❜❡✜♥❞❡t s✐❝❤ ✐♥ ❞❡r ❡rst❡♥ ❆✉s❧❛❣❡ ✈♦♥ ③✇ö❧❢ ❑❛r✲
t❡♥ ❜❡r❡✐ts ❡✐♥ ③✉❧äss✐❣❡s ❙❊❚❄
❙❝❤r❡✐❜❡ ❡✐♥ Pr♦❣r❛♠♠✱ ❞❛s ❢ür ✶ ✵✵✵ ✵✵✵ ③✉❢ä❧❧✐❣❡ ❆✉s❧❛❣❡♥ ❜❡st✐♠♠t✱ ✇✐❡ ❤ä✉✲
✜❣ ♠✐♥❞❡st❡♥s ❡✐♥ ③✉❧äss✐❣❡s ❙❊❚ ✐♥ ❞❡r ❆✉s❧❛❣❡ ❧✐❡❣t✳ ❲✐❡ ❣r♦ÿ ✐st ❉❡✐♥ ❙❝❤ät③✲
✇❡rt ❢ür ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❄ ✭❍✐♥✇❡✐s ③✉♠ Ü❜❡r♣rü❢❡♥ ❉❡✐♥❡s ❊r❣❡❜♥✐ss❡s✿ ❉✐❡
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✐st ❣röÿ❡r ❛❧s ✾✵✪✱ ❛❜❡r ❦❧❡✐♥❡r ❛❧s ✾✾✪✳✮ ✭❆❝❑✮

❍✐♥✇❡✐s✿ ■❤r ❦ö♥♥t ❊✉r❡ ▲ös✉♥❣❡♥ ❜✐s ③✉♠ ✶✺✳ ◆♦✈❡♠❜❡r ✷✵✷✶ ❡✐♥s❝❤✐❝❦❡♥❀ ❞❡♥♥ ❛✉❝❤ ❤✐❡r

❣✐❜t ❡s P✉♥❦t❡ ③✉ ❡r❣❛tt❡r♥✱ ❞✐❡ ❜❡✐ ❞❡r ❱❡r❣❛❜❡ ❞❡s ❋♦rs❝❤❡r♣r❡✐s❡s ❡✐♥❣❡❤❡♥✳ ❊✐♥ ❡✐❣❡♥❡s Pr♦✲

❣r❛♠♠ s♦❧❧t❡t ■❤r ❛❧s ❚❡①t❞❛t❡✐ ✉♥❞ ❞✐❡ ❊①❡✲❉❛t❡✐ ❛♠ ❜❡st❡♥ ✒❣❡③✐♣♣t✏ ❛❧s ❊✲▼❛✐❧✲❆♥❤❛♥❣ ❛♥

♠♦♥♦✐❞❅♠❛t❤❡♠❛t✐❦✳✉♥✐✲♠❛✐♥③✳❞❡ ❡✐♥s❡♥❞❡♥✳

❉✐❡ ▲ös✉♥❣❡♥ ✇❡r❞❡♥ ✐♠ ü❜❡r♥ä❝❤st❡♥ ❍❡❢t ❡rs❝❤❡✐♥❡♥✳

▲ös✉♥❣ ❞❡r ❈♦♠♣✉t❡r✲❆✉❢❣❛❜❡
❛✉s ▼❖◆❖■❉ ✶✹✺

■♥ ❍❡❢t ✶✹✺ st❡❧❧t❡♥ ✇✐r ❊✉❝❤ ❢♦❧❣❡♥❞❡ ❆✉❢❣❛❜❡✿

❆✉❢ ❞❡r ❩✐❡❧❣❡r❛❞❡♥

▲❡t③t❡♥s s❛ÿ ✐❝❤ ♠✐t ♠❡✐♥❡♠ ▲❛♣t♦♣ ✐♠ ●❛rt❡♥✳ ❆❧s ✐❝❤ ❡✐♥❡ ❙❝❤♥❡❝❦❡ ❡♥t❞❡❝❦t❡✱
❞✐❡ ü❜❡r ❡✐♥ ●✉♠♠✐❜❛♥❞ ❦r♦❝❤✱ ❢r❛❣t❡ ✐❝❤ ♠✐❝❤✱ ✇❛s ✇♦❤❧ ♣❛ss✐❡r❡♥ ✇ür❞❡✱ ✇❡♥♥
✐❝❤ ❞❛s ●✉♠♠✐❜❛♥❞ ❧❛♥❣③ö❣❡✱ ✇ä❤r❡♥❞ ❞✐❡ ❙❝❤♥❡❝❦❡ ✈❡rs✉❝❤t✱ ❞✐❡ ❛♥❞❡r❡ ❙❡✐t❡
❞❡s ●✉♠♠✐❜❛♥❞❡s ③✉ ❡rr❡✐❝❤❡♥✳ ❯♠ ❞✐❡ ❙❝❤♥❡❝❦❡ ♥✐❝❤t ③✉ stör❡♥✱ ❡♥ts❝❤❧♦ÿ ✐❝❤
♠✐❝❤✱ ❡✐♥ ❈♦♠♣✉t❡r♣r♦❣r❛♠♠ ③✉ s❝❤r❡✐❜❡♥✱ ✉♠ ❞❡r ❋r❛❣❡ ♥❛❝❤③✉❣❡❤❡♥✳
❇❡✐ ❞❡r ▼♦❞❡❧❧✐❡r✉♥❣ ❜✐♥ ✐❝❤ ✈♦♥ ❢♦❧❣❡♥❞❡♥ ❉❛t❡♥ ❛✉s❣❡❣❛♥❣❡♥✿ ❉❛s ●✉♠♠✐❜❛♥❞
❤❛tt❡✱ ✇✐❡ ✐❝❤ ✇✉sst❡✱ ❡✐♥❡ ▲ä♥❣❡ ✈♦♥ 1♠✱ ❞✐❡ ●❡s❝❤✐♥❞✐❣❦❡✐t ❞❡r ❙❝❤♥❡❝❦❡ ❜❡✐♠
❑r✐❡❝❤❡♥ ü❜❡r ❞❛s ●✉♠♠✐❜❛♥❞ s❝❤ät③t❡ ✐❝❤ ❛✉❢ ❦♦♥st❛♥t v = 1 ❝♠

s
✳ ■❝❤ ♥❛❤♠ ❛♥✱

❞❛ss ✐❝❤ ❣❧❡✐❝❤③❡✐t✐❣ ❞✉r❝❤ ❛❧❧❡ x ❙❡❦✉♥❞❡♥ ❞❛s ✉♥❡♥❞❧✐❝❤ ❞❡❤♥❜❛r❡ ●✉♠♠✐❜❛♥❞
✉♠ 4x ❝♠ ❧ä♥❣❡r ③ö❣❡✱ ✇♦❞✉r❝❤ ❞✐❡ ❙❝❤♥❡❝❦❡ ❛✉❢ ❞❡♠ ●✉♠♠✐❜❛♥❞ ♠✐t❣❡③♦❣❡♥
✇ür❞❡✳

❛✮ ❲✐❡ ❧❛♥❣❡ ❜r❛✉❝❤t ❞✐❡ ❙❝❤♥❡❝❦❡ ❜❡✐ ❞✐❡s❡♥ ❆♥♥❛❤♠❡♥✱ ✉♠ ❞❛s ●✉♠♠✐❜❛♥❞
❢ür ✈❡rs❝❤✐❡❞❡♥❡ ❲❡rt❡ ✈♦♥ x ✭2❀ 1❀ 0,5❀ 0,25❀ 0,1✮ ③✉ ü❜❡rq✉❡r❡♥❄ ❲✐❡ ❧❛♥❣
✐st ❞❛s ❇❛♥❞✱ ✇❡♥♥ ❞✐❡ ❙❝❤♥❡❝❦❡ ❞❛s ❊♥❞❡ ❡rr❡✐❝❤t❄

❜✮ ❲❛s ♣❛ss✐❡rt✱ ✇❡♥♥ x ❜❡❧✐❡❜✐❣ ❦❧❡✐♥ ✇✐r❞❄

❝✮ ❲ür❞❡ ❞✐❡ ❙❝❤♥❡❝❦❡ ❞❛s ❛♥❞❡r❡ ❊♥❞❡ ❛✉❝❤ ❡rr❡✐❝❤❡♥✱ ✇❡♥♥ ✐❝❤ ❞❛s ●✉♠♠✐❜❛♥❞
♠✐t v = 1 ❦♠

s
③ö❣❡❄ ✭❏❛♥ ❉✐ss❡❧❤♦✛✱ ▼❛✐♥③✮

▼❖◆❖■❉ ✶✹✼ ✶✵



▲ös✉♥❣

❛✮ ❊✐♥ ♠ö❣❧✐❝❤❡s Pr♦❣r❛♠♠ ✉♠ ❞✐❡ ❆✉❢❣❛❜❡ ③✉ ❧ös❡♥ s✐❡❤t s♦ ❛✉s✿
✶ ❞❡❢ ③❡✐t❴③✉♠❴❡♥❞❡✭❜❛♥❞▲❛♥❣❡ ✱ s❝❤♥❡❝❦❡●❡s❝❤✇✐♥❞✐❣❦❡✐t ✱

③✉❣●❡s❝❤✇✐♥❞✐❣❦❡✐t ✱ ①✮✿
✷ ♣♦s✐t✐♦♥ ❂ ✵
✸ ③❡✐t ❂ ✵
✹

✺ ✇❤✐❧❡ ♣♦s✐t✐♦♥ ❁❜❛♥❞▲❛♥❣❡✿
✻ ★s❝❤♥❡❝❦❡ ❜❡✇❡❣t s✐❝❤
✼ ♣♦s✐t✐♦♥ ✰❂ s❝❤♥❡❝❦❡●❡s❝❤✇✐♥❞✐❣❦❡✐t✯①
✽

✾ ★❜❡r❡❝❤♥❡ ♥❡✉❡ ❇❛♥❞❧❛❡♥❣❡
✶✵ ❣❡③♦❣❡♥❡s❇❛♥❞ ❂ ❜❛♥❞▲❛♥❣❡✰③✉❣●❡s❝❤✇✐♥❞✐❣❦❡✐t✯①
✶✶

✶✷ ★❜❡r❡❝❤♥❡ ♥❡✉❡ ♣♦s✐t✐♦♥ ❞❡r s❝❤♥❡❝❦❡ ✱ ♥❛❝❤ ❜❛♥❞ str❡❝❦❡♥
✶✸ ♣♦s✐t✐♦♥ ❂ ♣♦s✐t✐♦♥ ✯✭ ❣❡③♦❣❡♥❡s❇❛♥❞✴❜❛♥❞▲❛♥❣❡✮
✶✹

✶✺ ❜❛♥❞▲❛♥❣❡ ❂ ❣❡③♦❣❡♥❡s❇❛♥❞
✶✻ ③❡✐t✰❂①
✶✼

✶✽ r❡t✉r♥ ③❡✐t ✱ ❜❛♥❞▲❛♥❣❡
✶✾

✷✵

✷✶ ❢♦r ① ✐♥ ❬✷ ✱✶ ✱✵✳✺ ✱✵✳✷✺ ✱✵✳✶❪✿
✷✷ ③❡✐t ✱❧❛♥❣❡ ❂ ③❡✐t❴③✉♠❴❡♥❞❡ ✭✶✵✵✱✶✱✹✱①✮
✷✸ ♣r✐♥t✭❢✧❩✐❡❤t ♠❛♥ ❞❛s ❇❛♥❞ ❛❧❧❡ ④①⑥ ❙❡❦✉♥❞❡♥ ✱ s♦ ❜r❛✉❝❤t ❞✐❡

❙❝❤♥❡❝❦❡ ④③❡✐t⑥ ❙❡❦✉♥❞❡♥✳✧✮
✷✹ ♣r✐♥t✭❢✧❆♠ ❊♥❞❡ ✐st ❞❛s ❇❛♥❞ ❞❛♥♥ ④❧❛♥❣❡⑥ ❧❛♥❣✳✧✮

❲✐r ❡r❤❛❧t❡♥ ❤✐❡r ❢♦❧❣❡♥❞❡ ❲❡rt❡✿

① ❩❡✐t ❇❛♥❞❧ä♥❣❡
✷ ✶✷✽✽ ✺✷✺✷ ❝♠
✶ ✶✸✶✹ ✺✸✺✻ ❝♠
✵✳✺ ✶✸✷✼ ✺✹✵✽ ❝♠
✵✳✷✺ ✶✸✸✸✳✺ ✺✹✸✹ ❝♠
✵✳✶ ✶✸✸✼✳✸ ✺✹✹✾ ❝♠

❜✮ ❋ür ❞✐❡ ❜✐s❤❡r ❣❡✇ä❤❧t❡♥ ❲❡rt❡ ❡r❣✐❜t s✐❝❤ ❥❡✇❡✐❧s ❡✐♥❡ ❩❡✐t✱ ✐♥ ✇❡❧❝❤❡r ❞✐❡
❙❝❤♥❡❝❦❡ ❞❛s ❩✐❡❧ ❡rr❡✐❝❤t✳ ❙❡❧❜st ✇❡♥♥ ✐❝❤ ❞❛s ❇❛♥❞ ❦♦♥t✐♥✉✐❡r❧✐❝❤ ✭▼❛t❤❡✲
♠❛t✐❦❡r s❛❣❡♥ ❤✐❡r③✉ st❡t✐❣✮ ❧ä♥❣❡r ③ö❣❡✱ ❡rr❡✐❝❤t❡ ❞✐❡ ❙❝❤♥❡❝❦❡ ❞❛s ❩✐❡❧✳

❝✮ ❆✉❝❤ ❞✐❡s❡ ❋r❛❣❡ ✐st ♠✐t ✒ ❥❛✏ ③✉ ❜❡❛♥t✇♦rt❡♥✳ ❆❧❧❡r❞✐♥❣s ❞❛✉❡rt ❡s ❡✐♥❡ ❣❛♥③❡
❲❡✐❧❡✱ ❡s ❞❛✉❡rt s♦❣❛r s♦ ❧❛♥❣❡✱ ❞❛ss ❞✐❡s❡ ❋r❛❣❡ ♥✐❝❤t ♠❡❤r ♠✐t ❞❡♠ ❈♦♠✲
♣✉t❡r ③✉ ❜❡❛♥t✇♦rt❡♥ ✐st✱ ❞❛ ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ③✉ ❧❛♥❣❡ ❞❛✉❡rt✳ ❊✐♥❡ ♠ö❣❧✐❝❤❡
Ü❜❡r❧❡❣✉♥❣ ✉♥❞ ❇❡❣rü♥❞✉♥❣ ✐st ❢♦❧❣❡♥❞❡✿
◆❡❤♠❡♥ ✇✐r ❛♥✱ ❞❛ss ✐❝❤ ❞❛s ❇❛♥❞ ♥✐❝❤t ❦♦♥t✐♥✉✐❡r❧✐❝❤✱ s♦♥❞❡r♥ ♥✉r ♥❛❝❤ ❥❡✇❡✐❧s
❡✐♥❡r ❙❡❦✉♥❞❡ ❧ä♥❣❡r ③ö❣❡✳ ❉❛s ❇❛♥❞ ❤❛t ❛♥❢❛♥❣s ❞✐❡ ▲ä♥❣❡ l ✉♥❞ ✇✐r❞ ❥❡❞❡
❙❡❦✉♥❞❡ ✉♠ v

s
✈❡r❧ä♥❣❡rt✳ ❉✐❡ ❙❝❤♥❡❝❦❡ ❜❡✇❡❣t s✐❝❤ ❜❡❤❛rr❧✐❝❤ ❥❡❞❡ ❙❡❦✉♥❞❡

✉♠ ❞✐❡ ❙tr❡❝❦❡ s ✇❡✐t❡r✳
❲✐r ❜❡tr❛❝❤t❡♥✱ ✇❡❧❝❤❡♥ ❆♥t❡✐❧ ❞❡r ❙tr❡❝❦❡ ❞✐❡ ❙❝❤♥❡❝❦❡ ❣❡s❝❤❛✛t ❤❛t✳ ■♥ ❞❡r
❡rst❡♥ ❙❡❦✉♥❞❡ s✐♥❞ ❞✐❡s s

l
✳ ❉❛♥❛❝❤ ✇✐r❞ ❞❛s ❇❛♥❞ ❧ä♥❣❡r ❣❡③♦❣❡♥✱ s♦❞❛ss ❞✐❡

✶✶ ▼❖◆❖■❉ ✶✹✼



❙❝❤♥❡❝❦❡ ✐♥ ❞❡r ③✇❡✐t❡♥ ❙❡❦✉♥❞❡ ♥✉r s

l+v
❞❡s ❇❛♥❞❡s ③✉rü❝❦❧❡❣t✳ ●❡♥❡r❡❧❧ ❧❡❣t

❞✐❡ ❙❝❤♥❡❝❦❡ ✐♥ ❞❡r (n + 1)✲t❡♥ ❙❡❦✉♥❞❡ s

l+nv
Pr♦③❡♥t ❞❡r ❙tr❡❝❦❡ ③✉rü❝❦✳

❲✐r ♠üss❡♥ ❛❧s♦ ü❜❡r❧❡❣❡♥✱ ♦❜ s

l+0v +
s

l+1v +
s

l+2v +... ✐r❣❡♥❞✇❛♥♥ ❣röÿ❡r ✇✐r❞
❛❧s 1✳
❋ür n 6= 0 ❣✐❧t s

l+nv
≥ s

nl+nv
= s

l+v
· 1
n
✳

❉❛♠✐t ❦ö♥♥❡♥ ✇✐r ❞✐❡ ❙✉♠♠❡ ✉♠s❝❤r❡✐❜❡♥ ✉♥❞ ❡r❤❛❧t❡♥
s

l+0v +
s

l+1v +
s

l+2v + ... > s

l+v
·
(
1
1 +

1
2 +

1
3 + ...

)

■♥ ❞❡r ❑❧❛♠♠❡r st❡❤t ❞✐❡ ❤❛r♠♦♥✐s❝❤❡ ❘❡✐❤❡✳ ❉✐❡s❡ ✇ä❝❤st ❜✐s ✐♥s ❯♥❡♥❞❧✐❝❤❡✱
❛❧s♦ ✇✐r❞ ❞✐❡ ❙✉♠♠❡ ❣❛r❛♥t✐❡rt ✐r❣❡♥❞✇❛♥♥ ❣röÿ❡r ❛❧s 1 s❡✐♥✳
■♥ ✉♥s❡r❡♠ ❇❡✐s♣✐❡❧ ❢ür s❡❤r ❦❧❡✐♥❡ x ✱ ✇ür❞❡ ❞✐❡ ❙❝❤♥❡❝❦❡ ♠❡❤r ❛❧s 1043000 ❙❡✲
❦✉♥❞❡♥ ❜r❛✉❝❤❡♥✳ ❉❛s ✐st ✉♠ ❡✐♥ ❱✐❡❧❢❛❝❤❡s ❧ä♥❣❡r ❛❧s ❞❛s ❆❧t❡r ❞❡s ❯♥✐✈❡r✲
s✉♠s✳ ◆✉r ❡✐♥❡ ❜❡❧✐❡❜✐❣ ❧❛♥❣❧❡❜✐❣❡ ❙❝❤♥❡❝❦❡ ❦ö♥♥t❡ ❡s s❝❤❛✛❡♥✱ ❞❛s ❊♥❞❡ ❞❡s
❇❛♥❞❡s ③✉ ❡rr❡✐❝❤❡♥✳

❲♦ ❧✐❡❣t ❞❡r ❋❡❤❧❡r❄
✈♦♥ ❍❛rt✇✐❣ ❋✉❝❤s

❋ür ❞✐❡ ❛❧s ❤❛r♠♦♥✐s❝❤❡ ❘❡✐❤❡ ❜❡③❡✐❝❤♥❡t❡ ❙✉♠♠❡ H = 1
1 +

1
2 +

1
3 + ... ❣✐❧t✿

H =
1

1
+

1

2
+

1

3
+

1

4
+

1

5
+

1

6
+ ...

>
1

2
+

1

2
+

1

4
+

1

4
+

1

6
+

1

6
+ ...

=
2

2
+

2

4
+

2

6
+ ...

=
1

1
+

1

2
+

1

3
+ ...

= H .

❆❧s♦ ❣✐❧t H > H ✕ ❡✐♥ ❲✐❞❡rs♣r✉❝❤✳ ❲♦ ❧✐❡❣t ❞❡r ❋❡❤❧❡r❄
▲ös✉♥❣✿

◆❛❝❤ ❉❡✜♥✐t✐♦♥ ✇✐r❞ ✐♥ ❩❛❤❧❡♥♠❡♥❣❡♥ ♠✐t ❞❡♠ ❩❡✐❝❤❡♥ > ❡✐♥❡ ●röÿ❡r✲❇❡③✐❡❤✉♥❣
③✇✐s❝❤❡♥ ③✇❡✐ ❩❛❤❧❡♥ ❞❛r❣❡st❡❧❧t✳
❉❛ ♥✉♥ ✇❡❞❡r H ♥♦❝❤ ❡✐♥❡ ❞❡r ♦❜❡♥ ❛✉❢tr❡t❡♥❞❡♥ ❙✉♠♠❡♥ ❩❛❤❧❡♥ s✐♥❞∗✱ ❤❛t
❞❡r ❚❡r♠ H > H ❦❡✐♥❡♥ ❙✐♥♥ ✕ ✉♥❞ ❞❡s❤❛❧❜ ❦❛♥♥ ❡r ❛✉❝❤ ❦❡✐♥❡♥ ❲✐❞❡rs♣r✉❝❤
❞❛rst❡❧❧❡♥✳

∗ ❊s s❡✐ Hn = 1

1
+ 1

2
+ 1

3
+ 1

4
+ 1

5
+ 1

6
+ 1

7
+ ... + 1

2n
❢ür n = 0, 1, 2, ...✳ ❉❛♥♥ ❣✐❧t Hn >

1

2
+
(
1

4
+ 1

4

)
+

(
1

8
+ 1

8
+ 1

8
+ 1

8

)
+ ... +






1

2n
+ 1

2n
+ ... + 1

2n
︸ ︷︷ ︸

2n−1 ❙✉♠♠❛♥❞❡♥




 = n · 1

2
✳ ▼✐t ✇❛❝❤s❡♥❞❡♠ n ü❜❡rtr✐✛t ❛❧s♦ H ✇❡❣❡♥ Hn > n

❥❡❞❡ ❛❧s ❙❝❤r❛♥❦❡ ✈♦r❣❡❣❡❜❡♥❡ ♥❛tür❧✐❝❤❡ ❩❛❤❧ n

2
✳ ❙♦♠✐t ❦❛♥♥ H ❦❡✐♥❡ ♥❛tür❧✐❝❤❡ ❩❛❤❧ s❡✐♥✳

▼❖◆❖■❉ ✶✹✼ ✶✷



▲ös✉♥❣❡♥ ❞❡r ▼❛t❤❡s♣✐❡❧❡r❡✐❡♥
❛✉s ▼❖◆❖■❉ ✶✹✻

❋ür ❞✐❡ ❥ü♥❣❡r❡♥ ❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡♥ ✺✕✽

■✳ ❩✉♠ ✹✵✲❥ä❤r✐❣❡♥ ❏✉❜✐❧ä✉♠

❉❛s ❡rst❡ ▼❖◆❖■❉✲❍❡❢t ❡rs❝❤✐❡♥ ✈♦r ✹✵ ❏❛❤r❡♥✱ ❛❧s♦ ✐♠ ❏❛❤r ✶✾✽✶✳
❇❡r❡❝❤♥❡ ❞✐❡ ◗✉❡rs✉♠♠❡ ❞❡r ❩❛❤❧

102021 − 1981.

✭▼●✮

▲ös✉♥❣✿

❊s ✐st

102021− 1981 = 1 000 ... 0
︸ ︷︷ ︸

2021 ❩✐✛❡r♥ 0

−1981 = 999 ... 9
︸ ︷︷ ︸

2021 ❩✐✛❡r♥ 9

−1980 = 999 ... 9
︸ ︷︷ ︸

2017 ❩✐✛❡r♥ 9

8019.

❉✐❡ ◗✉❡rs✉♠♠❡ ❞✐❡s❡r ❩❛❤❧ ✐st

2017 · 9 + 8 + 0 + 1 + 9 = 18 171.

■■✳ ❏✉❜✐❧ä✉♠s✲❇❛♥♥❡r

❆✉❢ ❡✐♥❡♠ ❇❛♥♥❡r st❡❤t ❛♥❧äss❧✐❝❤ ❞❡s ▼❖◆❖■❉✲❏✉❜✐❧ä✉♠s

✶✾✽✶✹✵✷✵✷✶ ✳

❉♦r♦ ③❡rs❝❤♥❡✐❞❡t ❞❛s ❇❛♥♥❡r s♦ ✐♥ ❞r❡✐ ❙tü❝❦❡✱ ❞❛ss ❞❛❜❡✐ ❞r❡✐ ♥❛tür❧✐❝❤❡ ❩❛❤❧❡♥
❛✉❢ ❞❡♥ ❞r❡✐ ❙tü❝❦❡♥ st❡❤❡♥✳
❲✐❡ ♠✉ss ❉♦r♦ s❝❤♥❡✐❞❡♥✱ ❞❛♠✐t ❞✐❡ ❙✉♠♠❡ ❞❡r ❞r❡✐ ❩❛❤❧❡♥ ✳✳✳

❛✮ ♠ö❣❧✐❝❤st ❦❧❡✐♥ ✇✐r❞✱ ✇❡♥♥ ❢ü❤r❡♥❞❡ ❩✐✛❡r♥ 0 ✈❡r❜♦t❡♥ s✐♥❞❄

❜✮ ♠ö❣❧✐❝❤st ❦❧❡✐♥ ✇✐r❞✱ ✇❡♥♥ ❢ü❤r❡♥❞❡ ❩✐✛❡r♥ 0 ❡r❧❛✉❜t s✐♥❞❄

❝✮ ♠ö❣❧✐❝❤st ❣r♦ÿ ✇✐r❞❄

✭▼●✮

▲ös✉♥❣✿

❛✮ ❉✐❡ ❩❛❤❧ ❛✉❢ ❞❡r ❇❛♥❞❡r♦❧❡ ✐st ③❡❤♥st❡❧❧✐❣✳ ❉❛♠✐t ❞✐❡ ❙✉♠♠❡ ♠ö❣❧✐❝❤st ❦❧❡✐♥
✇✐r❞✱ ❞ür❢❡♥ ❞✐❡ ❩❛❤❧❡♥ ❤ö❝❤st❡♥s ✈✐❡rst❡❧❧✐❣ s❡✐♥✳
❉❛ ❞✐❡ ❞r✐tt❧❡t③t❡ ❩✐✛❡r ❡✐♥❡ 0 ✉♥❞ ❢ü❤r❡♥❞❡ ❩✐✛❡r♥ 0 ♥✐❝❤t ❡r❧❛✉❜t s✐♥❞✱ ❦❛♥♥
❉♦r♦ ❛♠ ❊♥❞❡ ❛❧s♦ ♥✉r ❡✐♥❡ ✈✐❡rst❡❧❧✐❣❡ ♦❞❡r ❡✐♥❡ ③✇❡✐st❡❧❧✐❣❡ ❩❛❤❧ ❛❜s❝❤♥❡✐❞❡♥✳
❙❝❤♥❡✐❞❡t ❉♦r♦ ❛♠ ❊♥❞❡ ❡✐♥❡ ③✇❡✐st❡❧❧✐❣❡ ❩❛❤❧ ❛❜✱ s♦ ♠✉ss s✐❡ ✐♠ ✈♦r❞❡r❡♥ ❚❡✐❧
③✇❡✐ ✈✐❡rst❡❧❧✐❣❡ ❩❛❤❧❡♥ s❝❤♥❡✐❞❡♥✳ ❉✐❡ ❙✉♠♠❡ ✐st ❞❛♥♥ 1981 + 4020 + 21 =

✶✸ ▼❖◆❖■❉ ✶✹✼



6022✱ ❛❧s♦ r❡❧❛t✐✈ ❣r♦ÿ✳
❙❝❤♥❡✐❞❡t ❉♦r♦ ❞✐❡ ✈✐❡rst❡❧❧✐❣❡ 2021 ❛❜✱ s♦ ❦❛♥♥ s✐❡ ❞❡♥ ✈♦r❞❡r❡♥ ❚❡✐❧ ❞❡r
❇❛♥❞❡r♦❧❡ ❡♥t✇❡❞❡r ✐♥ ③✇❡✐ ❞r❡✐st❡❧❧✐❣❡ ♦❞❡r ❡✐♥❡ ③✇❡✐✲ ✉♥❞ ❡✐♥❡ ✈✐❡rst❡❧❧✐❣❡
❩❛❤❧ ③❡rs❝❤♥❡✐❞❡♥✳
❉❛ 198+140 = 338 < 1000 ✐st✱ ❡r❣✐❜t ❞❛❜❡✐ ❞❛s ❙❝❤♥❡✐❞❡♥ ✐♥ ③✇❡✐ ❞r❡✐st❡❧❧✐❣❡
❩❛❤❧❡♥ ❞✐❡ ❦❧❡✐♥st❡ ❙✉♠♠❡✳
❉❛❤❡r ✐st ❞✐❡ ❦❧❡✐♥st❡ ❙✉♠♠❡✱ ❞✐❡ ❉♦r♦ ❡r❤❛❧t❡♥ ❦❛♥♥ 198+140+2021 = 2359✳

❜✮ ❲❡♥♥ ❢ü❤r❡♥❞❡ ❩✐✛❡r♥ 0 ❡r❧❛✉❜t s✐♥❞✱ ❦❛♥♥ ❉♦r♦ ❛✉❝❤ ❞✐❡ ❢ü♥❢st❡❧❧✐❣❡ ❩❛❤❧
02021 ❛♠ ❊♥❞❡ ❛❜s❝❤♥❡✐❞❡♥✳ ❋ür ❞✐❡ ✈♦r❞❡r❡♥ ❢ü♥❢ ❙t❡❧❧❡♥ ❡r❣✐❜t s✐❝❤ ❞✐❡
❦❧❡✐♥st❡ ❙✉♠♠❡ ♠✐t ❞❡r ❆✉❢t❡✐❧✉♥❣ ✐♥ 198 ✉♥❞ 14✳
❉✐❡ ❦❧❡✐♥st❡ ❙✉♠♠❡ ✐st ❞❛♥♥ 198 + 14 + 02021 = 2233✳

❝✮ ❉❛♠✐t ❞✐❡ ❙✉♠♠❡ ♠ö❣❧✐❝❤st ❣r♦ÿ ✇✐r❞✱ s♦❧❧t❡ ❉♦r♦ ❞✐❡ ❇❛♥❞❡r♦❧❡ ✐♥ ❡✐♥❡ ❛❝❤t✲
✉♥❞ ③✇❡✐ ❡✐♥st❡❧❧✐❣❡ ❩❛❤❧❡♥ ③❡rs❝❤♥❡✐❞❡♥✳ ❯♥t❡r ❞❡♥ ❞r❡✐ ▼ö❣❧✐❝❤❦❡✐t❡♥ ✐st 1+
98140202 + 1 = 98 140 204 ❞✐❡ ❣röÿt❡ ❙✉♠♠❡✳

■■■✳ ❲❛❤r ♦❞❡r ❢❛❧s❝❤❄

❊s s❡✐❡♥ m ✉♥❞ n ♣♦s✐t✐✈❡ ❣❛♥③❡ ❩❛❤❧❡♥✳
❲❡❧❝❤❡ ❞❡r ❢♦❧❣❡♥❞❡♥ ❆✉ss❛❣❡♥ s✐♥❞ ✇❛❤r✱ ✇❡❧❝❤❡ s✐♥❞ ❢❛❧s❝❤❄ ❇❡❣rü♥❞❡ ❉❡✐♥❡
❆♥t✇♦rt❡♥✳

❛✮ ❋ür ❛❧❧❡ m ✉♥❞ n ❣✐❧t✿ m + n > n ✉♥❞ m · n > n✳

❜✮ ❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ❩❛❤❧❡♥ m ✉♥❞ n s♦✱ ❞❛ss m

n
< 1 ✉♥❞ n

m
> 1 ✐st✳

❝✮ ❋ür ❛❧❧❡ m ✉♥❞ n ❣❡❧t❡♥ m2 ≥ m ✉♥❞ n2 ≥ n ✉♥❞ ❞❛❤❡r m2 + n2 ≥ m + n✳

❞✮ ❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ❩❛❤❧❡♥ m ✉♥❞ n✱ ❢ür ❞✐❡ m− n < 0 ✉♥❞ (m− n)2 > 0
s✐♥❞✳

❡✮ ❋ür ❛❧❧❡ m ✉♥❞ n ❢♦❧❣t ❛✉s m < n✱ ❞❛ss mn < nm ✐st✳ ✭❍✳❋✳✮

▲ös✉♥❣✿

❛✮ ❊s ✐st m > 0✳ ❆❞❞✐❡rt ♠❛♥ ③✉ ❞✐❡s❡r ❯♥❣❧❡✐❝❤✉♥❣ ❞✐❡ ♣♦s✐t✐✈❡ ❩❛❤❧ n✱ s♦ ❢♦❧❣t
m + n > n✳ ❋ür m = n = 1 ✐st m · n > n ❢❛❧s❝❤✳ ✕ ❉❛❤❡r ✐st ❞✐❡ ❆✉ss❛❣❡
❢❛❧s❝❤✳

❜✮ ❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ❩❛❤❧❡♥ m ✉♥❞ n✱ ❢ür ❞✐❡ m < n ❣✐❧t✳ ❉✉r❝❤ ❉✐✈✐s✐♦♥ ❞❡r
❯♥❣❡✐❝❤✉♥❣ ♠✐t n ❜③✇✳ ♠✐t m ❢♦❧❣t ✇❡❣❡♥ n > 1✱ ❞❛ss m

n
< n

n
✱ ❛❧s♦ m

n
< 1

✉♥❞ m

m
< n

m
✱ ❛❧s♦ 1 < n

m
✳ ✕ ❉✐❡ ❆✉ss❛❣❡ ✐st ✇❛❤r✳

❝✮ ❆✉s m ≥ 1 ❢♦❧❣t✱ ❞❛ss m2 ≥ m ✐st❀ ❡❜❡♥s♦ ❢♦❧❣t n2 ≥ n✳ ❉✉r❝❤ ❆❞❞✐t✐♦♥ ❞❡r
❜❡✐❞❡♥ ❯♥❣❧❡✐❝❤✉♥❣❡♥ ❡r❣✐❜t s✐❝❤ m2 + n2 ≥ m+ n ✕ ❡s ❣✐❧t ❛❧s♦ ❞✐❡ ❆✉ss❛❣❡✳

❞✮ ❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ❩❛❤❧❡♥m ✉♥❞ n ♠✐tm < n✱ ❛❧s♦ ❛✉❝❤ ♠✐tm−n < n−n✱
s♦❞❛ss m−n < 0 ✐st✳ ❉❛ m−n ♥❡❣❛t✐✈ ✐st✱ ♠✉ss ❞❛s Pr♦❞✉❦t ✈♦♥ ③✇❡✐ ❩❛❤❧❡♥
m − n ♣♦s✐t✐✈ s❡✐♥❀ ❞❛s ❤❡✐ÿt✿ (m − n)2 > 0✳ ✕ ❉❛♠✐t ✐st ❞✐❡ ❆✉ss❛❣❡ ✇❛❤r✳

❡✮ ❊s s❡✐ m = 2 ✉♥❞ n = 5✳ ❉❛♥♥ ✐st ③✇❛r 2 < 5✱ ❛❜❡r 25 > 52 ✕ s♦❞❛ss ❞✐❡
❆✉ss❛❣❡ ❢❛❧s❝❤ ✐st✳

▼❖◆❖■❉ ✶✹✼ ✶✹



■❱✳ ❉❛t✉♠

❇❡✐♠ ❇❧✐❝❦ ❛✉❢ ❞❡♥ ❑❛❧❡♥❞❡r st❡❧❧t ❑❛r✐♥ ❢❡st✿ ✒❉❛s
❤❡✉t✐❣❡ ❉❛t✉♠✱ ❞❡r ✶✾✳✵✻✳✷✵✷✶✱ ❡♥t❤ä❧t s♦✇♦❤❧ ❣❡✲
r❛❞❡ ❛❧s ❛✉❝❤ ✉♥❣❡r❛❞❡ ❩✐✛❡r♥✳ ❆❜❡r ❡s ❣✐❜t ❞♦❝❤
❜❡st✐♠♠t ❛✉❝❤ ❉❛t❡♥ ♥✉r ♠✐t ❣❡r❛❞❡♥ s♦✇✐❡ ♥✉r ♠✐t
✉♥❣❡r❛❞❡♥ ❩✐✛❡r♥✳✏

❛✮ ❲❛♥♥ ✇❛r ❞❛s ❧❡t③t❡ ❉❛t✉♠ ✉♥❞ ✇❛♥♥ ✇✐r❞ ❞❛s ♥ä❝❤st❡ ❉❛t✉♠ ♥✉r ♠✐t ❣❡r❛❞❡♥
❩✐✛❡r♥ s❡✐♥❄

❜✮ ❲❛♥♥ ✇❛r ❞❛s ❧❡t③t❡ ❉❛t✉♠ ✉♥❞ ✇❛♥♥ ✇✐r❞ ❞❛s ♥ä❝❤st❡ ❉❛t✉♠ ♥✉r ♠✐t ✉♥❣❡✲
r❛❞❡♥ ❩✐✛❡r♥ s❡✐♥❄

❇❡♠❡r❦✉♥❣✿ ❉❛s ❉❛t✉♠ s♦❧❧ ✐♥ ❞❡r ♦❜✐❣❡♥ ❋♦r♠ ❣❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✱ ❛❧s♦ ❚❛❣ ✉♥❞ ▼♦♥❛t ❥❡✇❡✐❧s

③✇❡✐st❡❧❧✐❣ ✭❛❧s♦ ❣❣❢✳ ♠✐t ❢ü❤r❡♥❞❡r ✵✮✱ ❞❛s ❏❛❤r ✈✐❡rst❡❧❧✐❣✳ ❊s ❣❡♥ü❣t✱ ❤✐❡r ❞✐❡ ❉❛t❡♥ ❛♥③✉❣❡❜❡♥✱

❡✐♥❡ ❇❡❣rü♥❞✉♥❣ ✇✐r❞ ❛✉s♥❛❤♠s✇❡✐s❡ ♥✐❝❤t ✈❡r❧❛♥❣t✳

✭▼●✮

▲ös✉♥❣✿

❛✮ ❉❛s ❧❡t③t❡ ❉❛t✉♠ ♥✉r ♠✐t ❣❡r❛❞❡♥ ❩❛❤❧❡♥ ✇❛r ❛♠ ✷✽✳✵✽✳✷✵✷✵ ✉♥❞ ❞❛s ♥ä❝❤st❡
✇✐r❞ ❛♠ ✵✷✳✵✷✳✷✵✷✷ s❡✐♥✳

❜✮ ❉❛s ❧❡t③t❡ ❉❛t✉♠ ♥✉r ♠✐t ✉♥❣❡r❛❞❡♥ ❩✐✛❡r♥ ✇❛r ❛♠ ✶✾✳✶✶✳✶✾✾✾ ✉♥❞ ❞❛s ♥ä❝❤s✲
t❡ ✇✐r❞ ❡rst ❛♠ ✶✶✳✶✶✳✸✶✶✶ s❡✐♥✳

❱✳ ❙✉♠♠❡ ✈♦♥ ✹✵ ❋❛❦✉❧tät❡♥

❇❡st✐♠♠❡ ❞✐❡ ❧❡t③t❡ ❩✐✛❡r ✈♦♥

1! + 2! + 3! + ... + 40!.

❍✐♥✇❡✐s✿ ❉✐❡ ❋❛❦✉❧tät ❜❡❞❡✉t❡t✱ ❞❛ss ❛❧❧❡ ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥ ❜✐s ③✉ ❞✐❡s❡r ❩❛❤❧ ♠✉❧t✐♣❧✐③✐❡rt

✇❡r❞❡♥✱ ❛❧s♦ ③✉♠ ❇❡✐s♣✐❡❧ 4! = 1 · 2 · 3 · 4 = 24✳

✭▼●✮

▲ös✉♥❣✿

❊s s✐♥❞ 1! = 1✱ 2! = 2 ·1! = 2✱ 3! = 3 ·2! = 6✱ 4! = 4 ·3! = 24✱ 5! = 5 ·4! = 120✱
6! = 6 · 5 = 720✱ ✳✳✳ ❆✉❝❤ ❜❡✐ ✇❡✐t❡r❡♥ ▼✉❧t✐♣❧✐❦❛t✐♦♥❡♥ ❜❧❡✐❜t ❞✐❡ ❧❡t③t❡ ❩✐✛❡r ❞❡r
❋❛❦✉❧tät st❡ts 0✳

❉❛♠✐t ✇❡r❞❡♥ ❜❡✐ ❞❡r ❙✉♠♠❡ ❛♥ ❞❡r ❊✐♥❡rst❡❧❧❡ ❛❜ 5! ❛✉❝❤ st❡ts ♥✉r ❩✐✛❡r♥ 0
❛❞❞✐❡rt✳ ❙♦♠✐t ✐st ❞✐❡ ❧❡t③t❡ ❩✐✛❡r ✈♦♥ 1! + 2! + 3! + ... + 40! ❣❧❡✐❝❤ ❞❡r ❧❡t③t❡♥
❩✐✛❡r ✈♦♥ 1!+ 2!+ 3!+ 4!✱ ❞✐❡ ✇✐r ❡r❤❛❧t❡♥✱ ✐♥❞❡♠ ✇✐r ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❊✐♥❡r✲
st❡❧❧❡♥ ❛❞❞✐❡r❡♥✳ ❲✐r ❡r❤❛❧t❡♥ 1 + 2 + 6 + 4 = 13✳ ❉❡♥ Ü❜❡rtr❛❣ ❦ö♥♥❡♥ ✇✐r ❤✐❡r
✈❡r♥❛❝❤❧äss✐❣❡♥✳

❉✐❡ ❧❡t③t❡ ❩✐✛❡r ✈♦♥ 1! + 2! + 3! + ... + 40! ✐st ❛❧s♦ ❡✐♥❡ 3✳

✶✺ ▼❖◆❖■❉ ✶✹✼



❱■✳ P②r❛♠✐❞❡ ❛✉s ❍♦❧③✇ür❢❡❧♥

❙❛r❛❤ ❤❛t ✷✵✷✶ ❦❧❡✐♥❡ ❍♦❧③✇ür❢❡❧ ❞❡r ❑❛♥t❡♥❧ä♥❣❡ 1 ❝♠✳ ❆✉s ❞✐❡s❡♥ ❜❛✉t s✐❡ ❡✐♥❡
P②r❛♠✐❞❡✳ ❉✐❡ ♦❜❡rst❡ ❙❝❤✐❝❤t ❜❡st❡❤t ❛✉s ❡✐♥❡♠ ❍♦❧③✇ür❢❡❧✱ ❞✐❡ ❞❛r✉♥t❡r ❛✉s
2 · 2 = 4 ❍♦❧③✇ür❢❡❧♥✱ ❞✐❡ q✉❛❞r❛t✐s❝❤ ❛♥❣❡♦r❞♥❡t s✐♥❞✳ ❉✐❡ ♥ä❝❤st❡ ❙❝❤✐❝❤t
❞❛r✉♥t❡r ❜❡st❡❤t ❞❛♥♥ ❛✉s 3 ·3 = 9 q✉❛❞r❛t✐s❝❤ ❛♥❣❡♦r❞♥❡t❡♥ ❍♦❧③✇ür❢❡❧♥ ✉♥❞ s♦
✇❡✐t❡r✳ ✭❙✐❡ ❜❛✉t ♥❛tür❧✐❝❤ ✈♦♥ ✉♥t❡♥✱ ❛❜❡r ❛✉❢ ❞✐❡s❡ ❲❡✐s❡ ❧ässt s✐❝❤ ❞❡r ❆✉❢❜❛✉
❧❡✐❝❤t❡r ❜❡s❝❤r❡✐❜❡♥✳✮

❛✮ ❲✐❡ ✈✐❡❧❡ ❍♦❧③✇ür❢❡❧ ❤❛❜❡♥ ❞✐❡ ♦❜❡rst❡♥ s❡❝❤s ❙❝❤✐❝❤t❡♥ ✐♥s❣❡s❛♠t❄

❜✮ ❲✐❡ ✈✐❡❧❡ ❙❝❤✐❝❤t❡♥ ❤❛t ❞✐❡ ❣röÿt♠ö❣❧✐❝❤❡ P②r❛♠✐❞❡✱ ❞✐❡ s✐❡ ❛✉s ❞❡♥ ✷✵✷✶ ❍♦❧③✲
✇ür❢❡❧♥ ❜❛✉❡♥ ❦❛♥♥❄

❝✮ ❲✐❡ ✈✐❡❧❡ ❍♦❧③✇ür❢❡❧ s✐♥❞ ✐♥ ❞❡♥ ✉♥t❡rst❡♥ s❡❝❤s ❙❝❤✐❝❤t❡♥ ❞✐❡s❡r ❣röÿt♠ö❣❧✐✲
❝❤❡♥ P②r❛♠✐❞❡❄

❞✮ ❩❡✐❣❡✿ ❲❡♥♥ ❙❛r❛❤ ✉♥t❡♥ ♠✐t ❞❡r ❙❝❤✐❝❤t ❜❡❣✐♥♥t✱ ✐♥ ❞❡r 18 · 18 ❍♦❧③✇ür❢❡❧
s✐♥❞✱ ❞❛♥♥ ❦❛♥♥ s✐❡ ♥♦❝❤ ❞✐❡ 7 · 7❡r ❙❝❤✐❝❤t ❦♦♠♣❧❡tt ❜❛✉❡♥✱ ❛❜❡r ♥✐❝❤t ♠❡❤r
❞✐❡ ✈♦❧❧stä♥❞✐❣❡ 6 · 6❡r ❙❝❤✐❝❤t✳

✭▼●✮

▲ös✉♥❣✿

❛✮ ❉✐❡ ♦❜❡rst❡♥ s❡❝❤s ❙❝❤✐❝❤t❡♥ ❡♥t❤❛❧t❡♥ 12+22+32+42+52+62 = 1+4+
9 + 16 + 25 + 36 = 91 ❍♦❧③✇ür❢❡❧✳

❆❧t❡r♥❛t✐✈ ❧ässt s✐❝❤ ❞✐❡ ❙✉♠♠❡ ❛✉❝❤ ♠✐t ❞❡r ❋♦r♠❡❧ ❢ür ❞✐❡ ❙✉♠♠❡ ❞❡r ❡rst❡♥
n ◗✉❛❞r❛t③❛❤❧❡♥ 12+22+32+...+ n2 =

n·(n+1)·(2n+1)
6 ❜❡r❡❝❤♥❡♥✳ ❊s ❡r❣✐❜t

s✐❝❤ ❡❜❡♥❢❛❧❧s 12 + 22 + ... + 62 =
6·(6+1)·(2·6+1)

6 = 91✳

❜✮ ❲✐r r❡❝❤♥❡♥ s❝❤r✐tt✇❡✐s❡

❙❝❤✐❝❤t ❲ür❢❡❧ ✐♥ ❞❡r ❙❝❤✐❝❤t ❙✉♠♠❡ ✈❡r❜❛✉t❡r ❲ür❢❡❧
1 1 1
2 4 5
3 9 14
...

...
...

17 289 1785
18 324 2109

❆❧s♦ ❦❛♥♥ ❙❛r❛❤ ✶✼ ❙❝❤✐❝❤t❡♥ ❜❛✉❡♥✳
❇❡♠❡r❦✉♥❣✿ ❉✐❡ ❩❛❤❧ ❧ässt s✐❝❤ ❛✉❝❤ ü❜❡r ❞✐❡ ❋♦r♠❡❧ ❡r♠✐tt❡❧♥✳ ❉❛♥♥ ♠✉ss
2021 ≥ n·(n+1)·(2·n+1)

n
= 2n3+3n2+n

6 s❡✐♥✱ ❛❧s♦ 12120 ≥ 2n3 + 3n2 + n r❡s♣✳
0 ≥ n3+ 3

2n
2+ 1

2n− 6060✳ ❊✐♥❡ ▲ös✉♥❣s❢♦r♠❡❧ ❤✐❡r③✉ ❤❛t ●❡r♦❧❛♠♦ ❈❛r❞❛♥♦∗

❣❡❢✉♥❞❡♥❀ ■❤r ❧❡r♥t s✐❡ ✐♠ ▼❛t❤❡♠❛t✐❦st✉❞✐✉♠✳

∗ ✯ ✷✹✳ ❙❡♣t❡♠❜❡r ✶✺✵✶ ✐♥ P❛✈✐❛✱ † ✷✶✳ ❙❡♣t❡♠❜❡r ✶✺✼✻ ✐♥ ❘♦♠❀ ✐t❛❧✐❡♥✐s❝❤❡r ❆r③t✱ P❤✐❧♦s♦♣❤ ✉♥❞ ▼❛t❤❡✲
♠❛t✐❦❡r✳

▼❖◆❖■❉ ✶✹✼ ✶✻



❝✮ ■♥ ❞❡♥ ✉♥t❡rst❡♥ s❡❝❤s ❙❝❤✐❝❤t❡♥ s✐♥❞ ❞❛♥♥ 122+132+142+152+162+172 =
144 + 169 + 196 + 225 + 256 + 289 = 1279 ❍♦❧③✇ür❢❡❧✳

❞✮ ■♠ P②r❛♠✐❞❡♥st✉♠♣❢ ✈♦♥ ❞❡r 7 · 7❡r ❙❝❤✐❝❤t ❜✐s ③✉r 18 · 18❡r ❙❝❤✐❝❤t ✇❡r❞❡♥
18·(18+1)·(2·18+1)

6 − 6·(6+1)·(2·6+1)
6 = 2109−91 = 2018 ❍♦❧③✇ür❢❡❧ ❜❡♥öt✐❣t✱

❛❧s♦ r❡✐❝❤❡♥ ❞✐❡ ✷✵✷✶ ❲ür❢❡❧✱ ❞✐❡ ❙❛r❛❤ ③✉r ❱❡r❢ü❣✉♥❣ st❡❤❡♥✳
■♠ P②r❛♠✐❞❡♥st✉♠♣❢ ✈♦♥ ❞❡r 6 · 6❡r ❙❝❤✐❝❤t ❜✐s ③✉r 18 · 18❡r ❙❝❤✐❝❤t ✇❡r❞❡♥
18·(18+1)·(2·18+1)

6 − 5·(5+1)·(2·5+1)
6 = 2109−55 = 2054 ❍♦❧③✇ür❢❡❧ ❜❡♥öt✐❣t✱

❛❧s♦ r❡✐❝❤❡♥ ❞✐❡ ✷✵✷✶ ❲ür❢❡❧ ♥✐❝❤t ❛✉s✳

❱■■✳ ❉♦♠✐♥♦

❑❛r✐♥ ❤❛t ③✉♠ ●❡❜✉rtst❛❣ ❡✐♥ ❉♦♠✐♥♦✲❙♣✐❡❧ ❣❡s❝❤❡♥❦t ❜❡❦♦♠♠❡♥✳ ❆✉❢ ❞✐❡ ❘ü❝❦✲
s❡✐t❡♥ ❞❡r ❉♦♠✐♥♦st❡✐♥❡ ✐st ❥❡✇❡✐❧s ❡✐♥ ❇✉❝❤st❛❜❡ ❞❡s ❲♦rt❡s ❉❖▼■◆❖ ✭✐♥ ●r♦ÿ✲
❜✉❝❤st❛❜❡♥✮ ❣❡❞r✉❝❦t✳ ❑❛r✐♥ s✉❝❤t ♥✉♥ s❡❝❤s ❙t❡✐♥❡ s♦ ❤❡r❛✉s✱ ❞❛ss s✐❡ ♠✐t ❞✐❡s❡♥
❞❛s ❲♦rt ❉♦♠✐♥♦ ❧❡❣❡♥ ❦❛♥♥✱ ❛❧s♦ ❡✐♥❡♥ ❙t❡✐♥ ♠✐t ❡✐♥❡♠ ❉✱ ❡✐♥❡♥ ♠✐t ❡✐♥❡♠ ❖✱
❡✐♥❡♥ ♠✐t ❡✐♥❡♠ ▼✱ ❡✐♥❡♥ ♠✐t ❡✐♥❡♠ ■✱ ❡✐♥❡♥ ♠✐t ❡✐♥❡♠ ◆ ✉♥❞ ♥♦❝❤ ❡✐♥❡♥ ✇❡✐t❡r❡♥
♠✐t ❡✐♥❡♠ ❖✳ ❉✐❡ ü❜r✐❣❡♥ ❙t❡✐♥❡ rä✉♠t s✐❡ ③✉rü❝❦ ✐♥ ❞✐❡ P❛❝❦✉♥❣✳
◆✉♥ ♠✐s❝❤t s✐❡ ❞✐❡s❡ s❡❝❤s ❙t❡✐♥❡ ✉♥❞ ❧❡❣t s✐❡ ✐♥ ❜❡❧✐❡❜✐❣❡r ❘❡✐❤❡♥❢♦❧❣❡ ♥❡❜❡♥✲
❡✐♥❛♥❞❡r✳ ❙♦ ❡♥tst❡❤❡♥ ♥❡✉❡ ❲ört❡r✱ ✇❡♥♥ ❛✉❝❤ ❞✐❡ ♠❡✐st❡♥ ❦❡✐♥❡♥ ❙✐♥♥ ❡r❣❡❜❡♥✱
✇✐❡ ③✉♠ ❇❡✐s♣✐❡❧ ❞✐❡ ♠ö❣❧✐❝❤❡♥ ❲ört❡r ❉❖■▼◆❖ ♦❞❡r ❖◆■▼❖❉✳

❛✮ ❲✐❡ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ✭❛✉❝❤ s✐♥♥❧♦s❡✮ ❲ört❡r ❦❛♥♥ ❑❛r✐♥ ♠✐t ❞❡♥ ❇✉❝❤st❛❜❡♥
❜✐❧❞❡♥❄

❜✮ ❑❛r✐♥ s❝❤r❡✐❜t ❛❧❧❡ ♠ö❣❧✐❝❤❡♥ ❲ört❡r ✐♥ ❛❧♣❤❛❜❡t✐s❝❤❡r ❘❡✐❤❡♥❢♦❧❣❡ ❛✉❢✱ ✐♥
❞❡r ♥❛tür❧✐❝❤ ❥❡❞❡s ❲♦rt ♥✉r ❡✐♥♠❛❧ st❡❤t✳ ❆♥ ✇❡❧❝❤❡r ❙t❡❧❧❡ st❡❤t ❞❛s ❲♦rt
❉❖▼■◆❖ ✐♥ ❞✐❡s❡r ▲✐st❡❄

❝✮ ❲❡❧❝❤❡s ❲♦rt st❡❤t ❛♥ ❞❡r ✶✼✹✳ ❙t❡❧❧❡ ❞✐❡s❡r ▲✐st❡❄ ✭▼●✮

▲ös✉♥❣✿

❛✮ ❋ür ❞❡♥ ❡rst❡♥ ❇✉❝❤st❛❜❡♥ ❤❛t ❑❛r✐♥ s❡❝❤s ▼ö❣❧✐❝❤❦❡✐t❡♥✱ ❢ür ❞❡♥ ③✇❡✐t❡♥
❇✉❝❤st❛❜❡♥ ❢ü♥❢ ▼ö❣❧✐❝❤❦❡✐t❡♥ ✉♥❞ s♦ ✇❡✐t❡r ❜✐s ③✉♠ ❧❡t③t❡♥ ❇✉❝❤st❛❜❡♥✱ ❢ür
❞❡♥ ♥✉r ♥♦❝❤ ❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❜❧❡✐❜t✳ ❉❛ ❡s ❛❜❡r ③✇❡✐♠❛❧ ❞❡♥ ❇✉❝❤st❛❜❡♥ ❖
❣✐❜t✱ ❤❛❜❡♥ ✇✐r ❡✐♥✐❣❡ ❲ört❡r ❞♦♣♣❡❧t ❣❡③ä❤❧t✱ ❞❛ ✇✐r ❞✐❡ ❜❡✐❞❡♥ ❇✉❝❤st❛❜❡♥ ❖
♠✐t❡✐♥❛♥❞❡r t❛✉s❝❤❡♥ ❦ö♥♥❡♥✱ ✇♦❞✉r❝❤ s✐❝❤ ❞❛s ❲♦rt ♥✐❝❤t ä♥❞❡rt✳
❊s ❣✐❜t ❛❧s♦ ✐♥s❣❡s❛♠t 6·5·4·3·2·1

2 = 360 ✈❡rs❝❤✐❡❞❡♥❡ ❲ört❡r✳

❜✮ ■♥ ❞❡r ❛❧♣❤❛❜❡t✐s❝❤❡♥ ▲✐st❡ st❡❤❡♥ ③✉❡rst ❞✐❡ ❲ört❡r✱ ❞✐❡ ♠✐t ❡✐♥❡♠ ❉ ❜❡❣✐♥♥❡♥✳
❉❛③✉ ❣❡❤ört ❛✉❝❤ ❞❛s ❲♦rt ❉❖▼■◆❖✳
❆❧❧❡ ❲ört❡r✱ ❞✐❡ ♠✐t ❉■✱ ❉▼ ✉♥❞ ❉◆ ❜❡❣✐♥♥❡♥✱ st❡❤❡♥ ❥❡❞♦❝❤ ✐♥ ❞❡r ▲✐st❡
✈♦r❤❡r✳ ❲✐❡ ✈✐❡❧❡ ❲ört❡r ❡s ♠✐t ❞✐❡s❡♥ ❆♥❢ä♥❣❡♥ ❣✐❜t✱ ❦ö♥♥❡♥ ✇✐r ✉♥s ä❤♥❧✐❝❤
ü❜❡r❧❡❣❡♥ ✇✐❡ ✐♥ ❞❡r ❚❡✐❧❛✉❢❣❛❜❡ ❛✳ ❇❡✐ ❇❡❣✐♥♥ ❉■ s✐♥❞ ♥♦❝❤ ❞✐❡ ✈✐❡r ❇✉❝❤st❛❜❡♥
▼✱ ◆✱ ❖✱ ❖ ③✉ ❡r❣ä♥③❡♥ ✉♥❞ ❞✐❡s❡ ❦ö♥♥❡♥ ❛✉❢ 4·3·2·1

2 = 12 ✈❡rs❝❤✐❡❞❡♥❡ ❲❡✐s❡♥
❡r❣ä♥③t ✇❡r❞❡♥✱ ❡❜❡♥s♦ ❜❡✐ ❉▼ ❞✐❡ ✇❡✐t❡r❡♥ ✈✐❡r ❇✉❝❤st❛❜❡♥ ■✱ ◆✱ ❖✱ ❖ s♦✇✐❡

✶✼ ▼❖◆❖■❉ ✶✹✼



❜❡✐ ❉◆ ❞✐❡ ❇✉❝❤st❛❜❡♥ ■✱ ▼✱ ❖✱ ❖✳
❊s ❢♦❧❣❡♥ ❞✐❡ ❲ört❡r✱ ❞✐❡ ♠✐t ❉❖ ❜❡❣✐♥♥❡♥✱ ③✉ ❞❡♥❡♥ ❞❛♥♥ ❛✉❝❤ ❉❖▼■◆❖
❣❡❤ört✳ ▼✐t ❲♦rt❛♥❢❛♥❣ ❉❖■ ✉♥❞ ❞❡♥ ✇❡✐t❡r❡♥ ❇✉❝❤st❛❜❡♥ ▼✱ ◆ ✉♥❞ ❖ ❣✐❜t
❡s s❡❝❤s ❲ört❡r✳ ❊s ❢♦❧❣t ❞❡r ❲♦rt❛♥❢❛♥❣ ❉❖▼✱ ✉♥t❡r ❞❡♥❡♥ ❞❛♥♥ ❉❖▼■◆❖
❞❛s ❡rst❡ ✐st✳
❆❧s♦ st❡❤❡♥ 12 + 12 + 12 + 6 = 42 ❲ört❡r ✈♦r❤❡r ✉♥❞ s♦♠✐t ✐st ❞❛s ❲♦rt
❉❖▼■◆❖ ❞❛s 43. ❲♦rt ✐♥ ❞❡r ▲✐st❡✳

❝✮ ❲✐r ü❜❡r❧❡❣❡♥ ❛♥❛❧♦❣✿ ▼✐t ❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥ ❉ ❣✐❜t ❡s 5·4·3·2·1
2 = 60 ❇✉❝❤✲

st❛❜❡♥✱ ❡❜❡♥s♦ ♠✐t ❞❡♥ ❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥ ■ ✉♥❞ ▼✳ ❆❧s♦ ✉♠❢❛sst ❞✐❡ ▲✐st❡
♠✐t ❞❡♥ ❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥ ❉ ✉♥❞ ■ ✐♥s❣❡s❛♠t ✶✷✵ ❲ört❡r✱ ③✉sät③❧✐❝❤ ♠✐t
❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥ ▼ ❞❛♥♥ ✶✽✵ ❲ört❡r✳ ❆❧s♦ ♠✉ss ❞❛s ❣❡s✉❝❤t❡ ❲♦rt ♠✐t
❡✐♥❡♠ ▼ ❜❡❣✐♥♥❡♥✳
▼✐t ❞❡♥ ❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥ ▼❉✱ ▼■ ✉♥❞ ▼◆ ❣✐❜t ❡s ❥❡✇❡✐❧s 4·3·2·1

2 = 12 ❲ör✲
t❡r✱ ❛❧s♦ ✉♠❢❛sst ❞✐❡ ▲✐st❡ ❜✐s ❡✐♥s❝❤❧✐❡ÿ❧✐❝❤ ❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥ ▼◆ ✐♥s❣❡s❛♠t
✶✺✻ ❲ört❡r ✉♥❞ ❞❛s ❣❡s✉❝❤t❡ ❲♦rt ❜❡❣✐♥♥t ♠✐t ▼❖✳
▼✐t ❞❡♥ ❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥❦♦♠❜✐♥❛t✐♦♥❡♥ ▼❖❉✱ ▼❖■ ✉♥❞ ▼❖◆ ❣✐❜t ❡s ♥✉♥
❥❡✇❡✐❧s 3·2·1

2 = 6 ❲ört❡r✱ ❡s ❦♦♠♠❡♥ ❛❧s♦ ✶✽ ✇❡✐t❡r❡ ❲ört❡r ❤✐♥③✉ ✉♥❞ s♦♠✐t
❤❛t ❞✐❡ ▲✐st❡ ❞❛♥♥ ✶✼✹ ❲ört❡r✳
❉❛s ❣❡s✉❝❤t❡ ❲♦rt ❛♥ ❞❡r ✶✼✹✳ ❙t❡❧❧❡ ✐st ❛❧s♦ ❞❛s ❧❡t③t❡ ❲♦rt ♠✐t ❲♦rt❛♥❢❛♥❣
▼❖◆ ✉♥❞ ❞✐❡s❡s ✐st ❞❛s ❲♦rt ▼❖◆❖■❉✳

❆❧t❡r♥❛t✐✈❡✿ ❍❛❜❡♥ ✇✐r ✉♥s ü❜❡r❧❡❣t✱ ❞❛ss ❞❛s ❣❡s✉❝❤t❡ ❲♦rt ♠✐t ❡✐♥❡♠ ▼
❜❡❣✐♥♥❡♥ ♠✉ss✱ ❞❛♥♥ ❦ö♥♥❡♥ ✇✐r ✇❡✐t❡r ü❜❡r❧❡❣❡♥✱ ❞❛ss ❞❛♥❛❝❤ ♥✉r ♥♦❝❤
s❡❝❤s ❲ört❡r ♠✐t ❞✐❡s❡♠ ❆♥❢❛♥❣s❜✉❝❤st❛❜❡♥ ❢♦❧❣❡♥✳ ❉✐❡s❡s s✐♥❞ ❞✐❡ s❡❝❤s
❲ört❡r ♠✐t ❞❡♠ ❲♦rt❛♥❢❛♥❣ ▼❖❖✳ ❆❧s♦ ✐st ❞❛s ❣❡s✉❝❤t❡ ❲♦rt ❞❛s ❧❡t③t❡
♠✐t ❲♦rt❛♥❢❛♥❣ ▼❖◆ ✉♥❞ ❞✐❡s❡s ✐st ❞❛s ❲♦rt ▼❖◆❖■❉✳

❱■■■✳ ❲✐❡ ✈✐❡❧❡❄

❲✐❡ ✈✐❡❧❡ 6✲st❡❧❧✐❣❡ ❩❛❤❧❡♥✱ ❞✐❡ ❞✉r❝❤ 60 t❡✐❧❜❛r s✐♥❞✱ ❣✐❜t ❡s❄ ✭▼❛rt✐♥ ▼❡tt❧❡r †✮

▲ös✉♥❣✿

❩✇✐s❝❤❡♥ 1 ✉♥❞ 999 999 ❧✐❡❣❡♥ 16 666 ❱✐❡❧❢❛❝❤❡ ✈♦♥ 60✱ ✇❡✐❧ 999 999 : 60 =
16 666 ❘❡st 39 ✐st✳
❩✇✐s❝❤❡♥ 1 ✉♥❞ 99 999 ❧✐❡❣❡♥ 1 666 ❱✐❡❧❢❛❝❤❡ ✈♦♥ 60✳

❉❛❤❡r ❧✐❡❣❡♥ ③✇✐s❝❤❡♥ 99 999 ✉♥❞ 999 999 ❣❡♥❛✉ 16 666 − 1 666 = 15 000 ❱✐❡❧✲
❢❛❝❤❡ ✈♦♥ 60✳

■♥❢♦r♠❛t✐♦♥✿ ❉✐❡s❡ ❆✉❢❣❛❜❡ ✐st ❞✐❡ ❛❧❧❡r❡rst❡ ❆✉❢❣❛❜❡✱ ❞✐❡ ✶✾✽✶ ✐♠ ❡rst❡♥ ▼❖◆❖■❉✲❍❡❢t ❣❡st❡❧❧t

✇✉r❞❡ ✕ ❛❧s♦ ✈♦r ❣❡♥❛✉ ✹✵ ❏❛❤r❡♥✳ ❆✉❢❣r✉♥❞ ✉♥s❡r❡s ❏✉❜✐❧ä✉♠s ❤❛❜❡♥ ✇✐r s✐❡ ♥♦❝❤ ♠❛❧ ❛✉s ❞❡♠

❆r❝❤✐✈ ❣❡❤♦❧t ✉♥❞ ❊✉❝❤ ♥♦❝❤ ♠❛❧ ❣❡st❡❧❧t✳

▼❖◆❖■❉ ✶✹✼ ✶✽



◆❡✉❡ ▼❛t❤❡s♣✐❡❧❡r❡✐❡♥
❋ür ❞✐❡ ❥ü♥❣❡r❡♥ ❙❝❤ü❧❡r✴✐♥♥❡♥ ❞❡r ❑❧❛ss❡♥ ✺✕✽

• ❇✐tt❡ ✐♠♠❡r ❡✐♥❡♥ ▲ös✉♥❣s✇❡❣✴❡✐♥❡ ❇❡❣rü♥❞✉♥❣ ❛♥❣❡❜❡♥✳

• ❙❝❤ü❧❡r✐♥♥❡♥ ✉♥❞ ❙❝❤ü❧❡r ❞❡r ❑❧❛ss❡♥st✉❢❡ ✾ ❞ür❢❡♥ ❞✐❡ ❆✉❢❣❛❜❡♥ ❡❜❡♥❢❛❧❧s ❧ös❡♥✱ ❡r❤❛❧t❡♥
❛❜❡r ♥✉r ❤❛❧❜❡ P✉♥❦t③❛❤❧✳ ❆❜ ❑❧❛ss❡♥st✉❢❡ ✶✵ ❣✐❜t ❡s ❦❡✐♥❡ P✉♥❦t❡ ♠❡❤r✳

• ❊✐♥s❡♥❞❡s❝❤❧✉ss✿ ✶✺✳ ◆♦✈❡♠❜❡r ✷✵✷✶✳

• ❲❡✐t❡r❡ ■♥❢♦r♠❛t✐♦♥❡♥ ❛✉❢ ❙❡✐t❡ ✷✳

■✳ ❩❛❤❧❡♥ s❝❤r❡✐❜❡♥ ■■■

◆❛❝❤❞❡♠ ❑❛❧❡❛ ✉♥❞ ❙♦♣❤✐❡ ✐❤r❡♠ ❖♥❦❡❧ ❣❡③❡✐❣t ❤❛❜❡♥✱ ✇✐❡ ❣✉t s✐❡ s❝❤♦♥ ❩❛❤✲
❧❡♥ s❝❤r❡✐❜❡♥ ❦ö♥♥❡♥ ✭s✐❡❤❡ ▼❖◆❖■❉ ✶✹✺✱ ▼❛t❤❡s♣✐❡❧❡r❡✐ ■■ ❛✉❢ ❙❡✐t❡ ✷✷ ✉♥❞
▼❖◆❖■❉ ✶✹✻✱ ❆✉❢❣❛❜❡ ✶✷✼✷ ❛✉❢ ❙❡✐t❡ ✷✻✮✱ ♠ö❝❤t❡ ✐❤r❡ ❦❧❡✐♥❡ ❙❝❤✇❡st❡r ❋❡❧✐❛
❡❜❡♥❢❛❧❧s ✐❤r❡ ❑ü♥st❡ ✉♥t❡r ❇❡✇❡✐s st❡❧❧❡♥✳ ➘❤♥❧✐❝❤ ✇✐❡ ❙♦♣❤✐❡ s❝❤r❡✐❜t s✐❡ ❡✐♥♠❛❧
❞✐❡ ❩❛❤❧ 1✱ ③✇❡✐♠❛❧ ❞✐❡ ❩❛❤❧ 2✱ ❞r❡✐♠❛❧ ❞✐❡ ❩❛❤❧ 3 ✉♥❞ s♦ ✇❡✐t❡r✱ ❛❧❧❡r❞✐♥❣s ♦❤♥❡
❆❜stä♥❞❡ ③✇✐s❝❤❡♥ ❞❡♥ ❩❛❤❧❡♥ ③✉ ❤❛❧t❡♥✳ ❊s ❡♥tst❡❤t ❛❧s♦ ❞✐❡ ❩❛❤❧❡♥❦♦❧♦♥♥❡

122333444455555...

❙♣ät❡r ❢♦❧❣t ❞❛♥♥ ③✉♠ ❇❡✐s♣✐❡❧ ❞✐❡ ❙❡q✉❡♥③ ...9991010... ✉♥❞ s♦ ✇❡✐t❡r✳

❛✮ ❆♥ ✇❡❧❝❤❡r ❙t❡❧❧❡ st❡❤t ❡rst♠❛❧s ❞✐❡ ❩❛❤❧ 40❄

❜✮ ❲❡❧❝❤❡ ❩✐✛❡r st❡❤t ❛♥ ❞❡r ✹✵✳ ❙t❡❧❧❡❄

❝✮ ❲❛♥♥ st❡❤t ❡rst♠❛❧s ❡✐♥❡ ❩✐✛❡r♥❢♦❧❣❡ ❛✉s ✭♠✐♥❞❡st❡♥s✮ ✹✵ ❣❧❡✐❝❤❡♥ ❩✐✛❡r♥❄

✭▼●✮

■■✳ ❚❡✐❧❜❛r❦❡✐t ✉♥❞ ◗✉❡rs✉♠♠❡

❇❡st✐♠♠❡ ❞❛s ❦❧❡✐♥st❡ ❱✐❡❧❢❛❝❤❡ ✈♦♥ 40 ♠✐t ❞❡r ◗✉❡rs✉♠♠❡ 1981✳ ✭▼●✮

■■■✳ ❲✐❡ ✈✐❡❧❡❄

❛✮ ❲✐❡ ✈✐❡❧❡ ❢ü♥❢st❡❧❧✐❣❡ ◗✉❛❞r❛t③❛❤❧❡♥ ❣✐❜t ❡s❄

❜✮ ❲✐❡ ✈✐❡❧❡ ❢ü♥❢st❡❧❧✐❣❡ ❩❛❤❧❡♥ s✐♥❞ ❞✉r❝❤ 40 t❡✐❧❜❛r❄

❝✮ ❲✐❡ ✈✐❡❧❡ ❢ü♥❢st❡❧❧✐❣❡ ◗✉❛❞r❛t③❛❤❧❡♥ s✐♥❞ ❞✉r❝❤ 40 t❡✐❧❜❛r❄

✭▼●✮

✶✾ ▼❖◆❖■❉ ✶✹✼



■❱✳ ✳✳✳ ❞❛ss ♠❛♥ ◆✉❧❧❡♥ ♥✐❝❤t ü❜❡rs❡❤❡♥ ❞❛r❢

❉✐❡ ❋❛❦✉❧tät ❡✐♥❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧ ✐st ❞❛s Pr♦❞✉❦t ❛❧❧❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥ ❦❧❡✐♥❡r
✉♥❞ ❣❧❡✐❝❤ ❞✐❡s❡r ❩❛❤❧✳ ◆♦t✐❡rt ✇✐r❞ s✐❡✱ ✐♥❞❡♠ ❡✐♥ ! ❤✐♥t❡r ❞✐❡ ❩❛❤❧ ❣❡s❝❤r✐❡❜❡♥
✇✐r❞✳ ▼❛t❡❛ ❜❡r❡❝❤♥❡t ❡✐♥✐❣❡ ❋❛❦✉❧tät❡♥✿ 1! = 1✱ 2! = 1 ·2 = 2✱ 3! = 1 ·2 ·3 = 6✱
4! = 24✱ 5! = 120✱ ✳✳✳ ❙✐❡ st❡❧❧t ❢❡st✱ ❞❛ss ❞✐❡ ❡rst❡♥ ❋❛❦✉❧tät❡♥ ❛✉❢ ✈❡rs❝❤✐❡❞❡♥❡
❩✐✛❡r♥ ❡♥❞❡♥✱ ❛❜❡r ❛❜ 5! ❞✐❡ ❧❡t③t❡ ❩✐✛❡r ❡✐♥❡ 0 ✐st ✉♥❞ ❡s ❞❛♥♥ ✐♠♠❡r ♠❡❤r
❩✐✛❡r♥ 0 ❛♠ ❊♥❞❡ ❞❡r ❩❛❤❧ ✇❡r❞❡♥✳

❛✮ ❇❡st✐♠♠❡✱ ❛✉❢ ✇✐❡ ✈✐❡❧❡ ❩✐✛❡r♥ 0 ❞✐❡ ❩❛❤❧ 2021! ❡♥❞❡t✳

❜✮ ❋ür ✇❡❧❝❤❡ ❩❛❤❧ m ❡♥❞❡t ❞✐❡ ❋❛❦✉❧tät m! ❡rst♠❛❧s ❛✉❢ ✹✵ ❩✐✛❡r♥ 0❄

✭▼●✮

❱✳ ❩✉❢❛❧❧ ♦❞❡r ❘❡❣❡❧❄

❚r✐✛t ❡s ③✉✱ ❞❛ss
(
2021 + 1

2021

)2 −
(
2021− 1

2021

)2
= 4 ✐st❄

●✐❧t ❡♥ts♣r❡❝❤❡♥❞❡s ❛✉❝❤ ❢ür ❛♥❞❡r❡ ❩❛❤❧❡♥ ❛♥ ❙t❡❧❧❡ ✈♦♥ 2021❄ ✭❍✳❋✳✮

❱■✳ ❋❛r❜✐❣❡ ❉♦♠✐♥♦✲❙t❡✐♥❡

❙❡❝❤s ❦♦♥❣r✉❡♥t❡ ❘❡❝❤t❡❝❦❡✱ ❜❡st❡❤❡♥❞ ❛✉s ❥❡✲
✇❡✐❧s ❞r❡✐ ◗✉❛❞r❛t❡♥✱ s❡✐❡♥ s♦ ✇✐❡ ✐♥ ❞❡r ♥❡❜❡♥✲
st❡❤❡♥❞❡♥ ❋✐❣✉r ❛♥❣❡♦r❞♥❡t✳ ❉✐❡ ❞r❡✐ ◗✉❛❞r❛t❡
❡✐♥❡s ❥❡❞❡♥ ❘❡❝❤t❡❝❦s s♦❧❧❡♥ ♥✉♥ s♦ ♠✐t ❞❡♥ ❋❛r✲
❜❡♥ ❜❧❛✉ ✭❜✮✱ r♦t ✭r✮ ✉♥❞ ✇❡✐ÿ ✭✇✮ ❣❡❢är❜t ✇❡r✲
❞❡♥✱ ❞❛ss ❦❡✐♥❡ ③✇❡✐ ❜❡♥❛❝❤❜❛rt❡♥ ◗✉❛❞r❛t❡ ✕
❞❛s s✐♥❞ ◗✉❛❞r❛t❡ ✇✐❡ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❞✐❡ ✐♥ ❞❡r
❋✐❣✉r ♠✐t ❛ ✉♥❞ ❜ ❜❡③❡✐❝❤♥❡t❡♥ ✕ ✈♦♥ ❣❧❡✐❝❤❡r
❋❛r❜❡ s✐♥❞✳

❩❡✐❣❡ ❞✉r❝❤ ❡✐♥ ❇❡✐s♣✐❡❧✱ ❞❛ss ❡✐♥❡ s♦❧❝❤❡ ❑♦❧♦r✐❡r✉♥❣ ♠ö❣❧✐❝❤ ✐st✳ ✭❍✳❋✳✮

❱■■✳ P❛r❛❧❧❡❧♦❣r❛♠♠ ♦❞❡r ♥✐❝❤t❄

❆✉❢ ❞❡♥ ❙❡✐t❡♥ AB ✉♥❞ AC ❡✐♥❡s ❣❧❡✐❝❤s❡✐t✐❣❡♥
❉r❡✐❡❝❦s ABC ✇❡r❞❡♥ ❞✐❡ P✉♥❦t❡ D ✉♥❞ E s♦ ❣❡✲
✇ä❤❧t✱ ❞❛ss ❞✐❡ ❙tr❡❝❦❡♥ AD ✉♥❞ AE ❣❧❡✐❝❤ ❧❛♥❣
s✐♥❞✳ Ü❜❡r EB ✇✐r❞ ❡✐♥ ❣❧❡✐❝❤s❡✐t✐❣❡s ❉r❡✐❡❝❦ EBF

❣❡♠äÿ ❆❜❜✐❧❞✉♥❣ ❡r③❡✉❣t✳
❊♥ts❝❤❡✐❞❡✱ ♦❜ ❞❛s ❱✐❡r❡❝❦ ADFC ❡✐♥ P❛r❛❧❧❡❧♦✲
❣r❛♠♠ ✐st ♦❞❡r ♥✐❝❤t✱ ✉♥❞ ❜❡❣rü♥❞❡ ❞❡✐♥❡ ❊♥t✲
s❝❤❡✐❞✉♥❣✳

▼❖◆❖■❉ ✶✹✼ ✷✵



◆❡✉❡ ❆✉❢❣❛❜❡♥
❑❧❛ss❡♥ ✾✕✶✸

• ❇✐tt❡ ✐♠♠❡r ❡✐♥❡♥ ▲ös✉♥❣s✇❡❣✴❡✐♥❡ ❇❡❣rü♥❞✉♥❣ ❛♥❣❡❜❡♥✳

• ❆✉❝❤ ❥ü♥❣❡r❡ ❙❝❤ü❧❡r✐♥♥❡♥ ✉♥❞ ❙❝❤ü❧❡r ❞ür❢❡♥ t❡✐❧♥❡❤♠❡♥ ✉♥❞ ❡r❤❛❧t❡♥ P✉♥❦t❡✳

• ❊✐♥s❡♥❞❡s❝❤❧✉ss✿ ✶✺✳ ◆♦✈❡♠❜❡r ✷✵✷✶✳

• ❲❡✐t❡r❡ ■♥❢♦r♠❛t✐♦♥❡♥ ❛✉❢ ❙❡✐t❡ ✷✳

❆✉❢❣❛❜❡ ✶✷✻✼✿ ❙✉♠♠❡♥s♣✐❡❧ ♠✐t
√

1981 ❜✐s
√

2021

❇❡r❡❝❤♥❡ ♦❤♥❡ ❚❛s❝❤❡♥r❡❝❤♥❡r
1√

1982 +
√
1981

+
1√

1983 +
√
1982

+
1√

1984 +
√
1983

+...+
1√

2021 +
√
2020

.

✭▼●✮

❆✉❢❣❛❜❡ ✶✷✻✽✿ ●❡✇✐♥♥❝❤❛♥❝❡♥

■♥ ❍❛✉s❞♦r❢ ✈❡r❛♥st❛❧t❡t ❞✐❡ ❞♦rt✐❣❡ ▼❛t❤❡♠❛t✐❦❡r✲❱❡r❡✐♥✐❣✉♥❣ ❥ä❤r❧✐❝❤ ❡✐♥❡♥ ❣r♦ÿ❡♥
▼❛t❤❡♠❛t✐❦✲▼❛r❦t✱ ❜❡✐ ❞❡♠ ❡s ✈❡rs❝❤✐❡❞❡♥❡ ❙tä♥❞❡ ♠✐t ♠❛t❤❡♠❛t✐s❝❤❡♥ ❊①♣❡✲
r✐♠❡♥t❡♥✱ ❱♦rträ❣❡ ✉♥❞ ✇❡✐t❡r❡ Präs❡♥t❛t✐♦♥❡♥ ❣✐❜t✳ ❆✉❝❤ ❡✐♥❡ ❚♦♠❜♦❧❛ ✇✐r❞
❛♥❣❡❜♦t❡♥✳ ❉❛③✉ ✇❡r❞❡♥ ▲♦s❡ ♠✐t ❞❡♥ ◆✉♠♠❡r♥ ✈♦♥ 1 ❜✐s 1 000 000 ✈❡r❦❛✉❢t✳
●✐❜ ❞✐❡ ●❡✇✐♥♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥ ❛♥✱ ✇❡♥♥

❛✮ ❣❡♥❛✉ ❞✐❡ ◗✉❛❞r❛t③❛❤❧❡♥ ❣❡✇✐♥♥❡♥✳

❜✮ ❣❡♥❛✉ ❞✐❡ ❑✉❜✐❦③❛❤❧❡♥ ❣❡✇✐♥♥❡♥✳

❝✮ ❣❡♥❛✉ ❞✐❡ ❩❛❤❧❡♥✱ ❞✐❡ s♦✇♦❤❧ ❡✐♥❡ ◗✉❛❞r❛t✲ ✉♥❞ ③✉❣❧❡✐❝❤ ❡✐♥❡ ❑✉❜✐❦③❛❤❧ s✐♥❞✱
❣❡✇✐♥♥❡♥✳

❞✮ ❣❡♥❛✉ ❞✐❡ ❩❛❤❧❡♥✱ ❞✐❡ ❡✐♥❡ ◗✉❛❞r❛t✲ ♦❞❡r ❑✉❜✐❦③❛❤❧ s✐♥❞✱ ❣❡✇✐♥♥❡♥✳

✭▼●✮

❆✉❢❣❛❜❡ ✶✷✻✾✿ ❊✐♥❡ ❯♥❣❧❡✐❝❤✉♥❣ ✕ ③✇❡✐ ▲ös✉♥❣s✇❡❣❡

❩❡✐❣❡✱ ❞❛ss ❢ür ❛❧❧❡ x > 0 ❣✐❧t✿ x + 1
x
≥ 2✳

●✐❜ ♠ö❣❧✐❝❤st ③✇❡✐ ✈❡rs❝❤✐❡❞❡♥❡ ▲ös✉♥❣s✇❡❣❡ ❛♥✳ ✭❲❏❇✮

❆✉❢❣❛❜❡ ✶✷✼✵✿ ❊✐♥ s♣❡③✐❡❧❧❡s ❘❡❝❤t❡❝❦

❊✐♥❡♠ r❡❝❤t✇✐♥❦❧✐❣❡♥ ❉r❡✐❡❝❦ ♠✐t ❙❡✐t❡♥ a < b <

c ✇❡r❞❡ ❡✐♥ ❘❡❝❤t❡❝❦ s♦ ❡✐♥❜❡s❝❤r✐❡❜❡♥✱ ❞❛ss ③✇❡✐
❙❡✐t❡♥ ❛✉❢ ❞❡♥ ❑❛t❤❡t❡♥ ❧✐❡❣❡♥✳

a

b

c
x

y

❛✮ ❲❡❧❝❤❡ ❲❡rt❡ ❦❛♥♥ ❞❡r ❯♠❢❛♥❣ U ❞❡s ❘❡❝❤t❡❝❦s ❤❛❜❡♥❄

❜✮ ❇❡✐ ❣❡❣❡❜❡♥❡♠ ❯♠❢❛♥❣ U ❜❡r❡❝❤♥❡ ❞✐❡ ❙❡✐t❡♥❧ä♥❣❡♥ x ✉♥❞ y ✳

✷✶ ▼❖◆❖■❉ ✶✹✼



❝✮ ❇❡❛♥t✇♦rt❡ ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❋r❛❣❡♥ ❢ür ❡✐♥ ❡✐♥❜❡s❝❤r✐❡❜❡♥❡s ❘❡❝❤t❡❝❦✱ ❜❡✐
❞❡♠ ❡✐♥❡ ❙❡✐t❡ ❛✉❢ ❞❡r ❍②♣♦t❡♥✉s❡ ❧✐❡❣t✳ ✭❲❏❇✮

a

v

c

b

y
x

❆✉❢❣❛❜❡ ✶✷✼✶✿ ❲✐❡ ✈✐❡❧❡ Pr✐♠③❛❤❧❡♥❄

❲✐❡ ✈✐❡❧❡ Pr✐♠③❛❤❧❡♥ ❞❡r ❋♦r♠ Z (n) = n4 + 4n ❣✐❜t ❡s❄ ✭❣❡❢✉♥❞❡♥ ❲❏❇✮

❆✉❢❣❛❜❡ ✶✷✼✷✿ ▲ös✉♥❣❡♥ ❣❡s✉❝❤t

❯♥t❡rs✉❝❤❡✱ ♦❜ ❡s ❞r❡✐ ♥❛tür❧✐❝❤❡ ❩❛❤❧❡♥ x ✱ y ✉♥❞ z ❣✐❜t✱ ✇❡❧❝❤❡ ❞✐❡ ●❧❡✐❝❤✉♥❣

x2 + y 2 = 8z + 6

❡r❢ü❧❧❡♥✳ ✭❍✳❋✳✮

❆✉❢❣❛❜❡ ✶✷✼✸✿ ❊✐♥❡ ❊✐❣❡♥s❝❤❛❢t r❡❝❤t✇✐♥❦❧✐❣❡r ❉r❡✐❡❝❦❡

❋ür ❥❡❞❡s r❡❝❤t✇✐♥❦❧✐❣❡ ❉r❡✐❡❝❦ ♠✐t ❞❡♥ ❣❛♥③③❛❤❧✐❣❡♥ ❑❛t❤❡t❡♥❧ä♥❣❡♥ a✱ b ✉♥❞
❞❡r ❣❛♥③③❛❤❧✐❣❡♥ ❍②♣♦t❡♥✉s❡♥❧ä♥❣❡ c ❣✐❧t✿ ▼✐♥❞❡st❡♥s ❡✐♥❡ ❞❡r ❙❡✐t❡♥❧ä♥❣❡♥ ✐st
❡✐♥ ❱✐❡❧❢❛❝❤❡s ✈♦♥ ✺✳
❩❡✐❣❡ ❞✐❡s✳ ✭❍✳❋✳✮

●❡❧öst❡ ❆✉❢❣❛❜❡♥ ❛✉s ▼❖◆❖■❉ ✶✹✻
❑❧❛ss❡♥ ✾✕✶✸

❆✉❢❣❛❜❡ ✶✷✻✼✿ ●❡❜✉rtst❛❣s❦✉❝❤❡♥

❩✉r ▼❖◆❖■❉✲❘❡❞❛❦t✐♦♥ss✐t③✉♥❣ ❤❛t ❞✐❡ ❘❡❞❛❦t✐♦♥s❧❡✐t❡r✐♥ ❋r❛✉ ❉r✳ ❍♦❣✲❆♥❣❡❧♦♥✐
❡✐♥❡♥ r❡❝❤t❡❝❦✐❣❡♥ ❇❧❡❝❤❦✉❝❤❡♥ ♠✐t❣❡❜r❛❝❤t✳ ❩✉♠ ✹✵✲❥ä❤r✐❣❡♥ ❏✉❜✐❧ä✉♠ ♠ö❝❤t❡
s✐❡ ❞❡♥ ❑✉❝❤❡♥ ♠✐t ❣❡♥❛✉ ✹✵ ❙❝❤♥✐tt❡♥ ③❡rt❡✐❧❡♥✳ ❉❛❜❡✐ ❣❡❤t ❡✐♥ ❙❝❤♥✐tt ❥❡✇❡✐❧s
♣❛r❛❧❧❡❧ ③✉♠ ❘❛♥❞ ❞❡s ❑✉❝❤❡♥s ✉♥❞ ❥❡✇❡✐❧s ❦♦♠♣❧❡tt ✈♦♥ ❡✐♥❡♠ ❘❛♥❞ ③✉♠ ❣❡✲
❣❡♥ü❜❡r❧✐❡❣❡♥❞❡♥ ❘❛♥❞✳ ❉❛❞✉r❝❤ ❡♥tst❡❤❡♥ r❡❝❤t❡❝❦✐❣❡ ❑✉❝❤❡♥stü❝❦❡✳ ❯♠ ❞✐❡
❘❡❞❛❦t✐♦♥ s❛tt ③✉ ❜❡❦♦♠♠❡♥✱ ♠ö❝❤t❡ s✐❡ ♥❛tür❧✐❝❤ ♠ö❣❧✐❝❤st ✈✐❡❧❡ ❙tü❝❦❡ ❛✉s
❞❡♠ ❑✉❝❤❡♥ s❝❤♥❡✐❞❡♥✳
❲✐❡ ✈✐❡❧❡ ❑✉❝❤❡♥stü❝❦❡ ❦❛♥♥ ❋r❛✉ ❉r✳ ❍♦❣✲❆♥❣❡❧♦♥✐ ❜❡✐ ❞✐❡s❡r ❱♦r❣❛❜❡ ♠❛①✐♠❛❧
❡r❤❛❧t❡♥✳ ✭▼●✮

▲ös✉♥❣✿

❋r❛✉ ❉r✳ ❍♦❣✲❆♥❣❡❧♦♥✐ ♠❛❝❤t n ❙❝❤♥✐tt❡ ✐♥ ▲ä♥❣sr✐❝❤t✉♥❣ ✉♥❞ 40 − n ❙❝❤♥✐tt❡
✐♥ ◗✉❡rr✐❝❤t✉♥❣✳ ❉❛❞✉r❝❤ ❡♥tst❡❤❡♥ (n + 1) · (40− n + 1) = (n + 1)(41− n) =
−n2 + 40n + 41 ❑✉❝❤❡♥stü❝❦❡✳

▼❖◆❖■❉ ✶✹✼ ✷✷



❉❡♥ q✉❛❞r❛t✐s❝❤❡♥ ❚❡r♠ ❜r✐♥❣❡♥ ✇✐r ✐♥ ❞✐❡ ❙❝❤❡✐t❡❧♣✉♥❦t❢♦r♠ ❡✐♥❡r P❛r❛❜❡❧✿

−n2+40n+41 = −(n2−40n−41) = −(n2−40n+400−441) = −(n−20)2+441.

❉❛r❛✉s ❦ö♥♥❡♥ ✇✐r ❛❜❧❡s❡♥✱ ❞❛ss ❞✐❡ ♠❡✐st❡♥ ❙tü❝❦❡ ❡♥tst❡❤❡♥✱ ✇❡♥♥ ❋r❛✉ ❉r✳
❍♦❣✲❆♥❣❡❧♦♥✐ n = 20 ❙❝❤♥✐tt❡ ✐♥ ▲ä♥❣sr✐❝❤t✉♥❣ ✉♥❞ ❞❡♠♥❛❝❤ ❛✉❝❤ 20 ❙❝❤♥✐tt❡
✐♥ ◗✉❡rr✐❝❤t✉♥❣ ♠❛❝❤t✳ ❙✐❡ ❡r❤ä❧t ❞❛♥♥ 441 ❑✉❝❤❡♥stü❝❦❡✳

❆❧t❡r♥❛t✐✈❡ ♠✐t ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣✿ ❲✐r ❜❡st✐♠♠❡♥ ❞❛s ▼❛①✐♠✉♠ ❞❡r ❋✉♥❦t✐♦♥
♠✐t ❞❡r ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ f (n) = −n2 + 40n + 41✳
❉✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤ f ′(n) = −2n + 40✳ ❆✉s −2n + 40 = 0
❡r❣✐❜t s✐❝❤ ❞❛s ❊①tr❡♠✉♠ ❜❡✐ n = 20 ❙❝❤♥✐tt❡♥ ✐♥ ▲ä♥❣sr✐❝❤t✉♥❣✳ ❲❡❣❡♥ f ′′(n) =
−2 ✐st ❞✐❡s t❛tsä❝❤❧✐❝❤ ❡✐♥ ▼❛①✐♠✉♠ ✉♥❞ ❡s ❡r❣❡❜❡♥ s✐❝❤ f (20) = 441 ❑✉❝❤❡♥✲
stü❝❦❡✳

❊✐♥❢❛❝❤❡ ❆❧t❡r♥❛t✐✈❡✿ ❆✉❝❤ ✭s②st❡♠❛t✐s❝❤❡s✮ Pr♦❜✐❡r❡♥ ❢ü❤rt ③✉♠ ❊r❣❡❜♥✐s✱ ❞❛ss
s✐❝❤ ❜❡✐ ❥❡✇❡✐❧s 20 ❙❝❤♥✐tt❡♥ ✐♥ ▲ä♥❣s✲ r❡s♣❡❦t✐✈❡ ◗✉❡rr✐❝❤t✉♥❣ ❞✐❡ ♠❡✐st❡♥✱ ♥ä♠✲
❧✐❝❤ 441 ❑✉❝❤❡♥stü❝❦❡✱ ❡r❣❡❜❡♥✳

❆✉❢❣❛❜❡ ✶✷✻✽✿ ✹✵ ❏❛❤r❡ ▼❖◆❖■❉

▼❛r❝❡❧ ❤❛t ❛✉❢ ❡✐♥❡♥ ❩❡tt❡❧ ❣❛♥③ ♦❢t ✒✹✵ ❏❛❤r❡ ▼❖◆❖■❉✏ ❣❡s❝❤r✐❡❜❡♥✿

✹ ✵ ❏ ❆ ❍ ❘ ❊ ▼
✵ ❏ ❆ ❍ ❘ ❊ ▼ ❖
❏ ❆ ❍ ❘ ❊ ▼ ❖ ◆
❆ ❍ ❘ ❊ ▼ ❖ ◆ ❖
❍ ❘ ❊ ▼ ❖ ◆ ❖ ■
❘ ❊ ▼ ❖ ◆ ❖ ■ ❉

❊r st❡❧❧t ❢❡st✱ ❞❛ss ❡r ♥✉♥ ❛✉❢ ❣❛♥③ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ❲❡✐s❡♥ ✒✹✵ ❏❛❤r❡ ▼❖◆❖■❉✏
❧❡s❡♥ ❦❛♥♥✱ ✇❡♥♥ ❡r ✈♦♥ ❡✐♥❡♠ ❇✉❝❤st❛❜❡♥ ③✉♠ ♥ä❝❤st❡♥ ❥❡✇❡✐❧s ♥✉r ❡♥t✇❡❞❡r ✉♠
❡✐♥s ♥❛❝❤ r❡❝❤ts ♦❞❡r ✉♠ ❡✐♥s ♥❛❝❤ ✉♥t❡♥ ③✉♠ ❥❡✇❡✐❧s ❜❡♥❛❝❤❜❛rt❡♥ ❇✉❝❤st❛❜❡♥
✇❡✐t❡r❧✐❡st✳
❆✉❢ ✇✐❡ ✈✐❡❧❡ ❲❡✐s❡♥ ❦❛♥♥ ❡r s♦ ✒✹✵ ❏❛❤r❡ ▼❖◆❖■❉✏ ❧❡s❡♥❄ ✭▼●✮
❍✐♥✇❡✐s✿ ❊r st❛rt❡t ❛✉❢ ❥❡❞❡♥ ❋❛❧❧ ❜❡✐ ❞❡r ✹ ♦❜❡♥ ❧✐♥❦s ✉♥❞ ❡♥❞❡t ❜❡✐♠ ❉ ✉♥t❡♥ r❡❝❤ts✳

▲ös✉♥❣✿

▼❛r❝❡❧ ♠✉ss ❛✉❢ ❞❡♠ ❲❡❣ ✈♦♥ ❞❡r ✹ ③✉♠ ❉ ✐♥s❣❡s❛♠t ③✇ö❧❢ ❇✉❝❤st❛❜❡♥✇❡❝❤s❡❧
❛❜s❝❤r❡✐t❡♥ ✉♥❞ ❞❛❜❡✐ s✐❡❜❡♥♠❛❧ ♥❛❝❤ r❡❝❤ts ✉♥❞ ❢ü♥❢♠❛❧ ♥❛❝❤ ✉♥t❡♥ ❣❡❤❡♥✳
❉❛❢ür ❣✐❜t ❡s

(
12
7

)
=
(
12
5

)
= 12!

7!·5! = 792 ▼ö❣❧✐❝❤❦❡✐t❡♥✳

❯♠ ✈♦♥ ❞❡r ✹ ③✉r ❧✐♥❦❡♥ ✵ ③✉ ❦♦♠♠❡♥✱ ❣✐❜t ❡s ❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t✱ ❡❜❡♥s♦ ③✉r
r❡❝❤t❡♥ ✵✳
❩✉♠ ❧✐♥❦❡♥ ❏ ❣✐❜t ❡s ♥✉r ❡✐♥❡♥ ❲❡❣✱ ❡❜❡♥s♦ ③✉♠ r❡❝❤t❡♥ ❏✳ ❯♠ ③✉♠ ♠✐tt❧❡r❡♥
❏ ③✉ ❦♦♠♠❡♥ ❣✐❜t ❡s ③✇❡✐ ▼ö❣❧✐❝❤❦❡✐t❡♥✱ ♥ä♠❧✐❝❤ ✈♦♥ ❞❡r ❧✐♥❦❡♥ ✉♥❞ ✈♦♥ ❞❡r
r❡❝❤t❡♥ ✵ ❦♦♠♠❡♥❞✳

✷✸ ▼❖◆❖■❉ ✶✹✼



❆❧❧❣❡♠❡✐♥ ❦❛♥♥ ③✉ ❥❡❞❡r P♦s✐t✐♦♥ ❞❡r ❲❡❣ ✈♦♠ ❩❡✐❝❤❡♥ ❧✐♥❦s ♦❞❡r ✈♦♥ ♦❜❡♥ ❦♦♠✲
♠❡♥✳ ❉✐❡ ❆♥③❛❤❧ ❞❡r ❲❡❣❡ ❞♦rt❤✐♥ ❡r❤❛❧t❡♥ ✇✐r ❛❧s♦✱ ✇❡♥♥ ✇✐r ❞✐❡ ❆♥③❛❤❧ ❞❡r
♠ö❣❧✐❝❤❡♥ ❲❡❣❡ ③✉♠ ❩❡✐❝❤❡♥ ❧✐♥❦s ♦❞❡r ♦❜❡♥ ❞❛rü❜❡r ❛❞❞✐❡r❡♥✳ ❊rs❡t③t❡♥ ✇✐r
♥❛❝❤ ❞✐❡s❡r ❘❡❣❡❧ ♥✉♥ ❥❡✇❡✐❧s ❞✐❡ ❩❡✐❝❤❡♥ ❞✉r❝❤ ❞✐❡ ❆♥③❛❤❧ ❞❡r ❲❡❣❡ ③✉ ❞✐❡s❡♥
P♦s✐t✐♦♥❡♥✱ s♦ ❡r❤❛❧t❡♥ ✇✐r✿

1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8
1 3 6 10 15 21 28 36
1 4 10 20 35 56 84 120
1 5 15 35 70 126 210 330
1 6 21 56 126 252 462 792

❉✐❡s ✐st ü❜r✐❣❡♥s ❡✐♥ ❆✉s③✉❣ ❛✉s ❞❡♠ s♦❣❡♥❛♥♥t❡♥ P❛s❝❛❧s❝❤❡♥ ❉r❡✐❡❝❦✱ ❞❛s ❇❧❛✐s❡
P❛s❝❛❧ ③✉♥ä❝❤st t❛tsä❝❤❧✐❝❤ ✐♥ ä❤♥❧✐❝❤❡r r❡❝❤t✇✐♥❦❧✐❣❡r ❋♦r♠ ❛✉❢❣❡s❝❤r✐❡❜❡♥ ❤❛t✳
❉❛r❛✉s ❦ö♥♥❡♥ ✇✐r ❡r❦❡♥♥❡♥✱ ❞❛ss ❡s 792 ❲❡❣❡ ❣✐❜t✱ ✉♠ ✒✹✵ ❏❛❤r❡ ▼❖◆❖■❉✏ ③✉
❧❡s❡♥✳

❆✉❢❣❛❜❡ ✶✷✻✾✿ ❊✐♥❡ ❢❛r❜✐❣❡ ❆♥❣❡❧❡❣❡♥❤❡✐t

❆❧❧❡ P✉♥❦t❡ ❡✐♥❡r ❑r❡✐s❧✐♥✐❡ s✐♥❞ ❡♥t✇❡❞❡r r♦t ♦❞❡r ❜❧❛✉ ❣❡❢är❜t✳
❩❡✐❣❡✿ ❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ❣❧❡✐❝❤s❝❤❡♥❦❧✐❣❡ ❉r❡✐❡❝❦❡✱ ❞❡r❡♥ ❊❝❦♣✉♥❦t❡ ❛✉❢ ❞❡r
❑r❡✐s❧✐♥✐❡ ❧✐❡❣❡♥ ✉♥❞ ❞✐❡ ✈♦♥ ❣❧❡✐❝❤❡r ❋❛r❜❡ s✐♥❞✳ ✭❍✳❋✳✮

▲ös✉♥❣✿

❙❝❤r✐tt ✶✿ ❊s s❡✐ V5 ❡✐♥ r❡❣❡❧♠äÿ✐❣❡s ❋ü♥❢❡❝❦✱ ❞❡ss❡♥ ❊❝❦♣✉♥❦t❡ sä♠t❧✐❝❤ ❛✉❢ ❞❡r
❑r❡✐s❧✐♥✐❡ ❧✐❡❣❡♥✳

❉❛ ❡s ♥✉r ③✇❡✐ ✈❡rs❝❤✐❡❞❡♥❡ ❋❛r❜❡♥ ❣✐❜t✱ ♠üss❡♥ ❞r❡✐ s❡✐♥❡r
❊❝❦♣✉♥❦t❡ ✕ ❡t✇❛ P ✱ Q ✉♥❞ R ✕ ✈♦♥ ❣❧❡✐❝❤❡r ❋❛r❜❡ s❡✐♥✳ ❩✇❡✐
❞✐❡s❡r ❞r❡✐ P✉♥❦t❡ ✕ ❡t✇❛ P ✉♥❞ Q ✕ s✐♥❞ ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡
❜❡♥❛❝❤❜❛rt✳
✶✳ ❋❛❧❧✿ R ✐st ♠✐t P ♦❞❡r ♠✐t Q ❜❡♥❛❝❤❜❛rt✳
✷✳ ❋❛❧❧✿ R ✐st ♥✐❝❤t ♠✐t P ♦❞❡r Q ❜❡♥❛❝❤❜❛rt✳
■♥ ❜❡✐❞❡♥ ❋ä❧❧❡♥ ❣✐❧t✿ ❉❛s ❉r❡✐❡❝❦ ♠✐t ❞❡♥ ❣❧❡✐❝❤❢❛r❜✐❣❡♥ ❊❝❦✲
♣✉♥❦t❡♥ P ,Q ✉♥❞ R ✐st ❣❧❡✐❝❤s❝❤❡♥❦❧✐❣✳

❙❝❤r✐tt ✷✿ ▼❛♥ ❦❛♥♥ ♥✉♥ ❛✉❢ ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ❆rt❡♥ ❞❛s ❋ü♥❢❡❝❦ V5 s♦ ✉♠ ❞❡♥
▼✐tt❡❧♣✉♥❦t ❞❡s ❑r❡✐s❡s ❞r❡❤❡♥✱ ❞❛ss ♠❛♥ ❞❛❜❡✐ st❡ts ❡✐♥ ✈♦♥ V5 ✈❡rs❝❤✐❡❞❡♥❡s
❋ü♥❢❡❝❦ V ′

5 ❡r❤ä❧t✳
▼✐t ❞❡r ❣❧❡✐❝❤❡♥ Ü❜❡r❧❡❣✉♥❣ ✇✐❡ ✐♥ ❙❝❤r✐tt ✶ ❡r❣✐❜t s✐❝❤✱ ❞❛ss ❞❛♥♥ st❡ts ❡✐♥
❉r❡✐❡❝❦ P ′Q ′R ′ ♠✐t ❣❧❡✐❝❤❢❛r❜✐❣❡♥ ❊❝❦♣✉♥❦t❡♥ ❡①✐st✐❡rt✳
■♥s❣❡s❛♠t ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳

▼❖◆❖■❉ ✶✹✼ ✷✹



❆✉❢❣❛❜❡ ✶✷✼✵✿ ●❧❡✐❝❤✉♥❣ss②st❡♠ ♠✐t ✶✾✽✶ ③✉♠ ❏✉❜✐❧ä✉♠

▼❖◆❖■❉ ❡rs❝❤✐❡♥ ❡rst♠❛❧s ✐♠ ❏❛❤r ✶✾✽✶✳ ▲ös❡ ❢♦❧❣❡♥❞❡s ●❧❡✐❝❤✉♥❣ss②st❡♠✳

−3x1 + 1x2 + 4x3 − 1x4 = 1

1x1 + 1x2 + 2x3 + 3x4 = 9

−1x1 − 2x2 + 3x3 + 4x4 = 8

2x1 − 3x2 − 5x3 + 7x4 = 1

✭▼●✮

▲ös✉♥❣✿

❲✐r ❛❞❞✐❡r❡♥ ❥❡✇❡✐❧s ❞✐❡ ❡rst❡ ●❧❡✐❝❤✉♥❣ ③✉♠ 3✲❢❛❝❤❡♥ ❞❡r ③✇❡✐t❡♥✱ ③✉♠ (−3)✲
❢❛❝❤❡♥ ❞❡r ❞r✐tt❡♥ ✉♥❞ ③✉♠ 3

2✲❢❛❝❤❡♥ ❞❡r ✈✐❡rt❡♥ ●❧❡✐❝❤✉♥❣✳ ❉✐❡ ♥❡✉ ❡r❤❛❧t❡♥❡
③✇❡✐t❡ ●❧❡✐❝❤✉♥❣ ♠✉❧t✐♣❧✐③✐❡r❡♥ ✇✐r ♠✐t 1

2 ✉♥❞ ❞✐❡ ♥❡✉ ❡r❤❛❧t❡♥❡ ✈✐❡rt❡ ●❧❡✐❝❤✉♥❣
♠✐t 2✳ ❉❛♠✐t ❡r❤❛❧t❡♥ ✇✐r✿

−3x1 + 1x2 + 4x3 − 1x4 = 1

2x2 + 5x3 + 4x4 = 14

7x2 − 5x3 − 13x4 = −23

− 7x2 − 7x3 + 19x4 = 5.

■♠ ♥ä❝❤st❡♥ ❙❝❤r✐tt ❛❞❞✐❡r❡♥ ✇✐r ③✉♠ −2
7✲❢❛❝❤❡♥ ❞❡r ❞r✐tt❡♥ ✉♥❞ ③✉♠ 2

7✲❢❛❝❤❡♥
❞❡r ✈✐❡rt❡♥ ●❧❡✐❝❤✉♥❣ ❞✐❡ ③✇❡✐t❡♥ ●❧❡✐❝❤✉♥❣✳ ❉✐❡ ♥❡✉ ❡r❤❛❧t❡♥❡ ●❧❡✐❝❤✉♥❣ ✐♥ ❞❡r
❞r✐tt❡♥ ❩❡✐❧❡ ♠✉❧t✐♣❧✐③✐❡r❡♥ ✇✐r ♠✐t 7

9 ✉♥❞ ❞✐❡ ✈✐❡rt❡ ❩❡✐❧❡ ♠✐t 7
3 ✳ ❊s ❢♦❧❣t✿

−3x1 + 1x2 + 4x3 − 1x4 = 1

2x2 + 5x3 + 4x4 = 14

5x3 + 6x4 = 16

7x3 + 22x4 = 36.

◆✉♥ ❛❞❞✐❡r❡♥ ✇✐r ③✉♠ −5
7✲❢❛❝❤❡♥ ❞❡r ❧❡t③t❡♥ ❩❡✐❧❡ ❞✐❡ ❞r✐tt❡ ✉♥❞ ❡r❤❛❧t❡♥✿

−3x1 + 1x2 + 4x3 − 1x4 = 1

2x2 + 5x3 + 4x4 = 14

5x3 + 6x4 = 16

− 68
7 x4 = −68

7 .

❆❜s❝❤❧✐❡ÿ❡♥❞ ❜❡st✐♠♠❡♥ ✇✐r rü❝❦✇ärts ❞✐❡ ▲ös✉♥❣❡♥ ❞❡r ●❧❡✐❝❤✉♥❣❡♥✳ ❆✉s ❞❡r
❧❡t③t❡♥ ❩❡✐❧❡ ❢♦❧❣t x4 = 1✳
❊✐♥s❡t③❡♥ ✐♥ ❞✐❡ ❞r✐tt❡ ●❧❡✐❝❤✉♥❣ ❡r❣✐❜t 5x3 + 6 · 1 = 16 ✉♥❞ s♦♠✐t x3 = 2✳
❆✉s ❞❡r ③✇❡✐t❡♥ ●❧❡✐❝❤✉♥❣ ❢♦❧❣t 2x2 + 5 · 2 + 4 · 1 = 14✱ ❛❧s♦ x2 = 0✳
❲❡❣❡♥ −3x1 + 1 · 0 + 4 · 2− 1 · 1 = 1 ✐st s❝❤❧✐❡ÿ❧✐❝❤ x1 = 2✳
❉✐❡ ▲ös✉♥❣ ❞❡s ●❧❡✐❝❤✉♥❣ss②st❡♠s ✐st ❛❧s♦ ❞❛s ◗✉❛❞r✉♣❡❧ (x1, x2, x3, x4) = (2, 0, 2, 1)✳

✷✺ ▼❖◆❖■❉ ✶✹✼



❆✉❢❣❛❜❡ ✶✷✼✶✿ ❩✇❡✐ ❆✉❢❣❛❜❡♥ ♠✐t ③✇❡✐ ❜❡s♦♥❞❡r❡♥ ❩❛❤❧❡♥

●❡❣❡❜❡♥ s✐♥❞ ❞✐❡ ❜❡✐❞❡♥ ❩❛❤❧❡♥ ϕ = 1+
√
5

2 ✉♥❞ ψ = −1+
√
5

2 ✳

❛✮ ❇❡st✐♠♠❡ ❞✐❡ ✭♥♦r♠✐❡rt❡∗✮ q✉❛❞r❛t✐s❝❤❡ ●❧❡✐❝❤✉♥❣ x2 + px + q = 0 ♠✐t ❞❡♥
▲ös✉♥❣❡♥ ϕ = 1+

√
5

2 ✉♥❞ −ψ = 1−
√
5

2 ✳

❜✮ ❇❡r❡❝❤♥❡ ♦❤♥❡ ❚❛s❝❤❡♥r❡❝❤♥❡r
(

1 +
√
5

2

)1981

·
(

−1 +
√
5

2

)1981

.

✭▼●✮

▲ös✉♥❣✿

❛✮ ◆❛❝❤ ❞❡♠ ❙❛t③ ✈♦♥ ❱✐❡t❛∗∗ ❣❡❧t❡♥ ♠✐t ❞❡♥ ▲ös✉♥❣❡♥ x1 ✉♥❞ x2 ❞❡r q✉❛❞r❛t✐✲
s❝❤❡♥ ●❧❡✐❝❤✉♥❣ −p = x1 + x2 ✉♥❞ q = x1 · x2✳ ❋ür ❞✐❡ ❣❡❣❡❜❡♥❡♥ ▲ös✉♥❣❡♥
❢♦❧❣❡♥ ❛❧s♦

−p =
1 +

√
5

2
+

1−
√
5

2
=

1 +
√
5 + 1−

√
5

2
=

2

2
= 1

=⇒ p = −1

✉♥❞ q =
1 +

√
5

2
· 1−

√
5

2
=

(1 +
√
5)(1−

√
5)

2 · 2 =
1−

√
5
2

2 · 2 =
−4

4
= −1.

❉❛♠✐t ❧❛✉t❡t ❞✐❡ ●❧❡✐❝❤✉♥❣

x2 − 1x − 1 = 0.

❆❧t❡r♥❛t✐✈❡✿ ❉✐❡ ●❧❡✐❝❤✉♥❣ ❧ässt s✐❝❤ ❛✉❝❤ ❞✉r❝❤ ❆✉s♠✉❧t✐♣❧✐③✐❡r❡♥ ❞❡r ▲✐♥❡❛r✲
❢❛❦t♦r❡♥ ❜❡st✐♠♠❡♥✿

0 = (x − 1 +
√
5

2
)(x − 1−

√
5

2
)

= x2 − 1−
√
5

2
x − 1 +

√
5

2
x +

1 +
√
5

2
· 1−

√
5

2

= x2 − (
1−

√
5

2
+

1 +
√
5

2
)x +

(1 +
√
5)(1−

√
5)

2 · 2

= x2 − 1−
√
5 + 1 +

√
5

2
x +

1−
√
5
2

4

= x2 − 2

2
x +

1− 5

4
= x2 − 1x − 1

∗ ◆♦r♠✐❡rt ❜❡❞❡✉t❡t✱ ❞❛ss ❞❡r ▲❡✐t❦♦❡✣③✐❡♥t 1 ✐st✱ ❤✐❡r ❛❧s♦ ❞❛s q✉❛❞r❛t✐s❝❤❡ ●❧✐❡❞ 1x2 ✐st✳
∗∗ ❋r❛♥ç♦✐s ❱✐èt❡ ✭❧❛t✐♥✐s✐❡rt✿ ❋r❛♥❝✐s❝✉s ❱✐❡t❛✮✱ ✯ ✶✺✹✵ ✐♥ ❋♦♥t❡♥❛②✲❧❡✲❈♦♠t❡❀ † ✶✸✳✶✷✳ ♦❞❡r ✷✸✳✵✷✳✶✻✵✸ ✐♥

P❛r✐s❀ ❢ü❤rt❡ ❞❛s ❘❡❝❤♥❡♥ ♠✐t ❇✉❝❤st❛❜❡♥ ✐♥ ❞❡r ◆❡✉③❡✐t ✉♥❞ ❡✐♥✐❣❡ ❙②♠❜♦❧❡ ✭③✉♠ ❇❡✐s♣✐❡❧ +✱ −✱ = ✉♥❞
❛♥❞❡r❡✮ ❢ür ❘❡❝❤❡♥♦♣❡r❛t✐♦♥❡♥ ❡✐♥✱ ✇✐r❞ ❞❛❤❡r ❛✉❝❤ ❛❧s ❡✐♥❡r ❞❡r ❱ät❡r ❞❡r ❆❧❣❡❜r❛ ❜❡③❡✐❝❤♥❡t✳

▼❖◆❖■❉ ✶✹✼ ✷✻



❜✮ ❊s ❣✐❧t ❛✉❢❣r✉♥❞ ❞❡r P♦t❡♥③❣❡s❡t③❡ ✉♥❞ ❞❡r ❞r✐tt❡♥ ❜✐♥♦♠✐s❝❤❡♥ ❋♦r♠❡❧

ϕ1981 · ψ1981 =

(

1 +
√
5

2

)1981

·
(

−1 +
√
5

2

)1981

=

(

1 +
√
5

2
· −1 +

√
5

2

)1981

=

(

(1 +
√
5) · (−1 +

√
5)

2 · 2

)1981

=

(

−1 +
√
5
2

4

)1981

=

(−1 + 5

4

)1981

= 11981

= 1

❇❡♠❡r❦✉♥❣✿ ❉✐❡ ❩❛❤❧ ϕ = 1+
√
5

2 ❜❡s❝❤r❡✐❜t ❞❡♥ ●♦❧❞❡♥❡♥ ❙❝❤♥✐tt✱ ❡✐♥ s♣❡③✐❡❧❧❡s
❚❡✐❧✉♥❣s✈❡r❤ä❧t♥✐s ❡✐♥❡r ❙tr❡❝❦❡ ❜❡s❝❤r❡✐❜t✳ ❉❡r ●♦❧❞❡♥❡ ❙❝❤♥✐tt ✐st ❜❡r❡✐ts s❡✐t
❞❡r ❆♥t✐❦❡ ❜❡❦❛♥♥t✳

❉✐❡ ❜❡✐❞❡♥ ✭❚❡✐❧✲✮❆✉❢❣❛❜❡♥ ❜❡r✉❤❡♥ ♥✉♥ ❞❛r❛✉❢✱ ❞❛ss ❢ür ❞❡♥ ❑❡❤r✇❡rt ψ = 1
ϕ

✭❞✐❡s ❦ö♥♥t ■❤r ❣❡r♥❡ ♥❛❝❤r❡❝❤♥❡♥✮ ❞❡r ❩❛❤❧ ❞❡s ●♦❧❞❡♥❡♥ ❙❝❤♥✐tts 1
ϕ
= ϕ − 1

❣✐❧t✳

❆✉s ❞✐❡s❡r ❇❡③✐❡❤✉♥❣ ❧ässt s✐❝❤ ❡❜❡♥❢❛❧❧s ❞✐❡ ●❧❡✐❝❤✉♥❣ ✐♥ ❞❡r ❡rst❡♥ ❚❡✐❧❛✉❢❣❛❜❡
❤❡r❧❡✐t❡♥ ✭▼✉❧t✐♣❧✐❦❛t✐♦♥ ♠✐t ϕ ✉♥❞ ❙✉❜tr❛❦t✐♦♥ ✈♦♥ 1✮✳ ❇❡s♦♥❞❡rs ❞❡r ❆♥s❛t③ ü❜❡r
❞❡♥ ❙❛t③ ✈♦♥ ❱✐❡t❛ ③❡✐❣t ❛✉❝❤ ❞✐❡s❡ ❇❡③✐❡❤✉♥❣✿

❲❡❣❡♥ ψ = ϕ− 1 ✐st ϕ+ (−ψ) = ϕ− ϕ+ 1 = 1 ✐st p = −1 ✉♥❞ ✇❡❣❡♥ ψ = 1
ϕ

r❡s♣✳ ϕ · (−ψ) = ϕ
(

− 1
ϕ

)

= −1 ❢♦❧❣t q = −1✳

■♥ ❞❡r ③✇❡✐t❡♥ ❚❡✐❧❛✉❢❣❛❜❡ ❢♦❧❣t ✐♠ ③✇❡✐t❡♥ ❙❝❤r✐tt ❛✉s ϕ · ψ = ϕ · 1
ϕ
= 1✳

❆✉❢❣❛❜❡ ✶✷✼✷✿ ❩❛❤❧❡♥ s❝❤r❡✐❜❡♥ ■■

◆❛❝❤❞❡♠ ❑❛❧❡❛ ✐❤r❡♠ ❖♥❦❡❧ ❣❡③❡✐❣t ❤❛t✱ ✇✐❡ ❣✉t s✐❡ s❝❤♦♥ ❩❛❤❧❡♥ s❝❤r❡✐❜❡♥ ❦❛♥♥
✭s✐❡❤❡ ▼❖◆❖■❉ ✶✹✺✱ ▼❛t❤❡s♣✐❡❧❡r❡✐ ■■ ❛✉❢ ❙❡✐t❡ ✷✷✮✱ ♠ö❝❤t❡ ✐❤r❡ ❦❧❡✐♥❡ ❙❝❤✇❡st❡r
❙♦♣❤✐❡ ❡❜❡♥❢❛❧❧s ✐❤r❡ ❑ü♥st❡ ✉♥t❡r ❇❡✇❡✐s st❡❧❧❡♥✳ ❉❛❜❡✐ ❤❛t s✐❡ s✐❝❤ ❡t✇❛s ❇❡✲
s♦♥❞❡r❡s ü❜❡r❧❡❣t✿ ❙✐❡ ♥♦t✐❡rt ❡✐♥♠❛❧ ❞✐❡ ❩❛❤❧ 1✱ ③✇❡✐♠❛❧ ❞✐❡ ❩❛❤❧ 2✱ ❞r❡✐♠❛❧ ❞✐❡
❩❛❤❧ 3 ✉♥❞ s♦ ✇❡✐t❡r✳ ❉❛❜❡✐ tr❡♥♥t s✐❡ ❞✐❡ ❩❛❤❧❡♥ ❛✉❝❤ ❥❡✇❡✐❧s✳ ❊s ❡♥tst❡❤t ❛❧s♦
❞✐❡ ❋♦❧❣❡

1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5, 5, ...

❛✮ ❆♥ ✇❡❧❝❤❡♥ ❙t❡❧❧❡♥ ❞❡r ❋♦❧❣❡ st❡❤t ❞✐❡ ❩✐✛❡r♥❢♦❧❣❡ 1981❄

❜✮ ❲❡❧❝❤❡ ❩✐✛❡r st❡❤t ❛♥ ❞❡r 2021✳ ❙t❡❧❧❡ ❞❡r ❋♦❧❣❡❄ ✭▼●✮

✷✼ ▼❖◆❖■❉ ✶✹✼



▲ös✉♥❣✿

❛✮ ❱♦r ❞❡r ❡rst❡♥ ❩❛❤❧ 1981 st❡❤❡♥ ❞✐❡ ❩❛❤❧❡♥ 1 ❜✐s 1980✳ ❉❛❢ür ✇❡r❞❡♥

1 + 2 + 3 + ... + 1980 =
1980 · 1981

2
= 1 961 190

❙t❡❧❧❡♥ ❜❡♥öt✐❣t✳ ❉❛❜❡✐ ✇✉r❞❡ ✐♥ ❞❡r ❘❡❝❤♥✉♥❣ ❞✐❡ ❋♦r♠❡❧ ❢ür ❞✐❡ ●❛✉ÿs❝❤❡
❙✉♠♠❡♥❢♦r♠❡❧ ❞❡r ❡rst❡♥ n ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥ ✈❡r✇❡♥❞❡t✿ 1+2+3+...+n =
n(n+1)

2 ✳
❆❧s♦ st❡❤t ❞✐❡ ❡rst❡ ❩❛❤❧ 1981 ❛♥ ❞❡r ✶ ✾✻✶ ✶✾✶✳ ❙t❡❧❧❡ ❞❡r ❋♦❧❣❡✳ ❉✐❡ ❧❡t③t❡ 1981
st❡❤t ❞❛♥♥ ❛♥ ❞❡r ✶ ✾✻✸ ✶✼✶✳ ❙t❡❧❧❡

❜✮ ❊s s♦❧❧ 1 + 2 + 3 + ... + n = 2021 s❡✐♥✳ ❲✐r ✈❡r✇❡♥❞❡♥ ❞✐❡ ●❛✉ÿs❝❤❡ ❙✉♠✲
♠❡♥❢♦r♠❡❧ ✉♥❞ ❡r❤❛❧t❡♥ s♦♠✐t

2021 = 1 + 2 + 3 + ... + n =
n(n + 1)

2
=

n2 + n

2
=⇒ 4042 = n2 + n

⇐⇒ 16169

4
= n2 + n +

1

4

⇐⇒ 16169

4
=

(

n +
1

2

)2

⇐⇒ ±
√

16169

4
= n +

1

2

⇐⇒ −1

2
±
√

16169

4
= n

❉❛ n > 0 ✐st✱ ❢♦❧❣t n = −1
2 +

√
16168
4 ≈ 63,1✳

❆❧s♦ s✐♥❞ ❛♥ ❞❡r 2021✳ ❙t❡❧❧❡ ❜❡r❡✐ts ❞✐❡ ❩❛❤❧❡♥ 63 ❛❜❣❡s❝❤❧♦ss❡♥✳ ❉♦rt st❡❤t
❛❧s♦ ❞✐❡ ❩❛❤❧ 64✳

❇❡♠❡r❦✉♥❣✿ ❉✐❡ ❩❛❤❧❡♥ 64 st❡❤❡♥ ❛♥ ❞❡♥ ❙t❡❧❧❡♥ ✷✵✶✼ ❜✐s ✷✵✽✵✳

❆✉❢❣❛❜❡ ✶✷✼✸✿ ❙✉♠♠❡♥ ❛✉❢❡✐♥❛♥❞❡r❢♦❧❣❡♥❞❡r ❩❛❤❧❡♥

❏♦❛♥❛ ❤❛t ❡✐♥ ✇❡♥✐❣ ♠✐t ❩❛❤❧❡♥ ✒❡①♣❡r✐♠❡♥t✐❡rt✏ ✉♥❞ ❢❡st❣❡st❡❧❧t✱ ❞❛ss s✐❝❤ ♠❛♥❝❤❡
❩❛❤❧❡♥ ❛✉❢ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ❲❡✐s❡♥ ❛❧s ❙✉♠♠❡♥ ❛✉❢❡✐♥❛♥❞❡r❢♦❧❣❡♥❞❡r ♥❛tür❧✐❝❤❡r
❩❛❤❧❡♥ ❞❛rst❡❧❧❡♥ ❧❛ss❡♥✱ ❛♥❞❡r❡ ♥✉r ❛✉❢ ❡✐♥❡ ❲❡✐s❡ ✉♥❞ ♠❛♥❝❤❡ ❣❛r ♥✐❝❤t✳ ❉❛❜❡✐
❜❡st❡❤❡♥ ♠❛♥❝❤❡ ❉❛rst❡❧❧✉♥❣❡♥ ❛✉s ♥✉r ③✇❡✐ ❙✉♠♠❛♥❞❡♥✱ ❛♥❞❡r❡ ❛✉s ♠❡❤r❡r❡♥✳
❉✐❡ ❩❛❤❧ 2020 ❧ässt s✐❝❤ ✉♥t❡r ❛♥❞❡r❡♠ ❛❧s ❙✉♠♠❡ ✈♦♥ ❢ü♥❢ ❛✉❢❡✐♥❛♥❞❡r❢♦❧❣❡♥❞❡♥
❩❛❤❧❡♥ 402+403+404+405+406 = 2020 ♦❞❡r ✹✵ ❛✉❢❡✐♥❛♥❞❡r❢♦❧❣❡♥❞❡♥ ❩❛❤❧❡♥
31 + 32 + ... + 70 = 2020 ❞❛rst❡❧❧❡♥✳

◆✉♥ ✉♥t❡rs✉❝❤t ❏♦❛♥❛✱ ❛✉❢ ✇✐❡ ✈✐❡❧❡ ✈❡rs❝❤✐❡❞❡♥❡ ❲❡✐s❡♥ s✐❝❤

▼❖◆❖■❉ ✶✹✼ ✷✽



❛✮ ❞❛s ▼❖◆❖■❉✲❊rst❡rs❝❤❡✐♥✉♥❣s❥❛❤r ✶✾✽✶✱

❜✮ ❞❛s ❛❦t✉❡❧❧❡ ❏✉❜✐❧ä✉♠s❥❛❤r ✷✵✷✶ s♦✇✐❡

❝✮ ❞❛s ▼❖◆❖■❉✲❆❧t❡r ✹✵

❛❧s ❙✉♠♠❡♥ ❛✉❢❡✐♥❛♥❞❡r❢♦❧❣❡♥❞❡r ♥❛tür❧✐❝❤❡r ❩❛❤❧❡♥ s❝❤r❡✐❜❡♥ ❧❛ss❡♥✳
❩✉ ✇❡❧❝❤❡♥ ❊r❣❡❜♥✐ss❡♥ ✇✐r❞ s✐❡ ❦♦♠♠❡♥❄ ●✐❜ ❛✉❝❤ ❞✐❡ ❙✉♠♠❡♥❞❛rst❡❧❧✉♥❣❡♥
❛♥✳ ✭▼●✮

▲ös✉♥❣✿

❋ür ❞✐❡ n ❩❛❤❧❡♥ m✱ m + 1✱ m + 2✱ ✳✳✳✱ m + n − 1 ❡✐♥❡s s♦❧❝❤❡♥ ❇❧♦❝❦s ❜❡trä❣t
❞✐❡ ❙✉♠♠❡

S = m + (m + 1) + (m + 2) + ... + (m + n − 1)

= nm + 1 + 2 + ... + (n − 1)
(∗)
= nm +

n(n − 1)

2
=

n(n + 2m − 1)

2
,

✇♦❜❡✐ ❛♥ ❞❡r ❙t❡❧❧❡ (∗) ❞✐❡ ●❛✉ÿs❝❤❡ ❙✉♠♠❡♥❢♦r♠❡❧ ✈❡r✇❡♥❞❡t ✇✉r❞❡✳
❏❡❞❡ ❩❡r❧❡❣✉♥❣ 2S = nk ♠✐t n < k ✱ ✇♦❜❡✐ ✇❡❣❡♥ k = n + 2m − 1 ❣❡♥❛✉ ❡✐♥❡
❞❡r ❜❡✐❞❡♥ ❩❛❤❧❡♥ n ✉♥❞ k ❣❡r❛❞❡ ✉♥❞ ❞✐❡ ❛♥❞❡r❡ ✉♥❣❡r❛❞❡ s❡✐♥ ♠✉ss✱ ❢ü❤rt ③✉
❡✐♥❡r ❉❛rst❡❧❧✉♥❣ ❞❡r ❩❛❤❧ S ❛❧s ❙✉♠♠❡ ✈♦♥ n ❛✉❢❡✐♥❛♥❞❡r❢♦❧❣❡♥❞❡♥ ♥❛tür❧✐❝❤❡♥
❩❛❤❧❡♥✳ ❉❡r ❦❧❡✐♥st❡ ❙✉♠♠❛♥❞ ✐st m = S

n
− n−1

2 ✳

❛✮ ❉✐❡ ❏❛❤r❡s③❛❤❧ ❞❡r ▼❖◆❖■❉✲❊rst❡rs❝❤❡✐♥✉♥❣ ❤❛t ❞✐❡ Pr✐♠❢❛❦t♦r③❡r❧❡❣✉♥❣ 1981 =
7 · 283✳ ❉❛❤❡r ❤❛t 1981 ✭♥❡❜❡♥ ❞❡r ❩❛❤❧ 1✮ ❞✐❡ ✉♥❣❡r❛❞❡♥ ❚❡✐❧❡r 7✱ 283 ✉♥❞
1981✳ ❉❛❤❡r ❡r❣❡❜❡♥ s✐❝❤ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❞r❡✐ ❣ü❧t✐❣❡♥ ❉❛rst❡❧❧✉♥❣❡♥✿

• ✇❡❣❡♥ 3962 = 2 · 1981 ❞❡r 2✲❡r ❇❧♦❝❦ 990 + 991 = 1981✱

• ✇❡❣❡♥ 3962 = 7 · 566 ❞❡r 7✲❡r ❇❧♦❝❦ 280+ 281+ 282+ ... + 286 = 1981✱

• ✇❡❣❡♥ 3962 = 14 ·283 ❞❡r 14✲❡r ❇❧♦❝❦ 135+136+137+...+148 = 1981✳

❜✮ ❋ür 2021 ❡r❣❡❜❡♥ s✐❝❤ ❛✉❢❣r✉♥❞ ❞❡r Pr✐♠❢❛❦t♦r③❡r❧❡❣✉♥❣ 2021 = 43 · 47 ❞✐❡
✉♥❣❡r❛❞❡♥ ❚❡✐❧❡r 43✱ 47 ✉♥❞ 2021 ✉♥❞ s♦♠✐t ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❞r❡✐ ❣ü❧t✐❣❡♥ ❉❛r✲
st❡❧❧✉♥❣❡♥✿

• ✇❡❣❡♥ 4042 = 2 · 2021 ❞❡r 2✲❡r ❇❧♦❝❦ 1010 + 1011 = 2021✱

• ✇❡❣❡♥ 4042 = 43 · 94 ❞❡r 43✲❡r ❇❧♦❝❦ 26 + 27 + 28 + ... + 68 = 2021✱

• ✇❡❣❡♥ 4042 = 47 · 86 ❞❡r 47✲❡r ❇❧♦❝❦ 20 + 21 + 22 + ... + 66 = 2021✳

❝✮ ❊s ✐st 40 = 23 · 5✳ ❆❧s♦ ❤❛t 40 ♥✉r ❞❡♥ ✉♥❣❡r❛❞❡♥ ❚❡✐❧❡r 40✳ ❉❛r❛✉s ❡r❣✐❜t s✐❝❤
✇❡❣❡♥ 80 = 5 · 16 ❡✐♥③✐❣ 6 + 7 + 8 + 9 + 10 = 40 ❛❧s ❣ü❧t✐❣❡ ❉❛rst❡❧❧✉♥❣✳

❆✉❢❣❛❜❡ ✶✷✼✹✿ ❊✐♥ ❆❧t❡rsräts❡❧

❇❡✐ ❡✐♥❡♠ ❙♣❛③✐❡r❣❛♥❣ ❞✉r❝❤ ❞✐❡ ❙t❛❞t ❢r❛❣t ❍❡rr ▼❛②❡r s❡✐♥❡♥ ❋r❡✉♥❞ ❙❝❤♠✐❞t✱
✇✐❡ ❛❧t s❡✐♥❡ ✈✐❡r ❑✐♥❞❡r s❡✐❡♥✳ ❙❝❤♠✐❞t✿ ✒❉❛s Pr♦❞✉❦t ❞❡r ❩❛❤❧❡♥✱ ❞✐❡ ❥❡✇❡✐❧s ✐❤r
▲❡❜❡♥s❛❧t❡r ❛♥❣❡❜❡♥ ✭✐♥ ❏❛❤r❡♥✮ ✐st ✾✻✏✳ ❍❡rr ▼❛②❡r ♥❛❝❤ ❡✐♥✐❣❡♠ ◆❛❝❤❞❡♥❦❡♥✿
✒❉ür❢t❡ ✐❝❤ ♥♦❝❤ ♠❡❤r ❞❛rü❜❡r ❡r❢❛❤r❡♥❄✏ ❙❝❤♠✐❞t✿ ✒❉✐❡ ❙✉♠♠❡ ❞❡rs❡❧❜❡♥ ❩❛❤❧❡♥
st✐♠♠t ♠✐t ❞❡r ❆♥③❛❤❧ ❞❡r ❙t♦❝❦✇❡r❦❡ ❞❡s ✈♦r ✉♥s ❧✐❡❣❡♥❞❡♥ ❍♦❝❤❤❛✉s❡s ü❜❡r✲

✷✾ ▼❖◆❖■❉ ✶✹✼



❡✐♥✳✏ ▼❛②❡r ♥❛❝❤ ❡✐♥❡r ❦✉r③❡♥ Ü❜❡r❧❡❣✉♥❣✿ ✒❋❛st ❦♦♠♠❡ ✐❝❤ ❞❛♠✐t ③✉r❡❝❤t✳ ❆❜❡r
✈✐❡❧❧❡✐❝❤t ♠❛❝❤st ❞✉ ♥♦❝❤ ❡✐♥❡ ❇❡♠❡r❦✉♥❣❄✏ ❙❝❤♠✐❞t✿ ✒▼❡✐♥ ❩✇❡✐t❥ü♥❣st❡r ❤❛t
❜❧❛✉❡ ❆✉❣❡♥✳✏ ▼❛②❡r✿ ✒❉❛♥❦❡✱ ❞❛s ❣❡♥ü❣t✦✏ ❯♥❞ ❍❡rr ▼❛②❡r ♥❛♥♥t❡ ❞✐❡ ❆❧t❡r ❞❡r
✈✐❡r ❑✐♥❞❡r✳ ❲✐❡ ❛❧t s✐♥❞ ❞✐❡s❡❄ ✭▼❛rt✐♥ ▼❡tt❧❡r †✮
▲ös✉♥❣✿

❉❛s Pr♦❞✉❦t ❞❡r ❆❧t❡r③❛❤❧❡♥ ❡r❣✐❜t ✾✻✳ ❉✐❡ ▼❡♥❣❡ ❛❧❧❡r ♠ö❣❧✐❝❤❡♥ ❩❡r❧❡❣✉♥❣❡♥

❆❧t❡r ❞❡s ✶✳ ❑✳ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✷ ✷ ✷ ✷
❆❧t❡r ❞❡s ✷✳ ❑✳ ✶ ✶ ✶ ✶ ✶ ✶ ✷ ✷ ✷ ✷ ✸ ✹ ✷ ✷ ✷ ✸
❆❧t❡r ❞❡s ✸✳ ❑✳ ✶ ✷ ✸ ✹ ✻ ✶✷ ✷ ✸ ✹ ✻ ✹ ✹ ✷ ✸ ✹ ✹
❆❧t❡r ❞❡s ✹✳ ❑✳ ✾✻ ✹✽ ✸✷ ✷✹ ✶✻ ✽ ✷✹ ✶✻ ✶✷ ✽ ✽ ✻ ✶✷ ✽ ✻ ✹

❙✉♠♠❡ ✾✾ ✺✷ ✸✼ ✸✵ ✷✹ ✷✷ ✷✾ ✷✷ ✶✾ ✶✼ ✶✻ ✶✺ ✶✽ ✶✺ ✶✹ ✶✸

❉❛ ❍❡rr ▼❛②❡r ❞✐❡ ❆♥③❛❤❧ ❞❡r ❙t♦❝❦✇❡r❦❡ ❞❡s ❍♦❝❤❤❛✉s❡s ❦❡♥♥t✱ ❛❜❡r ❞❡♥♥♦❝❤
❡✐♥❡ ✇❡✐t❡r❡ ■♥❢♦r♠❛t✐♦♥ ❜r❛✉❝❤t✱ ♠✉ss ❡r ③✇❡✐ ♠ö❣❧✐❝❤❡ ❩❡r❧❡❣✉♥❣❡♥ ♠✐t ❞❡r
❣❧❡✐❝❤❡♥ ❙✉♠♠❡ ❣❡❢✉♥❞❡♥ ❤❛❜❡♥ ✉♥❞ ③✇❛r

❛✮ ✶ ✹ ✹ ✻ ✴ ✷ ✷ ✸ ✽ ❙✉♠♠❡✿ ✶✺

❜✮ ✶ ✶ ✽ ✶✷ ✴ ✶ ✷ ✸ ✶✻ ❙✉♠♠❡✿ ✷✷

❲❡✐❧ ♥✉♥ ❍❡rr ❙❝❤♠✐❞t ❛♥t✇♦rt❡t ✒▼❡✐♥ ❩✇❡✐t❥ü♥❣st❡r ❤❛t ❜❧❛✉❡ ❆✉❣❡♥✏✱ ❜❡❞❡✉t❡t
❞✐❡s✱ ❞❛ss ❞✐❡ ✸ ❏ü♥❣st❡♥ ❡✐♥③❡❧♥❡ ❑✐♥❞❡r ✭❦❡✐♥❡ ❩✇✐❧❧✐♥❣❡ ♦❞❡r ❉r✐❧❧✐♥❣❡✮ s✐♥❞✳
❙♦♠✐t ✐st ❞✐❡ ▲ös✉♥❣✿ ✶ ✷ ✸ ✶✻✳ ✭❱♦❧❦❡r Pr✐❡❜❡✮
■♥❢♦r♠❛t✐♦♥✿ ❉✐❡s❡ ❆✉❢❣❛❜❡ st❛♠♠t ❛✉s ❞❡♠ s❝❤✉❧✐♥t❡r♥❡♥ ❲❡tt❜❡✇❡r❜ ❞❡s ❑❛r♦❧✐♥❡♥✲●②♠♥❛s✐✉♠

✐♥ ❋r❛♥❦❡♥t❤❛❧✱ ❛✉s ❞❡♠ ❧❡t③t❡♥❞❧✐❝❤ ✶✾✽✶ ❞❛s ▼❛t❤❡♠❛t✐❦❜❧❛tt ▼❖◆❖■❉ ❤❡r✈♦r❣✐♥❣ ✭✈❣❧✳ ❆rt✐❦❡❧

③✉r ▼❖◆❖■❉✲●❡s❝❤✐❝❤t❡ ✐♥ ▼❖◆❖■❉✲❍❡❢t ✶✹✻✱ ❙❡✐t❡ ✻✮✳ ❉❛♠✐t ✐st ❞✐❡ ❆✉❢❣❛❜❡ ❡✐♥❡ ❞❡r ❡rst❡♥✱ ❞✐❡

✐♥ ▼❖◆❖■❉ ❛✉❢❣❡❧öst ✇✉r❞❡♥ ✕ ♥ä♠❧✐❝❤ ✐♥ ❍❡❢t ✶ ✈♦r ❣❡♥❛✉ ✹✵ ❏❛❤r❡♥✳

❩✉ ❇❡s✉❝❤ ❜❡✐ ✳✳✳
P②t❤❛❣♦r❛s

✈♦♥ ▼❛rt✐♥ ▼❛tt❤❡✐s

❲✐❡❞❡r ❡✐♥♠❛❧ ❤❛t ❞✐❡ ▼❖◆❖■❉✲❘❡❞❛❦t✐♦♥ ❦❡✐♥❡ ❑♦st❡♥ ✉♥❞ ▼ü❤❡♥ ❣❡s❝❤❡✉t✱ ✉♠
❡✐♥❡♥ ❜❡❞❡✉t❡♥❞❡♥ ▼❛t❤❡♠❛t✐❦❡r ③✉ ✐♥t❡r✈✐❡✇❡♥✳ ❉✐❡s❡s ▼❛❧ ✇❛r❡♥ ✇✐r ✐♥ ❯♥t❡r✲
✐t❛❧✐❡♥ ③✉ ❇❡s✉❝❤ ❜❡✐ P②t❤❛❣♦r❛s ✐♥ ▼❡t❛♣♦♥t✳

▼❖◆❖■❉ ✶✹✼ ✸✵



❙❡❤r ❣❡❡❤rt❡r ❍❡rr P②t❤❛❣♦r❛s✱ ✇♦ ❧❡❜t❡♥ ✉♥❞ ✇✐r❦t❡♥ ❙✐❡❄

❙♦ ❣❛♥③ ❣❡♥❛✉ ❧ässt s✐❝❤ ❞❛s ♥✐❝❤t s❛❣❡♥✳ ■♥ ❡✉r❡r ❩❡✐tr❡❝❤♥✉♥❣ ✇ür❞❡t ✐❤r s❛❣❡♥✱
❞❛ss ✐❝❤ ✉♠ ✺✼✵ ✈✳ ❈❤r✳ ❛✉❢ ❙❛♠♦s ✐♥ ●r✐❡❝❤❡♥❧❛♥❞ ❣❡❜♦r❡♥ ✇✉r❞❡ ✉♥❞ ✐r❣❡♥❞✇❛♥♥
♥❛❝❤ ✺✶✵ ✈✳ ❈❤r✳ ✐♥ ▼❡t❛♣♦♥t ✐♥ ❙ü❞✐t❛❧✐❡♥ ❣❡st♦r❜❡♥ ❜✐♥✳ ■♥ ❞❡r ❩❡✐t ❞❛③✇✐s❝❤❡♥
❜✐♥ ✐❝❤ ✇❡✐t ❤❡r✉♠❣❡❦♦♠♠❡♥✿ ❱♦♥ ❙❛♠♦s ❛✉s ❣✐♥❣ ❡s ✐♥ ♠❡✐♥❡r ❏✉❣❡♥❞ ③✉ ❞❡♥
●❡❧❡❤rt❡♥ ♥❛❝❤ ➘❣②♣t❡♥ ✉♥❞ ❇❛❜②❧♦♥✐❡♥✱ ✉♠ ❞♦rt ♠❡✐♥ ❲✐ss❡♥ ü❜❡r ❞✐❡ ❲❡❧t
③✉ ✈❡r❣röÿ❡r♥✳ ◆❛❝❤ ♠❡✐♥❡r ❍❡✐♠❦✉♥❢t ❡r❧❡❜t❡ ✐❝❤✱ ❞❛ss ❡✐♥ ❚②r❛♥♥ ✐♥ ❙❛♠♦s ❞✐❡
▼❛❝❤t ❡r❣r✐✛✱ ✇❡s✇❡❣❡♥ ✐❝❤ ♥❛❝❤ ❑r♦t♦♥ ✐♥ ❯♥t❡r✐t❛❧✐❡♥ ❛✉s✇❛♥❞❡rt❡✱ ❞♦rt ❏ü♥❣❡r
✉♠ ♠✐❝❤ s❝❤❛rt❡ ✉♥❞ ❡✐♥❡ ❙❝❤✉❧❡ ❣rü♥❞❡t❡✳ ◆❛❝❤ ❯♥r✉❤❡♥ ✐♥ ❑r♦t♦♥ ❢ü❤rt❡ ❞❡r
❲❡❣ ❢ür ♠✐❝❤ ✉♥❞ ♠❡✐♥❡ ●❡♠❡✐♥s❝❤❛❢t ❞❛♥♥ ♥❛❝❤ ▼❡t❛♣♦♥t✳
❲❛s ✇❛r ■❤r❡ ❜❡❞❡✉t❡♥❞st❡ ♠❛t❤❡♠❛t✐s❝❤❡ ❊♥t❞❡❝❦✉♥❣❄

◆✐❝❤t ♠❡✐♥❡ ❜❡❞❡✉t❡♥❞st❡✱ ❛❜❡r ❞✐❡ ❜❡❦❛♥♥t❡st❡ ❊♥t❞❡❝❦✉♥❣ ✐st ❞❡r ♥❛❝❤ ♠✐r ❜❡✲
♥❛♥♥t❡ ❙❛t③ ❞❡s P②t❤❛❣♦r❛s✳ ❉❛❜❡✐ ❣❡❤t ❡s ✉♠ ◗✉❛❞r❛t❡ ü❜❡r ❞❡♥ ❙❡✐t❡♥ ❡✐♥❡s
r❡❝❤t✇✐♥❦❧✐❣❡♥ ❉r❡✐❡❝❦s✿ ❉✐❡ ❙✉♠♠❡ ❞❡r ◗✉❛❞r❛t❡ ❞❡r ❛♠ r❡❝❤t❡♥ ❲✐♥❦❡❧ ❛♥❧✐❡✲
❣❡♥❞❡♥ ❙❡✐t❡♥ ❞❡s ❉r❡✐❡❝❦s ✐st ❣❡♥❛✉ s♦ ❣r♦ÿ✱ ✇✐❡ ❞❛s ◗✉❛❞r❛t ❞❡r ❞❡♠ r❡❝❤t❡♥
❲✐♥❦❡❧ ❣❡❣❡♥ü❜❡r❧✐❡❣❡♥❞❡♥ ❙❡✐t❡✳
❊s ❜❡r❡✐t❡t ♠✐r ✕ ❛✉❝❤ ✇❡♥♥ ✐❝❤ s❝❤♦♥ ❧❛♥❣❡ t♦t ❜✐♥ ✕ ♥❛❝❤ ✇✐❡ ✈♦r ❦ör♣❡r❧✐❝❤❡
❙❝❤♠❡r③❡♥✱ ✇❡♥♥ ✐❝❤ ❤ör❡✱ ✇✐❡ ✈✐❡❧❡ ✐♥ ❊✉r❡r ❩❡✐t ❞❛③✉ ❡✐♥❢❛❝❤ s❛❣❡♥ ✒a ◗✉❛❞rt❛t
♣❧✉s b ◗✉❛❞r❛t ❣❧❡✐❝❤ c ◗✉❛❞r❛t✏✱ ✉♥❞ ❞❛s✱ ♦❤♥❡ ❞❛③✉ ③✉ s❛❣❡♥✱ ✇❛s a✱ b ✉♥❞ c

❡✐❣❡♥t❧✐❝❤ s❡✐♥ s♦❧❧❡♥✳ ❉❡r ❊❤r❧✐❝❤❦❡✐t ❤❛❧❜❡r s♦❧❧t❡ ✐❝❤ ❡r❣ä♥③❡♥✱ ❞❛ss ❞✐❡ ❆✉ss❛❣❡
❞❡s ♥❛❝❤ ♠✐r ❜❡♥❛♥♥t❡♥ ❙❛t③❡s s❝❤♦♥ ❧❛♥❣❡ ✈♦r ♠✐r ❜❡✐ ❞❡♥ ➘❣②♣t❡r♥ ✉♥❞ ❛✉❝❤
❜❡✐ ❞❡♥ ❇❛❜②❧♦♥✐❡r♥ ❜❡❦❛♥♥t ✇❛r✳
❉❛s ◆❡✉❡ ♠❡✐♥❡r ❩❡✐t ✇❛r✱ ❞❛ss ❞✐❡ ●ü❧t✐❣❦❡✐t ❞❡s ❙❛t③❡s ♥✐❝❤t ♥✉r ❛♥ ❇❡✐s♣✐❡✲
❧❡♥ ❛✉s♣r♦❜✐❡rt ✇✉r❞❡✱ s♦♥❞❡r♥ ❞❛ss ✇✐r ❜❡✐ ❞❡♥ P②t❤❛❣♦r❡❡r♥ ❞✐❡ ❊rst❡♥ ✇❛r❡♥✱
❞✐❡ ❞✐❡s❡♥ ❙❛t③ ❛❧❧❣❡♠❡✐♥❣ü❧t✐❣ ❜❡✇❡✐s❡♥ ❦♦♥♥t❡♥✳ ❆❧❧❡r❞✐♥❣s ❦❛♥♥ ✐❝❤ ♠✐❝❤ ♥✐❝❤t
♠❡❤r ❣❡♥❛✉ ❡r✐♥♥❡r♥✱ ♦❜ ✐❝❤ ❞❛s s❡❧❜st ❣❡s❝❤❛✛t ❤❛tt❡✱ ♦❞❡r ♦❜ ❞❛s ❡rst ♠❡✐♥❡♥
◆❛❝❤❢♦❧❣❡r♥ ❜❡✐ ❞❡♥ P②t❤❛❣♦r❡❡r♥ ❣❡❧✉♥❣❡♥ ✐st✳

❲❡❧❝❤❡s ❣❡❞r✉❝❦t❡ ❲❡r❦ ✈♦♥ ■❤♥❡♥ ❤❛tt❡ ❞❡♥ ❣röÿt❡♥ ❊✐♥✢✉ss ❛✉❢ ❞✐❡ ▼❛t❤❡♠❛✲

t✐❦❄

❉✐❡ ❋r❛❣❡ ③❡✐❣t ❊✉❡r ❯♥✇✐ss❡♥✿ ❩✉♠ ❡✐♥❡♥ ✇✉r❞❡ ❞❡r ❇✉❝❤❞r✉❝❦ ♠✐t ❜❡✇❡❣❧✐❝❤❡♥
▲❡tt❡r♥ ❡rst ✐♥ ❞❡r ▼✐tt❡ ❞❡s ✶✺✳ ❏❛❤r❤✉♥❞❡rts ✈♦♥ ❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣ ❡r❢✉♥❞❡♥
❬♥❛❝❤ ❞❡♠ ❞✐❡ ▼❖◆❖■❉ ❤❡r❛✉s❣❡❜❡♥❞❡ ❯♥✐✈❡rs✐tät ❜❡♥❛♥♥t ✐st ✭❆♥♠❡r❦✉♥❣ ❞❡r
❘❡❞❛❦t✐♦♥✮❪✳ ❩✉♠ ❛♥❞❡r❡♥ ③❡✐❣t ❞✐❡ ❋r❛❣❡✱ ❞❛ss ✐❤r ♥♦❝❤ ♥✐❝❤ts ✈♦♥ ❞❡r ✈♦♥ ♠✐r
❜❡❣rü♥❞❡t❡♥ ✉♥❞ ♥❛❝❤ ♠✐r ❜❡♥❛♥♥t❡♥ ●❡♠❡✐♥s❝❤❛❢t ❞❡r P②t❤❛❣♦r❡❡r ❣❡❤ört ❤❛❜t✳

✸✶ ▼❖◆❖■❉ ✶✹✼



❑ö♥♥t❡t ■❤r ✉♥s ❞❛rü❜❡r ❜✐tt❡ ♠❡❤r ❜❡r✐❝❤t❡♥❄

❙❡❤r ❣❡r♥❡✳ ●r✉♥❞❧❛❣❡ ❞❡s ●❧❛✉❜❡♥s ❞❡r ✈♦♥ ♠✐r ❜❡❣rü♥❞❡t❡♥ r❡❧✐❣✐ös❡♥ ●❡♠❡✐♥✲
s❝❤❛❢t ❞❡r P②t❤❛❣♦r❡❡r ✇❛r ❞✐❡ ❙❡❡❧❡♥✇❛♥❞❡r✉♥❣✱ ❞✐❡ ❜❡s❛❣t✱ ❞❛ss ❞✐❡ ✉♥st❡r❜❧✐❝❤❡
❙❡❡❧❡ ♥❛❝❤ ❞❡♠ ❚♦❞ ✐♥ ❡✐♥ ❛♥❞❡r❡s ▲❡❜❡✇❡s❡♥ ü❜❡r❣❡❤t✳ ❉❛ ✇✐r ♥✐❝❤t r✐s❦✐❡r❡♥
✇♦❧❧t❡♥✱ ❡✐♥❡♥ ❣✉t❡♥ ❋r❡✉♥❞ ③✉ ❡ss❡♥✱ ❤❛❜❡♥ ✇✐r ✉♥s ❞❡s✇❡❣❡♥ ✈❡❣❡t❛r✐s❝❤ ❡r✲
♥ä❤rt✳ ❉❡♥ ❡✐♥③✐❣❡♥ ❲❡❣ ❢ür ❞✐❡ ✉♥st❡r❜❧✐❝❤❡ ❙❡❡❧❡✱ ❞❡♠ ❛♥❞❛✉❡r♥❞❡♥ ❑r❡✐s❧❛✉❢
③✉ ❡♥t❣❡❤❡♥✱ s❛❤❡♥ ✇✐r ✐♥ ❊♥t❤❛❧ts❛♠❦❡✐t ✉♥❞ ✐♥ ❞❡r ❇❡s❝❤ä❢t✐❣✉♥❣ ♠✐t ❞❡r ▼❛✲
t❤❡♠❛t✐❦✳ ◆✉r ❞❛❞✉r❝❤ s❛❤❡♥ ✇✐r ❞✐❡ ▼ö❣❧✐❝❤❦❡✐t✱ ❞✐❡ ❙❡❡❧❡ ③✉ r❡✐♥✐❣❡♥✱ s✐❡ ❞❡r
❡✇✐❣❡♥ ❲✐❡❞❡r❣❡❜✉rt ③✉ ❡♥t③✐❡❤❡♥ ✉♥❞ ❢ür s✐❡ ❡✐♥❡♥ P❧❛t③ ❛❧s ❙t❡r♥ ❛♠ ❍✐♠♠❡❧ ③✉
❡r❧❛♥❣❡♥✳ ❉✐❡s❡ ▲❡❤r❡ ✇✉r❞❡ ❞❛♥♥ ❛✉❝❤ ♥❛❝❤ ♠❡✐♥❡♠ ❚♦❞❡ ✈♦♥ ♠❡✐♥❡♥ ❏ü♥❣❡r♥
✇❡✐t❡r✈❡r❜r❡✐t❡t✳

❉❛s ❊r❦❡♥♥✉♥❣ss②♠❜♦❧ ✉♥s❡r❡s r❡❧✐❣✐ös✲♣❤✐❧♦s♦♣❤✐s❝❤❡♥ ●❡✲
❤❡✐♠❜✉♥❞❡s ✇❛r s❝❤♦♥ ③✉ ♠❡✐♥❡♥ ▲❡❜③❡✐t❡♥ ❞❛s P❡♥t❛❣r❛♠♠✱
❞❡♠ ❛✉❝❤ ✐♠ ▼✐tt❡❧❛❧t❡r ♠❛❣✐s❝❤❡ ❑r❛❢t ❜❡✐ ❞❡r ❆❜✇❡❤r ❜ö✲
s❡r ●❡✐st❡r ③✉❣❡s❝❤r✐❡❜❡♥ ✇✉r❞❡✳ ❊s ❢r❡✉t ♠✐❝❤✱ ❛✉❝❤ ✐♥ ❊✉r❡r
❩❡✐t ✐♠♠❡r ✇✐❡❞❡r ❥✉♥❣❡ ▼❡♥s❝❤❡♥ ♠✐t ❡✐♥❡♠ P❡♥t❛❣r❛♠♠
✉♠ ❞❡♥ ❍❛❧s ③✉ s❡❤❡♥✱ ❞✐❡ ❞❛♠✐t ✐❤r❡ ▲✐❡❜❡ ③✉r ▼❛t❤❡♠❛t✐❦
❛✉s❞rü❝❦❡♥✳

❲❛s ♠ö❝❤t❡♥ ❙✐❡ ✉♥s❡r❡♥ ▲❡s❡r✐♥♥❡♥ ✉♥❞ ▲❡s❡r♥ ♥♦❝❤ ü❜❡r s✐❝❤ ❜❡r✐❝❤t❡♥❄

❆✉❝❤ ❤❡✉t❡ ♥♦❝❤ ❣❡r❛t❡ ✐❝❤ ✐♥s ❙❝❤✇är♠❡♥✱ ✇❡♥♥ ✐❝❤ ❛♥ ❞✐❡ ✈✐❡❧❡♥ ❉✐s❦✉ss✐♦♥❡♥
♠✐t ♠❡✐♥❡♥ ❏ü♥❣❡r♥ ❞❡♥❦❡✱ ✐♥ ❞❡♥❡♥ ✇✐r ✉♥s❡r❡ ●r✉♥❞ü❜❡r③❡✉❣✉♥❣ ❢❡st✐❣t❡♥✱ ❞❛ss
❞✐❡ ❣❛♥③❡ ◆❛t✉r ♥❛❝❤ ❱❡r❤ä❧t♥✐ss❡♥ ♥❛tür❧✐❝❤❡r ❩❛❤❧❡♥ ✕ ✐❤r ✇ür❞❡t ❞❛③✉ ❤❡✉t❡
✇♦❤❧ ✒♥❛❝❤ ♣♦s✐t✐✈❡ r❛t✐♦♥❛❧❡ ❩❛❤❧❡♥✏ s❛❣❡♥ ✕ ❛✉❢❣❡❜❛✉t ✐st✳ ❉✐❡ s✐❡❤t ♠❛♥ ♥✐❝❤t
♥✉r ✐♥ ❞❡r ▼❛t❤❡♠❛t✐❦✱ s♦♥❞❡r♥ ❛✉❝❤ ✐♥ ❞❡r ❍❛r♠♦♥✐❡❧❡❤r❡ ✐♥ ❞❡r ▼✉s✐❦ ✉♥❞ ❛✉❝❤
s♦♥st ü❜❡r❛❧❧ ✐♥ ❞❡r ◆❛t✉r✳ ❊s ❧öst❡ ❡✐♥❡ ❣r♦ÿ❡ ❑r✐s❡ ✉♥t❡r ❞❡♥ P②t❤❛❣♦r❡❡r♥ ❛✉s✱
❛❧s ❛✉s❣❡r❡❝❤♥❡t ❛♥ ✉♥s❡r❡♠ ❊r❦❡♥♥✉♥❣ss②♠❜♦❧ ❡♥t❞❡❝❦t ✇✉r❞❡✱ ❞❛ss ❡s ❛✉❝❤ ✕
✐♥ ❡✉r❡♥ ❲♦rt❡♥ ✕ ✒✐rr❛t✐♦♥❛❧❡✏ ❩❛❤❧❡♥✈❡r❤ä❧t♥✐ss❡ ❣✐❜t✳

■♥ ✇❡❧❝❤❡♠ ❇✉❝❤ ❦❛♥♥ ♠❛♥ ♠❡❤r ü❜❡r ❙✐❡ ❛❧s P❡rs♦♥ ♥❛❝❤❧❡s❡♥❄

❊✐❣❡♥t❧✐❝❤ ✐♥ ❥❡❞❡♠ ❇✉❝❤✱ ❞❛s s✐❝❤ ♠✐t ❞❡r ❣r✐❡❝❤✐s❝❤❡♥ ▼❛t❤❡♠❛t✐❦ ❞❡r ❆♥t✐❦❡
❜❡s❝❤ä❢t✐❣t✳ ●✐❜t ♠❛♥ ♠❡✐♥❡♥ ◆❛♠❡♥ ✐♥ ❡✐♥❡ ■♥t❡r♥❡t✲❙✉❝❤♠❛s❝❤✐♥❡ ❡✐♥✱ s♦ ❡r❤ä❧t
♠❛♥ ❢❛st ✶✵ ▼✐❧❧✐♦♥❡♥ ❊r❣❡❜♥✐ss❡✳ ■❤r s❡❤t✱ ♠❡✐♥ ❘✉❤♠ ✐st ✐♥ ❊✉r❡r ❩❡✐t s❝❤♦♥
s❡❤r ♥❛❤❡ ❛♥ ❡✐♥❡♠ P❧❛t③ ❛♠ ❋✐r♠❛♠❡♥t✳

❲❛s ♠ö❝❤t❡♥ ❙✐❡ ✉♥s❡r❡♥ ▲❡s❡r✐♥♥❡♥ ✉♥❞ ▲❡s❡r♥ ♠✐t ❛✉❢ ❞❡♥ ❲❡❣ ❣❡❜❡♥❄

✒❆❧❧❡s ✐st ❩❛❤❧✳✏

▲✐❡❜❡r ▼❡✐st❡r P②t❤❛❣♦r❛s✱ ✇✐r ❞❛♥❦❡♥ ■❤♥❡♥ ❢ür ❞✐❡s❡s ❛✉❢s❝❤❧✉ssr❡✐❝❤❡ ●❡s♣rä❝❤✦

▼❖◆❖■❉ ✶✹✼ ✸✷



❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ Pr✐♠③❛❤❧❡♥
❊✐♥ ❇❡✇❡✐s ♠✐t ❍✐❧❢❡ ✈♦♥ ❋❡r♠❛t③❛❤❧❡♥

✈♦♥ ❍❛rt✇✐❣ ❋✉❝❤s

❉✐❡ ❩❛❤❧❡♥ Fm = 22
m

+ 1 ❢ür m = 0, 1, 2, ... ✇❡r❞❡♥ ♥❛❝❤ ❞❡♠ ❢r❛♥③ös✐s❝❤❡♥
▼❛t❤❡♠❛t✐❦❡r P✐❡rr❡ ❞❡ ❋❡r♠❛t ✭✶✻✵✼✕✶✻✻✺✮✱ ❞❡r s✐❡ ❛❧s ❊rst❡r ✉♥t❡rs✉❝❤t❡✱ ❛❧s
❋❡r♠❛t③❛❤❧❡♥ ❜❡③❡✐❝❤♥❡t✳ ❉✐❡ ❋♦❧❣❡ ❞❡r ❋❡r♠❛t③❛❤❧❡♥ ❜❡❣✐♥♥t ♠✐t

F0 = 3, F1 = 5, F2 = 17, F3 = 257, F4 = 641, ...

❋ür ❋❡r♠❛t③❛❤❧❡♥ ❣✐❧t✿

✭✶✮ ❑❡✐♥❡ ③✇❡✐ ❋❡r♠❛t③❛❤❧❡♥ Fm ✉♥❞ Fn✱ ✇♦❜❡✐ m 6= n ✐st✱ ❤❛❜❡♥ ❡✐♥❡♥ ❣❡♠❡✐♥✲
s❛♠❡♥ ❚❡✐❧❡r ❛✉ÿ❡r ✶✳

❩✉♠ ◆❛❝❤✇❡✐s ❞❛✈♦♥ ❜❡♥öt✐❣❡♥ ✇✐r ❞✐❡ ❋♦r♠❡❧♥ x2 − 1 = (x + 1)(x − 1) ✉♥❞
(22

m

)2 = 22
m·2 = 22

m+1

✱ s♦✇✐❡ 22
0 − 1 = F0 − 2 = 1✳ ◆✉♥ ✐st

Fm = 22
m

+ 1 =
(22

m

)2 − 1

22m − 1
=

22
m+1 − 1

22m − 1
♠✐t m ≥ 0.

❉❛r❛✉s ❢♦❧❣t ❢ür n = 0, 1, 2, ...✱ ❞❛ss

✭✷✮ F0F1F2...Fn−1 =
22

1−1
220−1

· 22
2−1

221−1
· 22

3−1
222−1

· · · 22
n−1

22n−1−1
= 22

n−1
220−1

= 22
n − 1

✐st✳ ❲❡❣❡♥ 22
n − 1 = (22

n

+ 1)− 2 = Fn − 2 ❢♦❧❣t ❞❛r❛✉s✱ ❞❛ss ❣✐❧t✿

F0F1F2...Fn−1 = Fn − 2 ❢ür n = 0, 1, 2, ...

❊s s❡✐ ♥✉♥ p ❡✐♥ Pr✐♠❢❛❦t♦r ✈♦♥ Fn✱ ❛❧s♦ Fn = vp ❢ür ❡✐♥ v > 1✱ ✉♥❞ ③✉❣❧❡✐❝❤
❡✐♥ ❚❡✐❧❡r ✈♦♥ F0F1F...Fn−1✱ ❛❧s♦ F0F1F2...Fn−1 = wp ❢ür ❡✐♥ w ≥ 1✳ ❉❛♠✐t ❢♦❧❣t
❛✉s ●❧❡✐❝❤✉♥❣ ✭✷✮✱ ❞❛ss wp = vp − 2 ✉♥❞ s♦♠✐t 2 = p(v − w) ❣❡❧t❡♥ ✕ ❡✐♥
❲✐❞❡rs♣r✉❝❤✱ ❞❡♥♥ ❡s ✐st p ≥ 3✱ ✇❡✐❧ Fn ✉♥❣❡r❛❞❡ ✐st✳ ❉❛❤❡r ❤❛❜❡♥ F0✱ F1✱ F2✱ ✳✳✳✱
Fn−1 ✉♥❞ Fn ❦❡✐♥❡♥ ❣❡♠❡✐♥s❛♠❡♥ ❚❡✐❧❡r ❛✉ÿ❡r ✶ ✕ ✇♦r❛✉s ✭✶✮ ❢♦❧❣t✳

❆✉s ❞❡r ❋❡stst❡❧❧✉♥❣ ✭✶✮ ❡r❣✐❜t s✐❝❤ ♥✉♥✱ ❞❛ss ❞✐❡ ❋♦❧❣❡ ❞❡r Pr✐♠③❛❤❧❡♥ ✉♥❡♥❞❧✐❝❤
✐st✿ ❏❡❞❡ ❋❡r♠❛t③❛❤❧ Fm ✐st ❡✐♥❡ Pr✐♠③❛❤❧ pm ♦❞❡r Fm ❤❛t ❡✐♥❡♥ Pr✐♠t❡✐❧❡r pm✳
❉❛♥♥ ❦♦♠♠t pm ✐♥ ❦❡✐♥❡r ✈♦♥ Fm ✈❡rs❝❤✐❡❞❡♥❡♥ ❋❡r♠❛t③❛❤❧ ✈♦r✳ ❉❛ ❡s ✉♥❡♥❞❧✐❝❤
✈✐❡❧❡ ❋❡r♠❛t③❛❤❧❡♥ Fm ♠✐t m = 0, 1, 2, ... ❣✐❜t✱ ♠✉ss ❡s ❛✉❝❤ ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡
Pr✐♠③❛❤❧❡♥ pm ❣❡❜❡♥✳ ❆❧s♦✿ ❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ Pr✐♠③❛❤❧❡♥✳

✸✸ ▼❖◆❖■❉ ✶✹✼



❊rr❛t❛

●❡❧öst❡ ❆✉❢❣❛❜❡ ✶✷✻✹ ✒❱❡r❜✐♥❞✉♥❣❡♥ ✐♥ ❡✐♥❡♠ ◆❡t③✇❡r❦✏

✐♥ ▼❖◆❖■❉ ✶✹✻✱ ❙❡✐t❡ ✸✵

▲❡✐❞❡r ✐st ❞✐❡ ❛❜❣❡❞r✉❝❦t❡ ▲ös✉♥❣ ❢❡❤❧❡r❤❛❢t ✉♥❞ ❞❛❞✉r❝❤ ✉♥✈♦❧❧stä♥❞✐❣✳ ❍✐❡r ❞✐❡
❦♦rr✐❣✐❡rt❡ ▲ös✉♥❣✿

❉✐❡ ❆♥③❛❤❧ ❞❡r ✉♠✇❡❣❧♦s❡♥ ❱❡r❜✐♥❞✉♥❣❡♥ ✈♦♥ A ♥❛❝❤ B s❡✐ x ✱ ❞✐❡ ✈♦♥ B ♥❛❝❤ C

s❡✐ y ✉♥❞ ❞✐❡ ✈♦♥ A ♥❛❝❤ C s❡✐ z ✳
❋ür ❞✐❡ ●❡s❛♠t③❛❤❧❡♥ ❛❧❧❡r ❱❡r❜✐♥❞✉♥❣❡♥ ✈♦♥ A ♥❛❝❤ B ✱ ✈♦♥ B ♥❛❝❤ C ✱ ✈♦♥ A

♥❛❝❤ C ❣❡❧t❡♥ ❞❛♥♥
A −→ B ✿ x + y · z = 82
B −→ C ✿ y + x · z = 62
A −→ C ✿ z + x · y ≥ 10
❲✐r s✉❜tr❛❤✐❡r❡♥ ♥✉♥ ❞✐❡ ③✇❡✐t❡ ●❧❡✐❝❤✉♥❣ ✈♦♥ ❞❡r ❡rst❡♥ ✉♥❞ ❡r❤❛❧t❡♥

x + y · z − (y + x · z) = 82− 62

⇐⇒ −xz + yz + x − y = 20

⇐⇒ (y − x)z − (y − x) = 20

⇐⇒ (z − 1)(y − x) = 20.

❉❛ z ≥ 0 ✐st✱ ♠✉ss z − 1 ≥ −1 s❡✐♥✳ ❉❛❤❡r s✐♥❞ ✐♥ ❞❡r ❧❡t③t❡♥ ❩❡✐❧❡ ❞✐❡ ❢♦❧❣❡♥❞❡♥
❩❡r❧❡❣✉♥❣❡♥ ♠ö❣❧✐❝❤✿ −1 · (−20)✱ 1 · 20✱ 2 · 10✱ 4 · 5✱ 5 · 4✱ 10 · 2 ✉♥❞ 20 · 1✳ ❉❛❤❡r
✐st z ∈ {0, 2, 3, 5, 6, 11, 21.}✳
❩✉r ❇❡st✐♠♠✉♥❣ ✈♦♥ y s❡t③❡♥ ✇✐r ♥✉♥ x = 82− yz ✐♥ y + xz = 62 ❡✐♥✳ ❉❛♥♥ ✐st
y + (82− yz)z = 62✱ ❛❧s♦ y − z2y = 62− 82z ✱ ✇♦r❛✉s ❢♦❧❣t y = 62−82z

1−z2
✳

❲✐r s❡t③❡♥ ❤✐❡r ❞❡r ❘❡✐❤❡ ♥❛❝❤ ❞✐❡ ♠ö❣❧✐❝❤❡♥ z✲❲❡rt❡ ❡✐♥✳ ❉❛♥♥ ❡r❣❡❜❡♥ s✐❝❤ ♥✉r
❢ür z = 0, 2, 3, 11 ❣❛♥③③❛❤❧✐❣❡ ❲❡rt❡ ❢ür y ✱ ♥ä♠❧✐❝❤ ✭✐♥ ❡♥ts♣r❡❝❤❡♥❞❡r ❘❡✐❤❡♥✲
❢♦❧❣❡✮ y = 62, 34, 23, 7✳
❆✉s ❞❡r ❡rst❡♥ ●❧❡✐❝❤✉♥❣ ❢♦❧❣t x = 82 − y · z ✳ ❉❛♠✐t s✐♥❞ ✇✐❡❞❡r✉♠ x =
82, 14, 13, 5 ❣❛♥③③❛❤❧✐❣✳
Ü❜❡r♣rü❢❡♥ ✇✐r ♠✐t ❞❡♥ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt❡♥ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣✱ s♦ ③❡✐❣t s✐❝❤✱ ❞❛ss
❛❧❧❡ ✈✐❡r ❣❡❢✉♥❞❡♥❡♥ ❚r✐♣❡❧ ❞✐❡s❡ ❯♥❣❧❡✐❝❤✉♥❣ ❡r❢ü❧❧❡♥✳
❉❛♠✐t ❡r❣❡❜❡♥ s✐❝❤ ❢♦❧❣❡♥❞❡ ✈✐❡r ♠ö❣❧✐❝❤❡♥ ▲ös✉♥❣❡♥✿

x ✭❞✐r❡❦t❡ ❱❡r❜✐♥❞✉♥❣❡♥ ✈♦♥ A ♥❛❝❤ B✮ 5 13 14 82
y ✭❞✐r❡❦t❡ ❱❡r❜✐♥❞✉♥❣❡♥ ✈♦♥ B ♥❛❝❤ C ✮ 7 23 34 62
z ✭❞✐r❡❦t❡ ❱❡r❜✐♥❞✉♥❣❡♥ ✈♦♥ A ♥❛❝❤ C ✮ 11 3 2 0
✐♥❞✐r❡❦t❡ ❱❡r❜✐♥❞✉♥❣❡♥ ✈♦♥ A ♥❛❝❤ C ✭x · y✮ 35 299 476 5084

▼❖◆❖■❉ ✶✹✼ ✸✹



✒❊✐♥ ❇❧✐❝❦ ❤✐♥t❡r ❞✐❡ ❑✉❧✐ss❡♥✏ ✐♥ ▼❖◆❖■❉ ✶✹✻✱ ❙❡✐t❡ ✹✹

■♠ ◆❛❝❤✇❡✐s ❢ür ❞❛s ❡rst❡ ❙♣✐❡❧ ✭✈♦r❧❡t③t❡r ❆❜s❛t③✮ ❤❛t s✐❝❤ ❡✐♥❡ ❩✐✛❡r 9 st❛tt ❡✐♥❡r
❑❧❛♠♠❡r ❡✐♥❣❡s❝❤❧✐❝❤❡♥✳ ❊s ♠✉ss ❤❡✐ÿ❡♥✿ (p2 + 17) : 12 = ((6n ± 1)2 + 17) :
12 = (36n2 ± 12n + 18) : 12 = 3n2 ± n + 1 + 6

12 ✳
❲✐r ❜✐tt❡♥ ❊✉❝❤✱ ❞✐❡ ❋❡❤❧❡r ③✉ ❡♥ts❝❤✉❧❞✐❣❡♥✳

∆✲❱❛r✐❛♥t❡
▲ös✉♥❣ ❡✐♥❡r

❑♥♦❜❡❧❛✉❢❣❛❜❡ ③✉r ▼❡❞✐③✐♥
✈♦♥ ❆❝❤✐♠ ❑❧❡♥❦❡

❆✉❢ ❞❡♥ ❙♦♥❞❡rs❡✐t❡♥ ③✉♠ ▼❛✐♥③❡r ❲✐ss❡♥s❝❤❛❢ts♠❛r❦t ✐♥ ❞❡r ❙♦♥❞❡r❛✉✢❛❣❡ ❞❡s
❍❡❢t❡s ✶✹✻ ❤❛❜❡♥ ✇✐r ❊✉❝❤ ❢♦❧❣❡♥❞❡ ❆✉❢❣❛❜❡ ❣❡st❡❧❧t✿

❉❡❧t❛✲❱❛r✐❛♥t❡

■♠ ❏❛❤r ❣❛❜ ❡s ✐♥ ❣❛♥③ ❉❡✉ts❝❤❧❛♥❞ ♣r♦ ✶✵✵ ✵✵✵ ❊✐♥✇♦❤♥❡r ✐♥ ❞❡r ❑❛❧❡♥❞❡r✇♦❝❤❡
✭❑❲✮ ✷✷ ✭✸✶✳✵✺✳✷✵✷✶ ✕ ✵✻✳✵✻✳✷✵✷✶✮ ❞r❡✐ ◆❡✉✐♥❢❡❦t✐♦♥❡♥ ♠✐t ❞❡r ❈♦r♦♥❛✲▼✉t❛♥t❡
❉❡❧t❛✳ ❆❧❧❡ ❛♥❞❡r❡♥ ❱❛r✐❛♥t❡♥ ❤❛tt❡♥ ③✉s❛♠♠❡♥ ✉♥❣❡❢ä❤r ✸✷ ◆❡✉✐♥❢❡❦t✐♦♥❡♥✳ ■♥
❞❡r ❑❛❧❡♥❞❡r✇♦❝❤❡ ✷✸ ✭✵✼✳✵✻✳ ✕ ✶✸✳✵✻✳✮ ✇❛r❡♥ ❡s ✈✐❡r ✭❉❡❧t❛✮ ✉♥❞ ✷✶ ✭❛❧❧❡ ❛♥❞❡r❡♥
❱❛r✐❛♥t❡♥✮✳

❛✮ ❲❡♥♥ ✇✐r ❞❛✈♦♥ ❛✉s❣❡❤❡♥✱ ❞❛ss s✐❝❤ ❞✐❡ ■♥❢❡❦t✐♦♥s③❛❤❧❡♥ ❞❡r ❉❡❧t❛✲❱❛r✐❛♥t❡ ✐♥
❥❡❞❡r ❲♦❝❤❡ ✉♠ ❞❡♥ ❣❧❡✐❝❤❡♥ ❋❛❦t♦r ✈❡rä♥❞❡r♥✱ ✇✐❡ ✈✐❡❧❡ ◆❡✉✐♥❢❡❦t✐♦♥❡♥ ♠✐t
❞❡r ❉❡❧t❛✲❱❛r✐❛♥t❡ ❣✐❜t ❡s ❞❛♥♥ ③✉♠ ❙❝❤✉❧❜❡❣✐♥♥ ✐♥ ❘❤❡✐♥❧❛♥❞✲P❢❛❧③ ✭❑❛❧❡♥✲
❞❡r✇♦❝❤❡ ✸✺✮❄

❜✮ ❲❡♥♥ ✇✐r ❞❛✈♦♥ ❛✉s❣❡❤❡♥✱ ❞❛ss s✐❝❤ ❛✉❝❤ ❞✐❡ ❛♥❞❡r❡♥ ❱❛r✐❛♥t❡♥ ♣r♦ ❲♦❝❤❡
✐♠♠❡r ✉♠ ❞❡♥ ❣❧❡✐❝❤❡♥ ❋❛❦t♦r ✈❡rä♥❞❡r♥ ✭♥❛tür❧✐❝❤ ❡✐♥ ❛♥❞❡r❡r ❋❛❦t♦r ❛❧s ❢ür
❞✐❡ ❉❡❧t❛✲❱❛r✐❛♥t❡✮✱ ✇✐❡ ❣r♦ÿ ✐st ❞❛♥♥ ❞✐❡ ❩❛❤❧ ❞❡r ◆❡✉✐♥❢❡❦t✐♦♥❡♥ ❛❧❧❡r ❛♥❞❡r❡♥
❱❛r✐❛♥t❡♥ ③✉s❛♠♠❡♥ ③✉ ❙❝❤✉❧❜❡❣✐♥♥❄

▲ös✉♥❣

❛✮ ❉✐❡ ❉❡❧t❛✲❱❛r✐❛♥t❡ ✈❡rä♥❞❡rt s✐❝❤ ❥❡❞❡ ❲♦❝❤❡ ✉♠ ❞❡♥ ❋❛❦t♦r 4
3 ✳ ■♥ ❞❡♥ ③✇ö❧❢

❲♦❝❤❡♥ ✈♦♥ ❑❲ ✷✸ ❜✐s ❑❲ ✸✺ ✈❡rä♥❞❡rt s✐❡ s✐❝❤ ❛❧s♦ ✉♠ ❞❡♥ ❋❛❦t♦r
(
4
3

)12
=

31.57✳ ■♥ ❑❲ ✷✸ ❣✐❜t ❡s ✈✐❡r ◆❡✉✐♥❢❡❦t✐♦♥❡♥✱ ✐♥ ❑❲ ✸✺ s✐♥❞ ❡s ❛❧s♦

4 ·
(
4
3

)12
= 126,28.

❜✮ ❇❡✐ ❛❧❧❡♥ ❛♥❞❡r❡♥ ❱❛r✐❛♥t❡♥ ✐st ❞❡r ✇ö❝❤❡♥t❧✐❝❤❡ ❋❛❦t♦r 21
32 ✳ ■♥ ❑❲ ✸✺ ✐st ❞✐❡

❆♥③❛❤❧ ❞❡r ◆❡✉✐♥❢❡❦t✐♦♥❡♥ ❛✉❢ ✶✵✵ ✵✵✵ ❊✐♥✇♦❤♥❡r ❞❛❤❡r

32 ·
(
21
32

)12
= 0,2.

❉❡r ❆♥t❡✐❧ ❞❡r ❉❡❧t❛✲❱❛r✐❛♥t❡ ❧✐❡❣t ✐♥ ❑❲ ✸✺ ❛❧s♦ ❜❡r❡✐ts ❜❡✐ 126,28
126,28+0,2 =

99,8%✳

✸✺ ▼❖◆❖■❉ ✶✹✼



▼✐tt❡✐❧✉♥❣❡♥

• ❙♦③✐❛❧❡ ◆❡t③✇❡r❦❡✿ ▼❖◆❖■❉ ✐st ❛✉❝❤ ✐♥ ❞❡♥ s♦③✐❛❧❡♥ ◆❡t③✇❡r❦❡♥ ③✉ ✜♥❞❡♥✿
✇✇✇✳❢❛❝❡❜♦♦❦✳❝♦♠✴♠♦♥♦✐❞✳♠❛t❤❡❜❧❛tt

✇✇✇✳✐♥st❛❣r❛♠✳❝♦♠✴♠♦♥♦✐❞✳♠❛t❤❡❜❧❛tt

❉♦rt ❦ö♥♥t ■❤r r❡❣❡❧♠äÿ✐❣ ❛❦t✉❡❧❧❡ ❍✐♥✇❡✐s❡ ③✉ ▼❖◆❖■❉ ✜♥❞❡♥✳ ❲✐r ❢r❡✉❡♥ ✉♥s✱
✇❡♥♥ ■❤r ✉♥s ❛✉❝❤ ❞♦rt ❢♦❧❣t✳
❯♥❞ ♥❛tür❧✐❝❤ ❣✐❜t ❡s ✇❡✐t❡r❤✐♥ ✉♥s❡r❡ ■♥t❡r♥❡ts❡✐t❡

❤tt♣s✿✴✴♠♦♥♦✐❞✳♠❛t❤❡♠❛t✐❦✳✉♥✐✲♠❛✐♥③✳❞❡✴✳

• ❊✐♥❧❛❞✉♥❣ ③✉r ▼❖◆❖■❉✲❋❡✐❡r ❆♥ ❛❧❧❡ ❋r❡✉♥❞❡ ✉♥❞ ❋ör❞❡r❡r ✈♦♥ ▼❖◆❖■❉✿
■❤r s❡✐❞ ❤❡r③❧✐❝❤ ❡✐♥❣❡❧❛❞❡♥ ❛♥ ❞❡r ▼❖◆❖■❉✲❋❡✐❡r ✷✵✷✶ t❡✐❧③✉♥❡❤♠❡♥✳ ❊s ✇❡r❞❡♥
Pr❡✐s❡ ❛♥ ❡r❢♦❧❣r❡✐❝❤❡ ▲ös❡r ❞❡s ❙❝❤✉❧❥❛❤r❡s ✷✵✶✾✴✷✵✷✵ ✈❡r❣❡❜❡♥✳ ❉✐❡ ❋❡✐❡r ✜♥✲
❞❡t ❛♠

❙❛♠st❛❣✱ ❞❡♥ ✷✼✳ ◆♦✈❡♠❜❡r✱
❛❜ ✶✵ ❯❤r

st❛tt✳ ❉❡♥ ❋❡st✈♦rtr❛❣ ✇✐r Pr♦❢✳ ❉r✳ ▼❛♥❢r❡❞ ▲❡❤♥ ✭❯♥✐✈❡rs✐tät ▼❛✐♥③✮ ❤❛❧t❡♥✳
❆❧❧❡ Pr❡✐strä❣❡r✐♥♥❡♥ ✉♥❞ Pr❡✐strä❣❡r ✇❡r❞❡♥ ❣❡s♦♥❞❡rt ❡✐♥❣❡❧❛❞❡♥✳ ❲❡✐t❡r❡
■♥❢♦r♠❛t✐♦♥❡♥ ✇❡r❞❡♥ ❞❡♠♥ä❝❤st ❛✉❢ ✉♥s❡r❡r ■♥t❡r♥❡ts❡✐t❡ ❢♦❧❣❡♥✿

❤tt♣s✿✴✴♠♦♥♦✐❞✳♠❛t❤❡♠❛t✐❦✳✉♥✐✲♠❛✐♥③✳❞❡✴✳

• ❆❜♦✲❇❡✐tr❛❣✿ ❇✐tt❡ ❞❡♥❦t ❞❛r❛♥✱ ❞❡♥ ❆❜♦✲❇❡✐tr❛❣ ✈♦♥ ✶✺◆ ❢ür ❞❛s ❙❝❤✉❧❥❛❤r
✷✵✷✵✴✷✶ ❛✉❢ ❞❛s ▼❖◆❖■❉✲❑♦♥t♦ ✭■❇❆◆✿ ❉❊✷✽ ✺✺✶✾ ✵✵✵✵ ✵✺✵✺ ✾✹✽✵ ✶✽✮ ③✉
ü❜❡r✇❡✐s❡♥✱ ✇❡♥♥ ■❤r ❡✐♥ ❙❝❤✉❧❥❛❤r❡s❛❜♦ ❤❛❜t✳ ❇✐tt❡ ❞✐❡ ❆♥❣❛❜❡ ❞❡s ❆❜♦♥♥❡♥✲
t❡♥ ♥✐❝❤t ✈❡r❣❡ss❡♥ ✭❆❜♦♥✉♠♠❡r ✉♥❞ ◆❛♠❡✮✳
❊✐♥❡ ❣ü♥st✐❣❡ ❋♦r♠✱ ❞❡♥ ❆❜♦✲❇❡✐tr❛❣ ③✉ ü❜❡r✇❡✐s❡♥✱ ✐st ❞❡r ❉❛✉❡r❛✉❢tr❛❣✱ ❞❛
♠❛♥ ❞❛♥♥ ❞✐❡ Ü❜❡r✇❡✐s✉♥❣ ♥✐❝❤t ♠❡❤r ✈❡r❣✐sst ✉♥❞ ❞❛s ❆❜♦♥♥❡♠❡♥t ♦❤♥❡
❯♥t❡r❜r❡❝❤✉♥❣ ✇❡✐t❡r❧ä✉❢t✳

• ❇✉♥❞❡sr✉♥❞❡ ❞❡r ▼❛t❤❡♦❧②♠♣✐❛❞❡✿ ❉✐❡ ❧❛♥❣❥ä❤r✐❣❡♥ ▼❖◆❖■❉✲▲✭♦✮❡s❡r
✉♥❞ ♠❡❤r❢❛❝❤❡♥ ▼❖◆❖■❉✲Pr❡✐strä❣❡r ❖s❝❛r ❙✉ ✭✽✳ ❑❧❛ss❡✮ ✉♥❞ ▼❛①✐♠✐❧✐❛♥
❍❛✉❝❦ ✭✶✸✳ ❑❧❛ss❡✱ ❜❡✐❞❡ ❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠ ❆❧③❡②✮ ❡rr❡✐❝❤t❡♥
❜❡✐❞❡ ✐♥ ❞❡♥ ❡rst❡♥ ❞r❡✐ ❘✉♥❞❡♥ ❞❡s ❲❡tt❜❡✇❡r❜s ❥❡✇❡✐❧s ❡✐♥❡♥ ✶✳ Pr❡✐s✳ ❆✉❢✲
❣r✉♥❞ ❞❡ss❡♥ ❞✉r❢t❡♥ s✐❡ ❘❤❡✐♥❧❛♥❞✲P❢❛❧③ ❜❡✐ ❞❡r ❇✉♥❞❡sr✉♥❞❡ ✈❡rtr❡t❡♥ ✕ ❞✐❡
▲❛♥❞❡s♠❛♥♥s❝❤❛❢t ❤❛tt❡ ❧❡❞✐❣❧✐❝❤ ❡❧❢ ❚❡✐❧♥❡❤♠❡r✦ ❙♦✇♦❤❧ ❖s❝❛r ❛❧s ❛✉❝❤ ▼❛✲
①✐♠✐❧✐❛♥ ❣❡✇❛♥♥❡♥ ❡✐♥❡ ●♦❧❞♠❡❞❛✐❧❧❡ ✉♥❞ ❡✐♥❡♥ ❙♦♥❞❡r♣r❡✐s ❢ür ❜❡s♦♥❞❡rs ❡❧❡✲
❣❛♥t❡ ▲ös✉♥❣❡♥✳ ❙✐❡ ❣❡❤ör❡♥ s♦♠✐t ③✉ ❞❡♥ ✶✹ ❜❡st❡♥ ❞❡✉ts❝❤❡♥ ▼❛t❤❡♠❛t✐❦✲
s❝❤ü❧❡r♥ ❜❡✐ ❞❡r ▼❛t❤❡♦❧②♠♣✐❛❞❡ ✭▼❖✮✳
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❇❡✐❞❡ ✇❛r❡♥ ❛✉❝❤ s❝❤♦♥ ❜❡✐♠ ❇✉♥❞❡s✇❡tt❜❡✲
✇❡r❜ ❡r❢♦❧❣r❡✐❝❤✱ ▼❛①✐♠✐❧✐❛♥ s♦❣❛r ❛❧s ❇✉♥✲
❞❡ss✐❡❣❡r✳ ◆❛❝❤❞❡♠ ❡r ❞♦rt ✐♠ ❧❡t③t❡♥ ❏❛❤r
s❝❤♦♥ ❡✐♥❡ ❇r♦♥③❡♠❡❞❛✐❧❧❡ ❢ür ❉❡✉ts❝❤❧❛♥❞ ❡r✲
③✐❡❧t❡✱ ❤❛t ▼❛①✐♠✐❧✐❛♥ ♥❛❝❤ ❞❡♠ ❞✐❡s❥ä❤r✐❣❡♥
▼❖✲❊r❢♦❧❣ ❡r♥❡✉t ❛❧s ❡✐♥❡r ✈♦♥ ♥✉r s❡❝❤s
❙❝❤ü❧❡r♥ ❉❡✉ts❝❤❧❛♥❞ ❜❡✐ ❞❡r ■♥t❡r♥❛t✐♦♥❛❧❡♥
▼❛t❤❡♠❛t✐❦♦❧②♠♣✐❛❞❡ ✭■▼❖✮ ✷✵✷✶ ✈❡rtr❡t❡♥✳

❖s❝❛r ✭❧✳✮ ✉♥❞ ▼❛①✐♠✐❧✐❛♥ ✭r✳✮

❲✐r ❣r❛t✉❧✐❡r❡♥ ❞❡♥ ❜❡✐❞❡♥ ▼❖◆❖■❉❛♥❡r♥ ❣❛♥③ ❤❡r③❧✐❝❤ ③✉ ✐❤r❡♥ ❊r❢♦❧❣❡♥ ✉♥❞
✇ü♥s❝❤❡♥ ■❤♥❡♥ ✇❡✐t❡r❤✐♥ ✈✐❡❧ ❙♣❛ÿ ✉♥❞ ❊r❢♦❧❣ ❜❡✐ ♠❛t❤❡♠❛t✐s❝❤❡♥ ❲❡tt❜❡✲
✇❡r❜❡♥✳

❘✉❜r✐❦ ❞❡r ▲ös❡r ✉♥❞ ▲ös❡r✐♥♥❡♥
❙t❛♥❞ ♥❛❝❤ ❍❡❢t ✶✹✺

❆❧③❡②✱ ❊❧✐s❛❜❡t❤✲▲❛♥❣❣äss❡r✲●②♠♥❛s✐✉♠ ✭❇❡tr✳ ▲❡❤r❡r✐♥✿ ❋r❛✉ ▲ü♥✐♥❣✮✿
❑❧✳ ✺✿ ❆♥t♦♥ ❑r❡♠♣❧ ✶✶✱ ▼❛r❡❦ ▼♦❧❞❡❤♥ ✸✱ P❤✐❧✐♣♣ ❘❡✐s ✶✶❀
❑❧✳ ✻✿ ❆♥♥❛ ▲❡♥❛ ❉r❡s❝❤❡r ✺✱ ▼②❛ ❋✉❝❤s ✺✱ ❏♦❤❛♥♥❡s ●r❡✐s ✶✶❀
❑❧✳ ✼✿ ❖s❝❛r ❙✉ ✸✼✱ ❑❡✈✐♥ ❚r❛♥ ✶✷✱ ❏❛♥ ❈❤r✐st✐❛♥ ❲❡❜❡r ✶✶❀
❑❧✳ ✽✿ ▲❛rs ❙❝❤❛❧❧ ✽❀
❑❧✳ ✶✵✿ ▲✉❦❛s ❇♦r♥ ✶✽❀
❑❧✳ ✶✷✿ ❚♦r❜❡♥ ❇ür❣❡r ✷✵✳

❉♦rt♠✉♥❞✱ ▲❡✐❜♥✐③✲●②♠♥❛s✐✉♠✿

❑❧✳ ✾✿ ❖❧✐✈❡r ❇✐❧❧ ✼✳

❊s♣❡❧❦❛♠♣✱ ❙ö❞❡r❜❧♦♠✲●②♠♥❛s✐✉♠✿

❑❧✳ ✺✿ ▼✐❦❛ ❙❝❤ä❢❡r ✸❀
❑❧✳ ✶✶✿ ▼❛r✈✐♥ ❲❡♥③❡❧ ✷✵✳

❋r✐❡❞❜❡r❣✱ ❆✉❣✉st✐♥❡rs❝❤✉❧❡✿

❑❧✳ ✼✿ ❑♦♥st❛♥t✐♥ ❍❡r❜st ✶✽❀
❑❧✳ ✶✵✿ ◆✐❝♦ ❇r♦❝❦♠❡✐❡r ✶✾✱ ❆❧❡❦s❛♥❞r❛ ❍❡r❜st ✶✻✳

●❡✐s❡♥❤❡✐♠✱ ■♥t❡r♥❛tss❝❤✉❧❡ ❙❝❤❧♦ss ❍❛♥s❡♥❜❡r❣✿

❑❧✳ ✶✶✿ ❙ö♥❦❡ ❙❝❤♥❡✐❞❡r ✶✾❀

■♥❣♦❧st❛❞t✱ ❈❤r✐st♦♣❤✲❙❝❤❡✐♥❡r✲●②♠♥❛s✐✉♠✿

❑❧✳ ✻✿ ▲✐❛ ❇♦②❛♥♦✈❛ ✽✱ ▼❛r❦ ●❛r❦✉s❝❤❛ ✶✱ ❊✈❛ ❍♦✈❛❞✐❦♦✈❛ ✷✱ ■✇❛✐s ❑❛r✐♠✐ ✼✱
❙❛r❛❤ ▼❛r❦❤♦❢ ✻✱ ◆❛♠✲❛♥❤ P❤❛♠ ✼❀

❑❡❧❦❤❡✐♠✱ Pr✐✈❛t❣②♠♥❛s✐✉♠ ❉r✳ ❘✐❝❤t❡r✿

❑❧✳ ✶✶✿ ❉❡♥♥✐s ▼❛②❧❡ ✷✶✳

✸✼ ▼❖◆❖■❉ ✶✹✼



▲✐♥③✱ ▼❛rt✐♥✉s✲●②♠♥❛s✐✉♠✿

❑❧✳ ✾✿ ❙✐♠♦♥ ❲❛❧❞❡❦ ✹✳

▼❛✐♥③✱ ▼❛rt✐♥✉s✲❙❝❤✉❧❡✿

❑❧✳ ✸✿ ❏♦❤❛♥♥❡s ❲ü♥st❡❧ ✶✱✺✳

▼❛✐♥③✱ ❖tt♦✲❙❝❤♦tt✲●②♠♥❛s✐✉♠✿

❑❧✳ ✽✿ ●r❡❣♦r ❙❛❧❛r✉ ✸✸❀
❑❧✳ ✶✵✿ ❘❛♣❤❛❡❧ ▼❛②❡r ✼✳

▼❛✐♥③✱ ❚❤❡r❡s✐❛♥✉♠✿

❑❧✳ ✶✶✿ ❈❧❡♠❡♥s ❩❛❜❡❧ ✶✾✳

◆ürt✐♥❣❡♥✱ ❆❧❜❡rt✲❙❝❤ä✤❡✲❙❝❤✉❧❡✿

❑❧✳ ✶✷✿ ❏♦❤❛♥♥❡s ❑❡r❤❜❡r❣❡r ✽✳

❖❜❡r✉rs❡❧✱ ●②♠♥❛s✐✉♠✿

❑❧✳ ✺✿ ❏❛s♠✐♥ ❇♦rr♠❛♥♥ ✾✱ ▲❡♦♥❛r❞ ❑ö❤❧❡r ✹✱ ▲❡♦♥ ❉❛✈✐❞ ▼❛②❡r ✷✱ ▲♦tt❛ P✐❡ts❝❤✲
♠❛♥♥ ✾❀
❑❧✳ ✻✿ ❑❧❛r❛ ❇❛❝❦♠❛♥♥ ✶✸✱ ▲✉✐s ❇r✐♥❦♠❛♥♥ ✶✾✱ ▲♦✉✐s❛ ▲✉❦♦✇✐❛❦ ✶✸❀
❑❧✳ ✼✿ ❊♠✐❧✐❡ ❇♦rr♠❛♥♥ ✶✵❀
❑❧✳ ✶✵✿ ❑❛t❤r✐♥ ❇♦rr♠❛♥♥ ✶✶✱ P❛✉❧✐♥❛ ❍❡r❜❡r ✶✹✱ ❏♦s❡✜♥❡ ❑❛ÿ♥❡r ✶✾❀
❑❧✳ ✶✶✿ ❏♦♥❛s ●❧ü❝❦♠❛♥♥ ✷✸✳

❙❝❤♦♥❞♦r❢✱ ❇✉r❣✲●②♠♥❛s✐✉♠✿

❈❤r✐st✐❛♥ ❈❛r❞❛ ✼✳

❙❝❤r♦❜❡♥❤❛✉s❡♥✱ ●②♠♥❛s✐✉♠

❑❧✳ ✻✿ ▲✉❝❛ ❙✐♥❞❡❧ ✶✷✳

❚❛♥❣❡r♠ü♥❞❡✱ ❉✐❡st❡r✇❡❣❣②♠❛♥✐s✉♠✿

❑❧✳ ✺✿ ▼❛✐ ▲✐♥❤ ❉❛♥❣ ✺❀
❑❧✳ ✽✿ ❚✉ ❙❛♠ ❉❛♥❣ ✶✼❀
❑❧✳ ✶✵✿ ▼✐r✐❛♠ ❇ütt♥❡r ✷✵✳

❚r✐❡r✱ ❋r✐❡❞r✐❝❤✲❲✐❧❤❡❧♠✲●②♠♥❛s✐✉♠✿

❑❧✳ ✽✿ P❤✐❧✐♣♣ ▲ör❝❦s ✸✻✳

❲✐♥♥✇❡✐❧❡r✱ ❲✐❧❤❡❧♠✲❊r❜✲●②♠♥❛s✐✉♠✿

❑❧✳ ✺✿ ▲✐❧✐t❤ ●♦r❡❝❦✐ ✸✱✺✳

❲✐tt❧✐❝❤✱ ❈✉s❛♥✉s✲●②♠♥❛s✐✉♠✿

❑❧✳ ✾✿ ▼❛r❡✐❦❡ ❇ü❤❧❡r ✾✳

❲♦r♠s✱ ●❛✉ÿ✲●②♠♥❛s✐✉♠✿

❑❧✳ ✼✿ ❏❛♥ ❲✐❝❦❡♥❤❡✐s❡r ✶✵❀
❑❧✳ ✽✿ ❆❧❡①❛♥❞❡r ❍❛✉♥ ✶✸❀
❑❧✳ ✶✵✿ ▲✉❦❛s ❊♠♠❡❧ ✼✱ ▼❛r❝♦ ❑❧❡✐♥ ✶✷✳

▼❖◆❖■❉ ✶✹✼ ✸✽



✶✾✽✶✕✷✵✷✶
✹✵ ❏❛❤r❡ ▼❖◆❖■❉

✈♦♥ ▼❛r❝❡❧ ●r✉♥❡r

• ❳▲ ✐st ♥✐❝❤t ♥✉r ❡✐♥❡ ❑❧❡✐❞❡r❣röÿ❡✱ s♦♥❞❡r♥ ❛✉❝❤ ❞✐❡ rö♠✐s❝❤❡ ❩❛❤❧ ✹✵✳ ❲✐r
❢❡✐❡r♥ ❞❛❤❡r ❞❛s ❳▲✳ ❏✉❜✐❧ä✉♠✳

• −40◦ ❈ ✉♥❞ −40◦ ❋ s✐♥❞ ❞✐❡ ❣❧❡✐❝❤❡ ❦❛❧t❡ ❚❡♠♣❡r❛t✉r✳

• ✹✵ ✐st ❞✐❡ ❖r❞♥✉♥❣s③❛❤❧ ✈♦♥ ❩✐r❝♦♥✐✉♠✳

• ❉✐❡ ❙❝❤✇❛♥❣❡rs❝❤❛❢t ❞❛✉❡rt ❜❡✐♠ ▼❡♥s❝❤❡♥ ✈✐❡r③✐❣ ❲♦❝❤❡♥✳

• ❉❛s ▼✐♥❞❡st❛❧t❡r ❢ür ❞❡♥ ❇✉♥❞❡s♣räs✐❞❡♥t❡♥ ❉❡✉ts❝❤❧❛♥❞s ✐st ❛✉❢ ✈✐❡r③✐❣ ❏❛❤r❡
❢❡st❣❡❧❡❣t ✕ ▼❖◆❖■❉ ❦❛♥♥ ❛❧s♦ ❥❡t③t ❇✉♥❞❡s♣räs✐❞❡♥t ✇❡r❞❡♥✳

• ❆❧✐ ❇❛❜❛ ❜❡③✇✐♥❣t ✐♥ ❡✐♥❡r ●❡s❝❤✐❝❤t❡ ❞❡r ●❡s❝❤✐❝❤t❡♥s❛♠♠❧✉♥❣ ✒❚❛✉s❡♥❞✲
✉♥❞❡✐♥❡ ◆❛❝❤t✏ ✹✵ ❘ä✉❜❡r✳

• ❉❡r ✐sr❛❡❧✐t✐s❝❤❡ ❆✉s③✉❣ ❛✉s ➘❣②♣t❡♥ ❞❛✉❡rt❡ ✹✵ ❏❛❤r❡✱ ✉♥t❡r✇❡❣s ✇❛r ▼♦s❡
✹✵ ❚❛❣❡ ✉♥❞ ✹✵ ◆ä❝❤t❡ ❜❡✐ ●♦tt✱ ✉♠ ❞✐❡ ●❡❜♦t❡ ③✉ ❡♠♣❢❛♥❣❡♥✳

• ◆✉r s❡❤r ✇❡♥✐❣❡ ❩❛❤❧❡♥ ❤❛❜❡♥ ✐♥ ❡✐♥❡r ❙♣r❛❝❤❡ ✐♥ ❛❧♣❤❛❜❡t✐s❝❤❡r ❘❡✐❤❡♥❢♦❧❣❡
❛✉❢❡✐♥❛♥❞❡r❢♦❧❣❡♥❞❡ ❇✉❝❤st❛❜❡♥✳ ❊✐♥❡ ❞✐❡s❡r ❜❡s♦♥❞❡r❡♥ ❩❛❤❧❡♥ ✐st ✐♠ ❊♥❣❧✐✲
s❝❤❡♥ ❞✐❡ ❩❛❤❧ ❢♦rt②✳

❉✐❡ ❘❡❞❛❦t✐♦♥

▲❡✐t✉♥❣✿ ❉r✳ ❈②♥t❤✐❛ ❍♦❣✲❆♥❣❡❧♦♥✐ ✭❱✳✐✳❙✳❞✳P✳✮✱ ▼❛r❝❡❧ ●r✉♥❡r
▼✐t❣❧✐❡❞❡r✿ ❆♥❣❡❧✐❦❛ ❇❡✐t❧✐❝❤✱ ▲❛✉r❛ ❇✐r♦t❤✱ Pr♦❢✳ ❲♦❧❢❣❛♥❣ ❏✳ ❇ü❤❧❡r P❤✳ ❉✳✱
❈❤r✐st❛ ❊❧③❡✱ Pr♦❢✳ ❉r✳ ❋✐s❝❤❡r✱ Pr♦❢✳ ❉r✳ ❙t❡✛❡♥ ❋rö❤❧✐❝❤✱ ❉r✳ ❍❛rt✇✐❣ ❋✉❝❤s✱ ❲✐❧❧②
●❡♠♠❡r✱ ❉r✳ ❑❧❛✉s ●♦r♥✐❦✱ ❏❛s♠✐♥ ❍❛❛❣✱ Pr♦❢✳ ❉r✳ ❆❝❤✐♠ ❑❧❡♥❦❡✱ ❆rt❤✉r ❑ö♣♣s✱
P❉ ❉r✳ ▼❛r❣❛r✐t❛ ❑r❛✉s✱ ❉r✳ ❊❦❦❡❤❛r❞ ❑r♦❧❧✱ ❙✉s❛♥♥❡ ▲ü♥✐♥❣✱ ▼❛rt✐♥ ▼❛tt❤❡✐s✱
❉r✳ ▼❛①✐♠✐❧✐❛♥ Pr❡✐s✐♥❣❡r✱ ❋r❛♥❦ ❘❡❤♠✱ ❙✐❧❦❡ ❙❝❤♥❡✐❞❡r✱ Pr♦❢✳ ❉r✳ ❍❛♥s✲❏ür❣❡♥
❙❝❤✉❤✱ Pr♦❢✳ ❉r✳ ❉✉❝♦ ✈❛♥ ❙tr❛t❡♥✱ ❉r✳ ❙✐❡❣❢r✐❡❞ ❲❡❜❡r
❲❡✐t❡r❡ ▼✐t❛r❜❡✐t❡r✿ Pr♦❢✳ ❉r✳ ❱❛❧❡♥t✐♥ ❇❧♦♠❡r✱ ❉r✳ ❱♦❧❦❡r Pr✐❡❜❡✱ ❉r✳ ❙t❡❢❛♥
❑❡r♠❡r
❩✉s❛♠♠❡♥st❡❧❧✉♥❣ ✉♥❞ ❙❛t③✿ ❆❧✐♥❛ ●❡❤❧❤❛❛r✱ ❱❡r❛ ❍♦❢♠❛♥♥✱ ♠✐t ❢r❡✉♥❞❧✐✲
❝❤❡r ❯♥t❡rstüt③✉♥❣ ✈♦♥ ▼❛r❝❡❧ ●r✉♥❡r
■♥t❡r♥❡t ✉♥❞ ❑♦rr❡❦t✉r ❞❡r ❡✐♥❣❡s❛♥❞t❡♥ ▲ös✉♥❣❡♥✿ ❋r❛♥③✐s❦❛ ●❡✐s
❇❡tr❡✉✉♥❣ ❞❡r ❆❜♦♥♥❡♠❡♥ts ✉♥❞ ❱❡rs❛♥❞✿ ▼❛r❝❡❧ ●r✉♥❡r✱ ❑❛t❤❡r✐♥❡
P✐❧❧❛✉
❚✐t❡❧❧❛②♦✉t✿ ❑❛rst❡♥ ▼ü❧❧❡r✱ ❇ür♦ ❙❝❤✇❛r③s❝❤✐❧❞ ❲✐❡s❜❛❞❡♥

✸✾ ▼❖◆❖■❉ ✶✹✼



❏❛❤r❣❛♥❣ ✹✶ ❍❡❢t ✶✹✼ ❙❡♣t❡♠❜❡r ✷✵✷✶

■♥❤❛❧t

▼✳ ❑r✉♠♠❡❝❦✱ ❚✳ ◆✉t③ ✉♥❞ ❑✳ ❱♦s❡♥✿ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ ▲✐tt❧❡✇♦♦❞♣♦❧②♥♦♠❡♥ ✳ ✳ ✸
❍✳ ❋✉❝❤s✿ ✾✾ ▲ü❣♥❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
❍✳ ❋✉❝❤s✿ ❲❛s ✉♥s ü❜❡r ❞❡♥ ❲❡❣ ❣❡❧❛✉❢❡♥ ✐st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
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▼✳ ▼❛tt❤❡✐s✿ ❩✉ ❇❡s✉❝❤ ❜❡✐ P②t❤❛❣♦r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
❍❛rt✇✐❣ ❋✉❝❤s✿ ❊s ❣✐❜t ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ Pr✐♠③❛❤❧❡♥ ✕ ❡✐♥ ❇❡✇❡✐s ♠✐t ❍✐❧❢❡ ✈♦♥
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❆❜♦♥♥❡♠❡♥t❜❡st❡❧❧✉♥❣❡♥ ♣❡r P♦st ♦❞❡r ü❜❡r ❞✐❡ ❍♦♠❡♣❛❣❡✳
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